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1. INTRODUCTION

The concept of fuzzy sets was introduce by Zadeh [15]. Later on, Chang [2] in-
troduced the concept of fuzzy topology, then the generalizations of the concept of
fuzzy topology have been done by many authors. In [1], Atanassove introduced the
idea of intuitionistic fuzzy sets, then Coker [3, 4], introduced the concept of intu-
itionistic fuzzy topological spaces. On the other hand, as a generalization of fuzzy
topological spaces Samanta and Mondal [14], introduced the concept of intuitionis-
tic gradation of openness. In 2005, the term intuitionistic is ended by Garcia and
Rodabaugh [11]. They proved that the term intuitionistic is unsuitable in mathe-
matics and applications and they replaced it by double. Many other topologies (see
[7, 8,9, 10, 12, 16]) studied various notions in double fuzzy fuzzy topological space.
The purpose of this paper is to introduce a new class of double fuzzy topological
space called (r, s)-fuzzy b-extremely disconnected space. Several characterizations
and some interesting properties of these spaces are also given.

2. PRELIMINARIES

Throughout this paper, Let X be a non-empty set, I the unit interval [0, 1], Iy =
(0,1] and I; = [0,1). The family of all fuzzy sets on X is denoted by I*. By
0 and 1, we denote the smallest and the greatest fuzzy sets on X. For a fuzzy set
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A € IX, T— )\ denotes its complement. Given a function f : IX — IV and its inverse
71 1Y IX are defined by fAN)(y) = Vjy_y M@) and f~1(2) (@) = p(f (),
for each A € IX, € IV and = € X, respectively. All other notations are standard
notations of fuzzy set theory.

Definition 1. [4, 14] A double fuzzy topology on X is a pair of maps 7,7* : IX — 1,
which satisfies the following properties:

1. 7(\) <1 —7*(\) for each X € T,
2. T()\l A )\2) > T()\l) /\T()\g) and T*()\l /\)\2) < 7'*()\1) \/7'*()\2) for each A\, Ag €
Ix.

.oV A) > A7) and (V) M) < Vier 7 (Ni) for each \; € IX i € T.
iel il iel

The triplet (X, 7,7*) is called a double fuzzy topological space.

Definition 2. [4, 14] A fuzzy set X is called an (r,s)-fuzzy open if T(A\) > r and
T*(A) < s, X is called an (r,s)-fuzzy closed if, and only if 1 — X is an (r,s)-fuzzy
open set.

Definition 3. [, 14] A function f : (X, 171,77) — (Y, 72,73) is said to be a double
fuzzy continuous if, and only if T1(f~1(v)) > m2(v) and 5 (f~1(v)) < 75(v) for each
velv.

Theorem 1. [18, 5] Let (X, 7,7*) be a double fuzzy topological space. Then the
double fuzzy closure operator and the double fuzzy interior operator of A € IX
are defined by Crr+(N\r,8) = N € IX | X < (1 —p) > ry7*(L— p) < s},
L(\rs) = V{p e IX | p < A7) > r,m(n) < s}, wherer € Iy and s € I
such that r +s <1.

Definition 4. [6] Let (X, 7,7*) be a double fuzzy topological space. For each A\, p €
IX,relyands eI,

1. Xis called (r, s)-fuzzy b-open if X < Ir 1 (Crrx (X, 7, 8), 1, 8)VCr ox (Ir 7+ (X, 1, 8), 1, 5).
2. X is called an (r,s)-fuzzy b-closed set if 1 — X is an (r, s)-fuzzy b-open set.

3. An (r,s)-fuzzy b-closure of X is defined by BCr«(\,1,8) = N{p € IX | A< p
and p is (r, s)-fuzzy b-closed}.

4. An (r,8)-fuzzy b-interior of X is defined by Bl +(A\,r,s) =V{p € I | X< pu
and w is (r,s)-fuzzy b-closed}.
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3. PROPERTIES OF (r,s)-FUZZY b-EXTREMELY DISCONNECTED SPACES

Definition 5. A double fuzzy topological space (X, T,7*) is said to be (r,s)-fuzzy
b-extremely disconnected if BCr (A, 1, s) is (1, s)-fuzzy b-open for every (r,s)-fuzzy
b-open set X of (X, 7,7%).

Example 1. Let I = [0,1], X = {a,b}. The fuzzy subset X\ is defined as \(a) =
0.5,A(b) = 0.5. Let 7,7 : IX — I be defined as follows:

1 ifa=0o0rl 0, ifa=00rl
T(a) = % if =\ ™ () = %, if =\
0 otherwise 1, otherwise

Clearly, (X, 7,7%) is an (r, s)-fuzzy b-extremely disconnected space.

Proposition 1. For a double fuzzy topological space (X, T,7*), the following state-
ments are equivalent:

1. (X, 7,7%) is an (r, s)-fuzzy b-extremely disconnected space.
2. For each (r,s)-fuzzy b-closed set X\, Bl +(\,r,s) is (r,s)-fuzzy b-closed.

