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A CLASS OF MEROMORPHIC FUNCTIONS WITH POSITIVE
COEFFICIENTS DEFINED BY (Q—ANALOGUE LINEAR
OPERATOR

A. O. MOSTAFA, Z. M. SALEH

ABSTRACT. In the present investigation, we define a class of meromorphic func-
tions by making use of the g—analogue of a linear operator. Coefficient inequalities,
growth and distortion inequalities, as well as closure results are obtained. We also
establish some results concerning the partial sums of meromorphic functions in this
class.
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1. INTRODUCTION

Let ® denote the class of functions of the form:
1 oo
F(z) == F, 1
=+ L 1)

which are regular in U* = {z:0 < |z| < 1}. Also let ®5 denote the subclass of ®
consisting of functions of the form:

F(z) = % + apz", (a > 0), (2)

k=1

which are analytic and univalent in U*.
For 0 < a < 1, the function F € &y is said to be meromorphically starlike of
order v and meromorphically convex of order «, respectively, if and only if

~ Re 2F (2) N
i { F(2) }> ’ (3)
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—Re{1+ z.ﬁ//iz)} >« (4)

The classes of such functions are denoted by ®3(«) and ®§(«x), respectively.
Note that the class ®5(c) and various other subclasses of ®5(0) have been studied
by [9], [12, 13, 14, 15] (see also [3], [7], [17], [19, 20, 21]). Aldweby and Darus [1]
defined the basic hypergeometric function ;Fy(ay, ..., a;; b1, ..., bs, q, z), for complex
parameters a;,b;,q (i =1,...,01, j=1,...,s, b; e C\ {0,—-1,-2,...}, |q| < 1), by

o0

a1, (a1, )k k
1Fsar, a3 b, oo, bsi g5 2 Z z, (5)
— ( b1 Q) (bs; @)k

(1<s+1,1,s € Ng=NU{0}, z € U*) where N denotes the set of positive integers
and (a, q)i is the g—shifted factorial defined by

1, k=05
(@) = { (1-a)(1 - aq)(1 - ag®)..(1 - ag" ), keNaec = O

We note that

lim [lFS(qm’ o @ qb17 " qbs;q; (q _ 1)1+sflz)]
q—1-

- lFs((Il,...,Gl;bl,...,bs;Z), (7)

the well-known generalized hypergeometric function. For more mathematical back-
ground of basic hypergeometric functions, one may refer to [5, 6].

It is known that the calculus without the notion of limits is called g—calculus
which has influenced many scientific fields due to its important applications. Tang
et al. [18] defined the g—derivative 9,(F(z)) by:

o) = T
= _qig + ) [Klgarz" ", (8)
k=1
where
o= T 9

As g — 17, [jlg =7 and 0,F(2) = F (2).
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For positive real values of ai,...,a; and by,...,bs (b; € C\ {0,—-1,-2,...},j =
1,...,8), let
H(ay,...,a;;b1,...,bs;q) : & — P

be a linear operator defined by

H(ar, a3 br, oy bs;q,2) = Hisglar) =271 (Fy(an, .., ar; b1, ..., bs; 3 2)
o
= z_1+ZI’q7kzk, (10)
k=1

where ( )
ai, .(ay,
Typ— LDkt (a Orrr (11)
(@, Dr+1(015 Q1+ (bs, Qi1
Note that limg_,1— H; s q(a1) = His(a1) was investigated recently by Liu and Srivas-
tava [8] and Aouf [2]. With the aid of the function H; s, let

Hisq* st,q =Gyrt1(2), (z€ US> —1). (12)
where
1~ \+1,q k+1 K
gq,)\Jrl ; + Zl ]{J +1 q ) (13)
1 if k=0
and [k +1,q]! = ’ . .
| d { [1,4](2,4][3,q]...[k,q][k + 1,q], if kEN

This function yields the following family of linear operators M?’S’q P - @
which are given by:

M, (@) F(2) = Hi g o+ F(2). (14)
If F(z) is given by (2), then

M}, F(2) = My, ,(a1) F( —z*1+2qu Napz®, (z € US> —1).  (15)

where
(0, )k41(01, Qg1 (bs, Q1[N+ 1, ¢li41

Far(V) = (a1, Q1@ Qr+1[k + 1, ]!
Note that: lim, ,,- M} (1) F(2) = ./\/l)‘ s(a1)F(z) (see [10] at p = 1).

(16)

Definition 1. The function F €®g is said to be in the class <I>l s q(C, «) if it satisfies
2q0, (M} F
Re q ( Lsg” (2 )) - (17)

where)\>—1,0§a<1,0§C<1.
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2. MAIN RESULTS

Unless indicated, let 0 < ¢ < 1,0<a<1,0< (<1, A > —1, z € U*, F(z) defined
by (2).

