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SOLVABILITY AND STABILITY OF NEUTRAL
CAPUTO-HADAMARD FRACTIONAL PANTOGRAPH-TYPE
DIFFERENTIAL EQUATIONS

M. Houas

ABSTRACT. In this article, we discuss the existence, uniqueness and Ulam-type
stability of solutions for Caputo-Hadamard fractional pantograph-type differential
equations. The existence and uniqueness of solutions is establish by using Banach’s
fixed point theorem, while the existence of solutions is obtained from Krasnoselskii’s
fixed point theorem. We also present and study different types of Ulam stability.
Finally, we give an illustrative example.
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1. INTRODUCTION

Pantograph equations arise in many applications such as number theory, electrody-
namics, astrophysics, nonlinear dynamical systems, probability theory on algebraic
structures, quantum mechanics. Many scholars have carried out important stud-
ies on the theory of pantograph equations, for more details see [3, 12, 13, 14, 21].
Recently, fractional pantograph-type differential equations involving different frac-
tional derivatives have been studied by different mathematicians, reader can refer
to, [1, 5, 9, 17, 24, 25] and the references therein. On the other hand, existence and
uniqueness of solutions to boundary value problems for pantograph fractional dif-
ferential equations has attracted the attention of many researchers, see for example,
[1, 2, 4, 6, 7]. Recently, Ulam stability for differential equations and fractional-type
differential equations have been attracted by several authors [8, 10, 11, 16, 20, 22].
Moreover, Ulam stability of pantograph differential equations with fractional deriva-
tive has been studied by many scholars, see [9, 10, 13, 23, 24, 25] and the reference

83


http://www.uab.ro/auajournal/

M. Houas — Solvability and stability of neutral ...

therein. In this work, we discuss the existence, uniqueness and Ulam-type stabil-
ity of solutions for following neutral Caputo-Hadamard fractional pantograph-type
differential equations:

GD [GDPx (t) — Ag (t,z (ut)] = f (t,z (t),z (nt)),
r(1)=6, z(T)=9, 0,9 €R, (1)
1<t<TA>0,0<pu,n<1,0<a,pB <1,

where gDo‘ and gDﬂ are the Caputo-Hadamard type fractional derivatives, ¢ :
JXR—=>R,f:JxRxR—=R are given continuous functions.

The rest of this work is organized as follows. In Section 2, we recall some
definitions and lemma which are used throughout the paper. In Section 3, we discuss
the existence and uniqueness of solutions for fractional boundary value problem
(1). In section 4, we define and study the different types of Ulam stability for the
fractional problem (1). In the last section, we give an illustrative example.

2. PRELIMINARIES

In this section, we give notations, definitions and preliminary facts that will be used
in the remainder of this work.

Definition 1. [18/ The Hadamard fractional integral of order p for a continuous
function h : [a,+00) — R is defined as

t t\*"th
gIPh(t) = r(lp)/ <log s) (S)ds,p > 0, (2)

s
where log (.) = log, (.), provided that the integral ezist.

Definition 2. [15] For at least n—times differentiable function h : [a,00) — R the
Caputo-Hadamard fractional derivative of order p is defined as

t A o h(s
G DPh(t) = 1“(nl—p)/a <10g S) ] i)ds, (3)

where n —1 < p < n,n = [p| + 1,6 = t%, [p] denotes the integer part of p and
log (.) = log, (.).
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Lemma 1. [15] Let x € C§ ([a,b] ,R). Then

I
—

n

wI? (§DPz) (t) = z(t) — Y ci(logt)’,c; € R,

I
o

where C ([a,b],R) = {h: [a,b] > R: 6" 'h e C([a,b] ,R)}.

We prove the following auxiliary lemma.