8. For each (r, s)-fuzzy b-open set A, BCy r+(\, 7, 8)+BCy 7+ (1=BCr, o+(\,1,5)) =
1.

4. For every pair of (1, s)-fuzzy b-open sets X and p such that BCr -+(\,7,8)+p =
1 BCT,T* ()‘v Ty 3) =+ BCT,T* (M7 T, 3) =1

Proof. (1)=(2): Let X be any (r, s)-fuzzy b-closed set. Then 1 — X is (r, s)-fuzzy
b-open. Now BCr+(1— A1, s) =1— Bl +(\r,s), By (1), BCr (1 — \,r,s) is
(r, s)-fuzzy b-open, which implies that B, +(A,r,s) is (r, s)-fuzzy b-closed.
(2)=(3): Let A be any (r,s)-fuzzy b-open set. Then 1 — X is (r, s)-fuzzy b-closed.
By (2), we have BI; (1 — \,7,s) is (r,s)-fuzzy b-closed. Now BC; . «(\,r,s) +
BC; +(1—=BCr (A, 1,8),1,8) = BCrrx (N, 1, 8) + BCr 1 (BL; 1« (1 =\, 1, 8), 7, 8) (%).
Therefore by (%), BCrr+(\, 7, 8) + BCr 7+(1— BCr 7+(A\, 1, 8),7,8) = BCr 1« (A, 1, 8) +
BI (1= \r,s) = BCrr+«(A\,r,s) + 1 — BC:+(A\,1,8). Hence BCr«(A,r,s) +
BCy+(1— BCr (N, 1,8),7,8) =1.

(3)=(4): Let XA and p be (r, s)-fuzzy b-open sets with BCr 1«(A, 7, s)+p = 1(*x). By
(3), 1= BC; (A, 1,8)+BC;r -+ (1-BCr (A, 1, 8),7,8). By (%), 1-=BC; «(\,1,8) =
w. Then BCr (N, 7, s) + BCr o (p, 1, 8) = 1.

(4)=>(1): Let X be any (r,s)-fuzzy b-open set. Put =1 — BCr+(\,7,s). Then
clearly u is (r,s)-fuzzy b-open and BC; «(\,7,s) + p = 1. Therefore by (4),
BCr (A1, 8) + BCr o (p,7,s) = 1. Then BCr «(\,r,s) is (r, s)-fuzzy b-open and
so (X, 7,7%) is (r, s)-fuzzy b-extremely disconnected.
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Proposition 2. A double fuzzy topological space (X, T,7%) is (r, s)-fuzzy b-extremely
disconnected if and only if for all (v, s)-fuzzy b-open set A and an (r, s)-fuzzy b-closed
set p such that A < p, BCr «(\, 1, s) < Bl -«(p,7,5).

Proof. Let (X, 7,7%) be an (r, s)-fuzzy b-extremely disconnected space. Let A be a
fuzzy (r,s)-fuzzy b-open and p be (r,s)-fuzzy b-closed with A < . Then by (2) of
Proposition 1, BI, +(u,r, s) is an (r, s)-fuzzy b-closed set. Also since A is (r, s)-fuzzy
b-open and A < p, A < BI; ;+(p, r,s). Since Bl - (u,r,s) is (r, s)-fuzzy b-closed, we
have BC; +(\,r,s) < Bl «(p,7,s). Conversely let  be any (r,s)-fuzzy b-closed
set. Then BI; «(u,r,s) is (r,s)-fuzzy b-open in (X, 7,7*) and Bl «(u,7,s) < p.
Then BC; -+ (Bl (p,r,s),1,5) < Bl r+(p,r,s). This implies that Bl «(u,r,s)
is (r, s)-fuzzy b-closed. Hence by (2) of Proposition 1, (X,7,7*) is (r,s)-fuzzy b-
extremely disconnected.

Remark 1. Let (X,7,7*) be an (r,s)-fuzzy b-extremely disconnected space. Let
{Xi,1—p; : i € N} be a collection such that \;’s are (r,s)-fuzzy b-open and p;’s
are (r,s)-fuzzy b-closed and let N\, p be (r,s)-fuzzy b-clopen sets, respectively. If
ANi <A< pjoand Ny < p < opy o for all i,j € N, then there exists an (r,s)-fuzzy
b-clopen set v such that BCy (i, 7, 5) < v < Bl 7+ (pj,7,8) for all i,j € N.

Proof. By Proposition 1, we have BCr (i, 1, 8) < BCr +(A,7,8) ABI; 7« (A, 1, 5) <
BI; 7+ (pj,r,s) foralli,j € N. Soy = BCr (A, 7, 8) ABI; 7 (A, 1, 5) is an (r, s)-fuzzy
b-clopen set satisfying the required conditions.

Proposition 3. Let (X, 7,7*) be an (r, s)-fuzzy b-extremally disconnected space. Let
{Ag}qeq and {pq}tqeq be monotone increasing collections of fuzzy (r, s)-fuzzy b-open
sets and (r, s)-fuzzy b-closed sets of (X, T,T*), respectively and suppose that g, < fiq,
whenever q1 < qa, where Q) denoted the set of rational numbers. Then there exists
a monotone increasing collection {ng}qecq of (r,s)-fuzzy b-clopen sets of (X, 1,7)
such that BCr (Mg, 1, 8) < 84, and 04, < Bl +(pg,, 1, s) whenever g1 < qa.

Proof. Let us arrange into a sequence {gy } of all rational numbers without repetition.
For every n > 2 we shall define a collection {n,, : 1 <i < n} C I such that (A,)
BC; +(Ags1,8) < by, it g < ¢4, 0, < Bl 7+ (pg,m,8) if ¢ < g for all i < n. It is
clear that the countable collections { BC; 7+(Aq, 7, 5)} and { BI; 7+ (pq, 1, s)} satisfying
BCr (Mg, 8) < Bl r+(pgy,m,s) if 1 < g2. Then there exists an (r, s)-fuzzy b-
clopen set 1 such that BCr+(Ag,,7,8) < 01 < Bl +(pgy,7,8). Setting 14, = 01,
we get (A2). Assume that fuzzy subsets n,, are already defined for i < n and satisfy
(An). Define = V{ny : i < n,¢; < gu} VA, and & = A{ng, : j < n,q; >
qn} N Mg, Then we have BCr r«(ng,,7,8) < BCr+(3_,1,8) < Bl +(ny;,7,5) and
BC: +(ng;,7,8) < Bl 7+ (®,7,8) < Bl 7+(ng;,7, ) whenever ¢; < g, < g; (4,7 <n)
as well as Ay < BC;+(>,7,8) < pg and A < Bl +(®,7,5) < pg. This shows
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that the countable collections {7y, : i < n,¢; < ¢u} U{Ag:q < gn} and {n,, : j <
n,q; > qn} U {q : ¢ > gy} together with ) and @ satisfy all hypotheses of Remark
1. Hence there exists an (r, s)fuzzy b-clopen set d,, such that BC; +(0p, 7, 8) < g if
an < ¢, /\q < BIT,T*(5n7T7 5) if ¢ < qn, BCT,T*(nqmru 5) < BIT,T*((Smra 5) if ¢; < qn,
BC: +(0p,1,8) < Bl (14,7, 8) if g < qj, where 1 <14, j <n—1. Letting n,, = dy,
we obtain the fuzzy sets 1, ,7g,...1q, that satisfy (A,+1). Therefore, the collection
{ng, i =1,2,...} has required property.

Definition 6. A function f: (X, m,77) = (Y, 72, 735) is called

1. (r,s)-fuzzy b-irresolute if f~1(\) is (r, s)-fuzzy b-open set of (X, T, 7*) for every
(r,8)-fuzzy b-open set A of (Y,o,0%).

2. (r,s)-fuzzy b-open if f(\) is (1, s)-fuzzy b-open set of (Y, o,0*) for every (r,s)-
fuzzy b-open set A of (X, 71,77).

Proposition 4. Let (X, 71,7) and (Y, 72, 75) be any two double fuzzy topological
spaces. A function f: (X, 1, 17) = (Y, 72, 75) is (r, s)-fuzzy b-irresolute if, and only
if F(BCry 1 (\7,8)) < BCoy s (J(N), 1, 5) for every fuszy set X in (Y,72,73), 7 € T,
sely.

Proof. Let A be any fuzzy set in IX and f be an (r, s)-fuzzy b-irresolute function such
that 7 € Iy, s € I;. Then BCy, 7+ (f(A), 7, s) is an (r, s)-fuzzy b-closed set in IY. Since
f is an (r, s)-fuzzy b-irresolute function, f_l(BCmT?*(f()\), r,s)) is an (r, s)-fuzzy b-
closed set in IX. We have A < f~1(f(\)) < f~H(BCryrs (f(N),1,5)). Also, by the
definition of (r, s)-fuzzy b-closure, BCr, r+(A,1,5) < f7H(BCr, 7 (f(A),1,5)), that
is, f(BCr 7+(\1,8)) < BCr, 75(f(M),7,5). Conversely, let A be an (r, s)-fuzzy b-
closed set in I such that f(BCr w+(f~1(N),7,5)) < BCr w+(f(f7*(N)),r,s). Then
BCy, (71N, 8) < f7L(N). So that f~'(A) = BCh, .+ (f~2(A),7,5). That is,
f~Y(\, 7, s) is an (r, s)-fuzzy b-closed and hence, f is (r, s)-fuzzy b-irresolute function.

Proposition 5. Let (X, 11, 77) and (Y, 2, 75) be two double fuzzy topological spaces
and f (X, 71,77) = (Y, 72,73) be an (r,s)-fuzzy b-open surjective function. Then
f*I(BCTQ’TQ*(/\,r, s)) < BCTL.,I*(f*I(/\),T, s) for every fuzzy set X in (Y, 12,75), 1 €
Iy, se 1.

Proof. Let A € IV, r € Iy, s € I such that g = f~1(1 — \). Then BI o+ (f'(1—
A);1,8) = Bl 7+(p,7,5) is (1, 5)-fuzzy b-open in IX. But BI;, 7+ (p,7,8) < 1, hence
f(BITlