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ON AN INTEGRAL OPERATOR
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ABSTRACT. In this paper we define an integral operator for analytic functions
in the open unit disk and we obtain properties of this integral operator.
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1. INTRODUCTION

Let A be the class of functions of the form:
flz) =2+ Z anz",
n=2

normalized by f(0) = f/(0) — 1 = 0, which are analytic in the open unit disk
U={ze€C:|z| <1}

We denote by S the subclass of A consisting of functions f € A, which are
univalent in U.

Let H(U) be the space of holomorphic functions in U. For ¢ € C and n € N—{0}
we note

Hieon)|={feHU): f(z)=cH+apz"+---}

and
An={f eHU): f(2) =2+ an 12"+ },
with A4; = A.
Let use S4(p) the class spiral functions of type o and order p, where «a, p € R,
o, £/
Sa(p) = {feA:Ree;(J;;Z) > peosa,|al < g,p< 1,z € U}

We have S,(0) = S, where S, is the class spiral functions of type a.
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In this paper we define the integral operator W : £ — H(U) E CH(U),

W) —[““/f” oo (dt| W

27 ¢77

where )‘7#77777/7’77/87570- € Ca B 7é 07 ¢730 € H[Ln] with QS(Z)()D(’Z) 7é 07 z € U7
feHWU), N\ +u+#0.

We have the next remarks.

i1) For A+ p=p+4+~,8#0,n=0=1, p,¢ € H[L,n], f € A,, from (1) we have
the integral operator Miller-Mocanu-Reade,

L grs(F)(z —[ﬁf/f” 00 (| 2)

The integral operator I, g s had defined by S.S. Miller, P.T. Mocanu, M.O.
Reade in the year 1978 and studied in [8].

i2) For A\ + p=1 g=v=1v=46,n=0 =0, the function f € A,, from (1)
we obtain the integral operator Hallenbeck-Ruscheweyh, which had studied in
3],

1)) = - /0 (). (3)

2

i3) fA+p=e+y,ac€R yeC, f=v=eE%6=v,n1=0=0, f € Salp),
from (1) we have the integral operator Bajpai,

—i

Bar(f)(2) = [ = Z[f(t)]@”tv—ldt]e . (1)

2

S.K.Bajpai in [1] proved that, if f € Su(p), 0 < p < 1, Rey > —pcosa,
la] < F, then By, € Sa(p).

ig) Wetake \+ u=1,v=03,8#0,vy=06=0,n=0 =0, the function f € A,,
from (1) we obtain the integral operator Miller-Mocanu [7],

e = | [ 0 g (5)

i5) For A+ u=v4+1>0,vyeN", g=1,=v,n=0=0, f € A, from (1) we
obtain the integral operator Bernardi-Libera [2],

Dy (f)() = 1H /0 T f (o). (6)

27
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i) H B0, A+pu=0,7v=0,n=0=0,0=0F—-v,v=0a,a,eC, fe A we
have the integral operator Pascu-Pescar [12],

Hpyp(z) = [ﬁ/o A1 <f§t)>adt] : (7)

i7) For f=A+pu=1,v=0,n=0=0,a=v=1-0, f € A, we get the integral
operator Kim-Merkes [4],

e = [ (A2) ar (5)

ig) Wetake \+pu=1,0=vv=0,8#0,n=0=0and f € H(U), we have the
integral operator

[

1
z B
Gar(N2) = |2 [ Poral )
=" Jo
which had studied by S.S.Miller, P.T.Mocanu, M.O.Reade in [9].
If 3> 1, Rey >0, Gg~(f) is the averaging integral operator.

ig) For A\ +u=2,v=0F=y=0d=1,n=06=0and ¢(2) =p(2) =1, f € H(U),
we obtain the integral operator Libera [5],

Lm@:lfmw. (10)

In this paper we obtain certain properties of general integral operator defined
by (1) and applications.

2. PRELIMINARIES

We need the following lemmas.

Lemma 1 (Pascu [11]). Let o be a complex number, Rece > 0 and f € A. If

2f"(2)
f'(2)

1— ‘Z‘QRea
Rea
for all z € U, then the function

<1, (11)
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Fo(z) = [a /OZ t"‘_lf’(t)dt} :

1s reqular and univalent in U.

Lemma 2 (Mocanu and Serb, [10]). Let My = 1,5936. ..

of equation

(2—M)eM =2.
If fe€ A and
‘;/,,((;) <My, zel,
then /
fo((zj) - 1’ <1, zel.

The edge My is sharp.

(12)

be the positive solution

Lemma 3 (General Schwarz Lemma, [6]). Let f be the function regular in the disk
Ur={2€C:|z| < R} with |f(2)| < M, M fized. If the function f(z) has in z =0

one zero with multiply > m, then

M
[F ()] < = 2™,

R z € Ug,

(15)

the equality (in the inequality (15) for z # 0) can hold only if

where 0 is constant.

3. MAIN RESULTS

Theorem 4. Let A\, u,n,v,3,0,0 be complex numbers,  # 0, a = Re(v + ) > 0,
My, My be positive real numbers and the functions f € Ay, f(2) = z24an12" 4. .,

d,p € H[L,n], ¢(z) =1+ cpz"+ ..., o(z) =1+dp2"+....

If
2f'(2)
f(2)

1‘<M1,26U,

< Ms,zeU
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and

v My + [o| My < ~———), (18)

then the integral operator W defined by (1) is

)\+M>/13 1 Vs

W(f)(z):(y+5 ZW¢W(2)(Z+b222+"') F,zeDCU (19)

Proof. From (1) we have

W(f)(z) = <ii§> zw}?(z) {[(u+5)/oztu+5_1 <f](tt)>”spa(t)dt}v+6}/3’

™|

(20)
forall z € U.
We consider the function
G(z) = [(u +9) /Z ol <f(t)>y cp"(t)dt] o ,z € U. (21)
0 t
Let’s the function ; .
o= [ (A) vz eu, (22)
which is regular in U and ¢(0) = ¢'(0) — 1 = 0.
We have 5
/0= (1) o
z
and
v—1 1 o v
7' =v (1) O TG oy 4 (T oo
forall z e U.
We obtain ") (2) ()
z9"(z) zf'(z) A :
o = ) vy (2
From (23) we get
fzhz”z 722a 2 f! (2 !
et P e (G e Rl S
forall ze U.
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Applying Lemma 3, from (16) and (17) we get

2f'(2) ‘
— 1| < Mq|z|", z € U, 25
i g (25)
/
‘ww)gﬂbmnﬂzeU (26)
()
and hence, by (24) we have
1— 2 | 2g"(2) | _ 1=z
v M- M. 27
|t 21" [0 + fol 1) (27)
for all z € U.
We consider the function @ : [0,1] = R, Q(z) = %, where z = |z],z € [0, 1].
We have .
2n2a
max Q(z) = —————— neN—{0}. (28)
z€[0,1] (2a 4+ n) 2a
By (18), (28) and (27) we obtain
1— |2 | 29" ()

<1, (29)

a q'(2)

for all z € U.
Now, from (29) and Lemma 1, it results that the function G(z) belongs to the class
S and we have

G(z)=z2+b2®+...,2€U. (30)
From (30) and (20) we obtain
A B 1 v+9
W(f)(z)_(ﬁ’g)ﬁzw(z)(wbgzu...) 5, (31)

for all z € D C U and Theorem 4 is proof.
fAX+pu+n=v+d=p0=1and v =mn=0, then the integral operator W(f)(z)
is in the class S.

Using Theorem 4 we have the next applications.

Corollary 1. Let 3,v,v,6 € C, f # 0, a = Re(v + 6) > 0, the functions ¢, ¢ €
H[1,n], f € A,, My, My positive real numbers.
If

2fz) .
78 1‘ < M,z eU, (32)

104



V. Pescar, A. Sasu — On an integral operator

/
Z((ZZ)) < My, zeU (33)
and ioa
—|— 2 2a
T T (39

the integral operator Miller-Mocanu-Reade defined by (2) is

B+ 2 vfe
= cvU.
IV7ﬂ7’Y,5(Z) (V i 5)27¢<2) (Z + b2z + ) P 2 € D = U (35)

Proof. For A\ +u=p8+~, 8#0,n=0c =1, from Theorem 4 we obtain Corollary
1.

Corollary 2. Let v be a complex number, a = Re(y+1) > 0, the function f € A,.
If

n+2a

o)

then the integral operator Hallenbeck-Ruscheweyh, defined by (3) is

Jy(f)(2) 2(14+byz+..)""2e DCU. (37)

Proof. We take in Theorem 4, A\+u=1,=v=1,v=4,n =0 =0, the function
f € A, and we obtain Corollary 2.

Remark 1. For v = 0, from Corollary 2 we obtain Jo(f)(z) = z + baz? + ..., for
all z € U and here the integral operator

Jo(f)(z) = /O () f € Ay (38)

is in the class S.

Corollary 3. Let v be a complex number, a be a real number, a = Re(e’+v) > 0,
the function f € S,(p). If

Z;gij) - 1' <(1+2) 2, z€U, (39)
then ) i
Bw(f)(z):5(z+b2z2+...)eTv,zeDgU. (40)
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Proof. Applying Theorem 4 forn =1, A+ p=¢e“ 4+, a € R, B=v =€, § =7,
n = o = 0, we obtain Corollary 3.

Corollary 4. Let 8 be a complex number, 5 # 0, a = Ref3 > 0 and the function
f € A,, M be positive real number.

If
2f'(2) ‘
—1|<Mi,zeU 41
/@) 1 e
and
2a =
pian < (142) 7 (42)
then the integral operator Miller-Mocanu defined by (5) is
1
Ts(f)(2) = — (2 +b2z* +...),2€ D CU. (43)
B8

Proof. For A\+ u=1,v=8,8#0,vy=6d=0,n=0c =0 from Theorem 4, we
obtain Corollary 4.

Remark 2. For 3 = 1, from Corollary 4, we have T1(f) € S, T1(f)(z) = z +byz? +
.., forall zeU.
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