Theorem 1. The function F € <I>l 'S q(C, a) if and only if
> lalklg(1 — ad) + a(l — Q)] Tgr(Nag < 1 —a. (18)
k=1

Proof. Assume that (18) holds true. Since

Re{w} >a ifand only if |w—1]<|w+1-2a],
it is sufficient to show that
200 (M3l F(2)) = [ (€ = DM, F () + G20, (MR, F(2))]

< 1.
200y (MR F(2) + (1= 20) [(¢ = DM, F(2) + a¢20,(M7,  F(2)|

Using (18), we have for 0 < |z]| =7 < 1,

S (1= Q) glkly + DDg(Nag2!
=) T, (4P [+ (- 20)0] T (1 - 2a)(C — DT Ty r(Nana
§ 521 (1 = Oglklg + DTy a(Nagrk+!
= 21 —a) - Sy {alkly [T+ (1 - 20)(] + (1 — 20)(C — 1)} Ty (N1

< 1. (19)

Since (19) holds for all r, 0 < r < 1 letting r — 17, we have F € @} (G ).
Now, let F € & ((, a), since Re(z) < |z| for all z. Then

l,8,q
Re{ 200,(Mp,, F(2) }
(€ =DM, F(2) + qC20,(M}, F(2))
— Re -1+ 220:1 q[k]qrq,k()‘)akzkH o
= A { -1+ 22021 [C(1+ Q[k]q) —1] F%k()\)akzk‘*‘l } ~

zq@q(M?Sq (2))
=DM}, F(2)+aCz0q(M;7)  F(2))
z — 1 through positive values, we have (18).

Choose values of z on real axis so that is real. Letting
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Corollary 2. If F € <I>l s q(C, «), then we have

1—a

la[klq(1 =€) + a(1 = O Tqk(A)

The result is sharp for the function Fy(z) defined by

ap <

1 — 2
T = S 0= a0 = O (V)

for k> 1.

Theorem 3. If F € @lsq(c, «), then

l-«
;ak = [q(1 —aC) +a(l =) Tg1(N)’

Proof. Let F € & 'S q(C,a). Then, in view of (18), we have

[g(1 = ag) + (1 =) Z (1-a),

we have the assertion (22).

Theorem 4. Let the function F(z) € ls 4G a). Then

1 11—« 1 11—«

(20)

[2] [a(1—aC) +a(l — )] Tq1(N) 2] < [F(2) < —+

The result is sharp.

Proof. For F(z) € lsq(g, «). Then

 — 1 >
|F(z)| = ;—FZakzk §m+]z\2ak,
k=1 k=1
and
 — 1
) = |+ | = - z\zak,
k=1

which in view of (22), we have (23).

2] [g(1 = af) + a(l =) Tg1(A)

(23)

2]
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Theorem 5. Let F(z) € lsq(C, a). Then F(z) is starlike in 0 < |z| < r1, where
r1 s the largest value for which

([Flg +2)(1 - )
[alFo(T = ad) + a(T = O T, s (V) !

for k> 1. The result is sharp for the function Fy(z) given by (21).

Pl <, (24)

Proof. 1t is sufficent to show that

2F (z)
Py Tl < (25)
we have k
z]—"/( ) Zk 1 ([Flg + Dag || ' 26
-7:(2) B — 2 1“16"2‘ -

Hence for 0 < |z] < r, (26) hold true if

(e}
Z q+2) akr 1<1,
k=1

and by (18), we may take

> 11—«
2. = [ a0 +al— Ty #2 D)

where A\, > 0 and > 72, A\p < 1.
For each fixed r, we choose the positive integer kg = ko(r) for which

([k?o]q +2) rkotl is maximal
[q[ko]q(1 — o) + a(1 = )] Tg ko (A) ’ '

Then it follows that

3 aprf ! ([klg +2)(1 — o) s
2o Do < o al O

then F is starlike in 0 < |z| < r; provided that

([kolq +2)(1 — o) photl < q

[alkolg(1 — aC) + (1 = )] Type(A)
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We find the value r; = rp and the corresponding integer ko(rg) so that

([kolg +2)(1 — @) ool _
[alkolg(1 — a¢) + a1 = O] Tg ke (V) ° '

(27)

Then this value is the radius of starlikeness for function F belong to class <I>l>‘ s q(C , Q).

Theorem 6. Let F(z) € CIJZ):S@(C, «). Then F(z) is convez in 0 < |z| < rq, where ry
1s the largest value for which

[Klg([k — 1] +3)(1 — a)
[q[K]q(1 = o) + (1 — Q) Tgi(A)

for k > 1. The result is sharp for the function F(z) given by (21).

it <1, (28)

Proof. By using the same technique in the proof of Theorem 4 we can show that

2F(2)

7 () +2

<1, (29)

for 0 < |z| < r9 with the aid of Theorem 1. Thus, we have the assertion of Theorem
6.

Let the function Fj(z) be given by
Fi(z) = " + ,;_1 ap;z2°, 3 =1,2,...,m. (30)

Theorem 7. Let the function F;(z) defined by (30) be in the class @f;sjq(g‘, a), for
each j = 1,2,...,m, then the function F(z) defined by

1 o0
F(z) =~ + > bzt (31)
k=1

also be in the class @l’\’qu(c,a), where

1 m
b = — . 32
k m;am (32)
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Proof. Since Fj(z) € l s.4(C; @), it follows from Theorem 1, that

D lalklg(1 = ad) + a(l = T x(Nar; <1 —a, j=1,2,...,m. (33)
k=1

Hence

M8

[q[k]g(1 = aC) + a(l = ()] Tgr(A)br

i

1

[
hE

[q[k]4(1 — aC) + a(1 — ;Z

B
Il

1
- Z (Z ¢(1 = af) +a(l = Q)] Fq,k()‘)ak,j) <1l-o.

By Theorem 1, we have F(z) € @ﬁsﬂ(g, Q).

Theorem 8. The class ®}

1s.4(C; @) is closed under convez linear compination.

Proof. Let Fj(z) be defined by (30). Define the function h(z) by
1 [e.@]
== bez®, by > 1. 4
. +Zl 2, by > (34)

Suppose that F(z) and h(z) are in the class @l{s,q(g, «), we only need to prove that

G(z) =¢F(2) + (1 =¢§h(z) (0<E£<T), (35)

also be in the class. Since

G(z) = % + i {€ap, + (1 — &)by} 2, (36)

then :
i J(1—a0) + all — O Tgx(N) (o + (1 - Ob} < (L—a), (37
with the aid of Theorem 1. Hence G(2) € ®}, (¢,a). This clearly completes the

proof of the Theorem.
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Theorem 9. Let Fo(z) = % and Fy(z) defined by (21) for k > 1. Then the function
F(z) € ls q(C, a) if and only if it can be expressed in the form

= mFi(2), (38)
k=0
where N, > 0 and
> me<l. (39)
k=0

Proof. We suppose that the function F(z) can be expressed in the form (38). Then
from (21) and (39) we have

R (1 — ) k
= L G, a0 Tall Ol (40
Since
- — ol — (I —a)m
2 [l (1 = a¢) + ol = Ol ar N 0 61— O, 00
= (1-«a) Zﬁk
k=1
< (1-a). (41)

It follows from Theorem 2 that the function F(2) € &} 5.q(G ).
Conversely, let F(z) € &) '5.4(C; @) which satisfies (22) for k£ > 1, we obtain

B (1—a) ;
= k(= a0) + a(l — O] e () ™ =

and
oo
m=1-> n
k=1
This completes the proof of the Theorem 9.

Corollary 10. The extreme points of the class CDZ sq(C,a) are the functions Fy(z)
(k > 1) given by (21) in Theorem 9.
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For F(z) € @5, given by 2, the sequence of partial sums is given by

Fo(z) = % + Zakzk (n € N). (42)

k=1

Now we will follow the work of [16], [11] and [4] on partial sums of meromorphic
univalent functions, to obtain the results. Let

Uy (@, ¢) = [alklg(1 = a¢) + a(l = O] Tgr(N). (43)
Theorem 11. If F(z) € ®s, satisfies the condition (18), then
vy -1+
Re(f(2)> > q,n—i—l)\ O[, (44)
‘F”(z) \Ijq,n+1
where
l—a, ifk=1,23 ...n
A ) I PR
RPICHY Z{ WA ifk=ndlnt2, . (45)
The result (44) is sharp for
1 l-«
Flz) = -+ 2" (46)
z \Ijé,n—i-l
Proof. Let
L+w(z) _ Yonir | F2)  Ygnn—1ta
1-—w(z)  1—a |[Fu(2) \Ilgm+1
n \IIAn o0
L4 Ty a2+ <f§l> D khent a2+
= . (47)

n
1430 apzktt

It suffices to show that |w(z)| < 1. Now from (47) we have
Yot o0 k+1
20 ) 2kmnt1 k2

oA '
n ,n+1 oe]
24230 a4+ <f_a> Dkt Gk2EH

w(z) =

Hence we obtain
\I,)\
q,n+1 oo
( 11—« > Zk:n+1 Qg
n ) +1 o] .
q,n
2-2 1 _jak— 1o Zk:nﬂ ak

w(z)| <

10



A. O. Mostafa, Z. M. Saleh — A Class of Meromorphic Functions ...

Now |w(z)| < 1 if and only if

or, equivalently

which is equivalent to

n Z + « e (| ZA /2
§ ’ q.k § ’ q.k g,n+1
+ > 0. 4
< 1 ) aj ( 1 aj 0 ( 8)

k=1 k=n+1
For z = re'™/™ we have
F 1— 1— T 1+«
(2) 1+ a 2P 1 - 5 a 2P = q’nﬂ)\ where r — 17,
Fu(2) g,n+1 ‘llq,nJrl \Pq,nﬂ

which shows that F(z) given by (46) gives the sharpness.

Theorem 12. If F(z) € ®s, satisfies the condition (18), then

\I/)\
Re <.7-"n(z)) > antl (49)
F(z) Ui tl—a

where \Il;‘,nJrl is defined by (43) and satisfies (45) and F(z) given by (46) gives the
sharpness.

Proof. The proof follows by defining

1+wz)  Yoantl-a|F(2) U) i1
1—w(z) 11—«

- F(z) _\Ifanﬂ—l—l—a

The reminder part is as in Theorem 11. So, we omit it.

11
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