Lemma 2. For a given h(t) € C(J,R), the solution of the fractional differential

equation

GDY |G D (t) — Ag (t,x (ut))| = h(t),t € JA>0,0<a,f<1,

subject to the condition

s given by
1 t £\ ath-1 ds
o0 = targ ) (1) r0T
t p-1 s
vy [ (oel) o) S 0,
where
(log t)” 1 T T s
0= (log T)” F(a+ﬂ)/1 (logs> S

+1“(A5) /lT (logf)ﬂ_lg(s,w(w)) % +9—19] -

Proof. Using Lemma 2, we obtain

o) = F(alﬂj)/j (1ogz>a+61h(s)‘f

NG rE+1)

where ¢y, c; € R.
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From (6), we get ¢; = 6 and
I'(B+1)

1 T 7\ A1 ds
(log T)? YT ) /1 (log 8) h)

_1“?6) /lT <10g Z)B_lg (5,2 (13)) % - 9] .

Substituting the value of ¢y and ¢; in (9) yields the solution (7).This completes the
proof.

co —

3. EXISTENCE AND UNIQUENESS RESULTS

We denote by X = C (J,R) the Banach space of all continuous functions from J to
R endowed with the norm defined by ||z|| = sup{|z (¢)| : t € J}.
In view of Lemma 2, we define an operator O : X — X as

0r ) = it | (logS)M_lf(s,x(s),x(ns))dj
+F€\ﬁ) /1t (log z>ﬁ_1 g (s,z (us)) % + Hy (t). (10)

The first result is concerned with the existence and uniqueness of solutions for the
fractional problem (1) and is based on Banach’s fixed point theorem.

Theorem 3. Let f: JXRXR >R and g: J xR — R be continuous. Assume
that:
(Hy) : There exists a constant w > 0 such that

’f (t7u1>u2) - f(tavlv’U?)’ < w(|u1 _U1’ + ’u2 - UQD te Jup,v € Rie=1,2.
(H3) : There ezists a constant w > 0 such that
‘g(t,U) _g(tﬂv)| < w]u—v\, u,v € C(‘LR)

If the inequality
a+ B
I'(a+p+1) rp+1) 2

is valid, then problem (1) has a unique solution on J.
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Proof. Let us fix L = sup;cp 7 | f (£,0,0)| < 0o and M = supyep 1719 (¢,0)| < oo and
define

(log T)*+# |A\|(log T')°
- 2 (S8 + BT + 101) + 19

1-2 <2<logT)a+% \A|<logT>%> ’
C(a+8+1) T(B+1)
we show that OB, C B,, where B, = {z € X : ||z| < r}.
For x € B,, we find the following estimates based on the hypothesis (H;) and
(H2) :

[tz (), x(nt)] < [f(tx(t),x(nt)) — f(£0,0)]+[f (0,0)]
< 2wl|z|| + L <2wr+ L, (12)
and

g (&, @ (ut)| < g (@ (ut)| — g (£,0)[ + |g (£,0)] S @ ||z + M < wr + M. (13)

Thanks to(12) and (13), we obtain

t a+8—1 s
00| < i ) () 0] %

F(a—i—ﬂ s
ﬁ t E B-1 N @
ri [ (1og2) o o sl % 4 12 ) (19
(log T)*** (log T)?
where H, (t) is given by (8).
Then
(logt)” 1 T\ ethl ds
mO] < 1o+ IXQ+B)A'<mgS> 1 (5(5) . (o)) &
AL ' 2 - s,z (s ds
v [ (105 ) ot el S+ o1+ 1 (15)
(log T)**? I\ (log T)?
m@wr—l-lz)—l-m(wr—l-]w)-i-ﬂﬂ+|19],

Now, by (14) and (15), we can write

4(ogT)*Pw  2(ogT)’ w
'O"’”“)’§<r<a+ﬁ+1> EESY )
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2 (log )+ 2|\ (log T)?
L
IN'a+p+1) rg+1)
which implies that OB, C B,.. Now, for z,y € B, and for any t € J, we get

M+210|+ 9 <r

Oz (t) — Oy (1)) (16)

1 t ¢ a+pB—-1
W/l (10% 8) [f (s,2(s), 2 (ns)) = f (5,9 (s),y (ns))
AL A ds
D [ (oel) oo Gush) — g (s s 2

2 (log T)**7 Al (log T)”
Tlatp+rD“ " TBH © Iz =yl

IN

ds
S

and
[ He (t) — Hy (t))| (17)

(log t)? 1 T 7\ ath-1
(logT)B I'(a+p) /1 <log 5) |f(s,2(s),2(ns))

(s, (9) oy rs))| 2
T p-1 S
+|/\|/1 <log T) |9 (s,2 (18)) — g (5,9 (13))] Ci]

IA

I'(5) 5

2(log T)**" || (log T)”
(F(a+ﬁ+1)w+ T (B+1) w) Iz =yl

From the above inequalities, we get

|0z — Oyl

2(log 7)™ |\l (logT)?
Tatp+1)" " T@E+1)

4 (log T)>+° 2|\ (log T)?
Fla+srn” TE+y =)ol

W> [ = yll + [[Hz — Hy|l

(log T)**7

which shows that O is a contraction in view of the assumptions 2Ww +

2
%w < % Hence, by Banach’s fixed point theorem, the operator O has

aunique fixed point which corresponds to the unique solution of problem (1).This
completes the proof.
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In the next result, we show the existence of solutions for the problem (1) by
means of Krasnoselskii’s fixed point theorem [19].

Theorem 4. Let f: JXRXR =R and g : J x R — R be continuous functions
satisfying the condition (Hy) and (Hs2). In addition, we assume that:

(H3) : For each t € J, (z,y) € R? and ks, k, € C ([0, T),RT), we have
|f ) <kg(t),  lg(ta)] <kg(t).

If
(log T)*** 1 |A(logT)"
Tat8+DY 2 2r3+n (18)

Then the problem (1) has at least one solution on [1,T].
Proof. Let us fix

(log T)*+0 Al (log T)”
> 2 (F ]| + L2

TRy ESy R |rkg||+9|> + 191,

where [|k¢[| = supieo,ry [kf ()| and [[kgll = suprepo ) [kg (£)] -
On B, = {z € X : ||z|]| < 0}, we define the operators O; and O, as

1 t ¢ a+p-1 ds
Oz (t) = m /1 (log S> / (57 x (5) )y L (775)) ?
At A ds
i [ (oel) )T
Osa(t) = H, (). (19)

For xz,y € B, and t € J, we have

1 t + a+p—1
o) +0w 0] < g [ (osl) 1) o as)

A (e ) ds
o [ (g )l e % 181, 0

ds
S

Using (Hs), we obtain
101 (z) + O2 (y)|

2 (log T)*
['(a+B+1)

2|\ (log T)?

N 210 Y| < o.
Rgeny INol+210] +19) <0

N[+
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Thus ||O1 (z) + O2 (y)|| € Bs-.
Next we prove that Oy is a contraction. Let x,y € X. Then for each t € J, we
have

102 (2) = O2 (Y)|| < [|He — Hy|| -
Thanks to (H;) and (Hs2), we get

2 (log T)**7° Al (log T)?
(log )" || (log >w> T

102 () — O2 (y)|| < <F(a+ﬁ+1) rpg+1)

Hence O; is a contraction. Continuities of f and g imply that the operator O; is
continuous.
Also Oy is uniformly bounded on B, as

< (g D)™ [\l (log T)°
STla+8+1) T(@+1)
Now we prove the compactness of the operator O;.

We define sup; , ,yesx B, x5, | (t,7,y)| = N1 and supq )eyxp, |9 (t,2)| = Na.
Let t1,t9 € J such that t5 < t1, then, we have

’Oll‘ (tl) — 01{E (tQ)’
N at+B a+B Na |A|
s g L0oet)™" = Gogt)™ ]+ o

which is independent of x and tends to zero as t; — to — 0. Thus O; is relatively
compact on B,. Hence, by the Arzela-Ascoli theorem, O7 is compact on B,. Conse-
quently, by the Krasnoselskii’s fixed point theorem, O has a solution on [1,7]. The
proof is completed.

101 ()] [Ng ][+

[[Ng|| < .

(logt1)” — (log t2)" |,

4. STABILITY RESULTS

In this section, we will study different types of Ulam stability for the considered
fractional boundary value problem (1).

Definition 3. The fractional boundary value problem (1) is Ulam-Hyers stable if
there exists a real number cy, > 0 such that for each € > 0 and for each solution
y € X of the inequality

G0 [GD% (1) = Ag by (u0)] = f (ty @)y )| < ete s, (0)
there exists a solution x € X of fractional boundary value problem (1) with

ly(t) —z (t)] < crget € J.
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Definition 4. The fractional boundary value problem (1) is generalized Ulam-Hyers
stable if there exists 1y 4 € C(Ry,R1), 954 (0) = 0, such that for each solutiony € X
of the inequality (20) there exists a solution x € X of the fractional boundary value
problem (1) with

[y (8) =2 (O] < vy ()t €

Definition 5. The fractional boundary value problem (1) is Ulam-Hyers-Rassias
stable with respect to p € X if there exists a real number cy 4 > 0 such that for each
€ > 0 and for each solution y € X of the inequality

[GD* [GD%y (1) = Ag (t.y (u)| = £ (Ly (1) .y ()| <= (t), 8 g, (21)
there exists a solution x € X of problem (1) with

[y (t) —x (t)] < cpgep(t),t e

Definition 6. The fractional boundary value problem (1) is generalized Ulam-Hyers-
Rassias stable with respect to ¢ € X if there exists a real number cf g4, > 0 such
that for each solution y € X of the inequality

‘%Da [%Dﬁy (1) = Mg (ty (ut) | — f(ty (1), y )| <@ (t),t €], (22)
there exists a solution x € X of problem (1) with

ly () =2 (t)] < crgep(t) .t €.

Remark 1. A function y € X is a solution of the inequality (20) if and only if there
exists a function ¥ : J — R such that

(1) : () <eted

(2) : [§GD [§GDPy (t) — Mg (t,y (ut)] = f (t,y () ,y (nt)| + ¢ (t) ,t € J,A < 0,0 <
w,n <1

Theorem 5. Let f: JXRXR — R and g: J xR — R be continuous, suppose that
(Hy) and (Hz) hold. Then if

(log 7"
rp+1)

(log T)*+7

085 <1 A
T(a+p+1)" Al

w, (23)

the fractional boundary value problem (1) is Ulam-Hyers stable and consequently,
generalized Ulam-Hyers stable.
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Proof. Let y € X be a solution of the inequality (20), i.e.

G0 [GD%y (1) = Ag (y ()| = 1 (Ly @),y ()| <2, te J,
and let us denote by z € X the unique solution of the problem

GD [FDx () = Ag (t,x (ut)] — f (t,z (8),x (nt)) ,t € J,

where A > 0,0 < o, <1 and 0 < pu,np < 1.
By Lemma 2, we can write

1 ds

v = g | (o) s

+F€\B) /lt <10g Z)ﬁl g (s, x (ps)) % +Hy (1)

by integration of the inequality (20), we obtain

t a+pB—1 s
v -1,y [ (0st) reae S

_F(AB) /j <logi>ﬁlg(s,y(u8)) %

g a+p3
Tatr gty ) S v 57D

(log T)**7,

where

Co (&)
r'p+1) r'p+1)

On the other hand, if z (1) = y (1) and = (T') = y (T') then ¢ = ¢z and ¢; = c3.

H,(t) = (logt)® + ¢; and Hy(t) = (logt)® + c3
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We have, for each t € [1,T]
ly (t) — = (1)]

1 ¢ g\otA-t ds
g | (0el) )0 - ) a )]
A /t< t)ﬁ‘l ds
4+ — log — S, s))—g(s,x(us))| —
r J, o8 19 (3,5 (ns)) — g (5,2 (us))|
Thanks to (H;) and (Hs), we obtain
£
— <= _(logT)***
(0 (0] < gy (08T
2(logT)* P w A (ogT)’ @ Iz =yl
Fla+tp+y)  r@E+n )70
which implies that
e (log T)* 7
lr =yl < r D[ = (200eD)* Pw | Mg \]
(a+ B+ )[ _< MatprD) 1 I )}
Then, for each t € [1,T]
(log T)***
lz () —y (t)] < e 3 € = Cf4E.
2(log T)* " Pw (A (log T)" @ ’
Ila+p+1) [1 - ( Morarn + T )]

So, the fractional boundary value problem (1) is Ulam-Hyers stable. By putting
v (€) =g, (0) = 0 yields that the fractional boundary value problem (1) general-

ized Ulam-Hyers stable.

Theorem 6. Let f: JXRXR —=>R,g:J xR — R be continuous and suppose that

(H1),(H2) and (23) hold. In addition, we assume that:

(Hy4) : There exists an function ¢ € C(J,Ry) and there exists 1, > 0 such that

foranyteJ
1 t t ds
———— [ (log )" 1p(s)— < t).
F(a+5)/1(°gs) p(s)— = mpp(t)
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Then the fractional boundary value problem (1) is Ulam-Hyers-Rassias stable.
Proof. Let y € X be a solution of the inequality (21), i.e.

G0 [GD (1) = g by (ut)] = £ (ty (1) 5 ()| < e (1)t €
and let us denote by x € X the unique solution of the problem

G0 [ Dx (t) = Ag (t,x (ut)] — f (2 (t),x (nt)) L € J,

where A > 0,0 < o, <1 and 0 < pu,mp < 1.
Thanks to Lemma 2, we have

o0 = g ) t (1ogi)aw_lf(s,x(s),x(ns))dj

T t (1og§)ﬁlg<s,x<us>> © o).

Now, by integration of the inequality (21), we obtain

t a+p—1 s
vO-1,0- g [ (o) T e ®

o [ (oe) e

€ t $\ oAt ds
o) (1) e
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Thanks to (Hy),(H2) and (Hy4), we can write
ly () — 2 (1)]
t a+pB—1 s
VO~ H,0 - sy [ () Fewe )

—F?ﬂ) /; <log z)ﬂl 9 (s,y (us)) %
ds

t ¢ a+pf—1
trra ) (lEt) e )~ f (9. )]

t ds

e [ (o)l o) gt (o1

2(ogT)* P w A (logT)’ = e — gl
Tatf+1) ~ T@EHE+1 )7

< enpp(t) + (

which implies that

og T)* P w ogT)’ w
Iy — a [1 - (i(gff)ﬂ 7+ B )] < enaplt).

Then, for each t € [1,T]

EAp —
o (8) =y ()] < [ ) #(t) = cergpe(t).
Mlats7D) T D)

Hence, the fractional boundary value problem (1) is Ulam-Hyers-Rassias stable.

5. EXAMPLE

Consider the neutral fractional pantograph equation with Caputo-Hadamard type
fractional derivatives
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For this example, we have a = % 8 =
Zsin(t)z+ 2 and f(t,z,y) =

Viore
For each (w1,y1), (72,y2) € R? and ¢ € [

, €], we have
1
|f(t,:1;1,y1) - f(t,$2,y2)‘ < Z (|$1 - 113'2| + |y1 - y2|) .
Hence the condition (H;) holds with w = %. Also, for any z1,y1 € R, we have

3
l9(x1) — g(y1)| < 6 21— 1]
So, (Hs) is satisfied with @ = 2

E.
It follows that

(log T)*+* Al (log T)” 1
~ (0.256 1 -
I‘(a+ﬁ+1)w+ F(ﬁ—i—l)w 0.25613 < —,

By Theorem 3, we conclude that the problem (26) has a unique solution on [1,e].
Furthermore, we have

a+p B
(logT) ~ 046196 < 1 — A (ogT)
Fla+p5+1)

~ 0.99097,

rTg+1)
and from Theorem 5, the fractional problem (26) is Ulam-Hyers stable.
Let ¢ (t) = t2. Then

1 ¢ d 3
T J, o) e <

— < et = t).
s =T (%) 779090( )
Thus, the hypothesis (Hy) of Theorem 6 is satisfied with ¢ (t) = t* and 7, = -

3

(%)

Therefore, by Theorem 6 the problem (26) is Ulam-Hyers-Rassias stable.
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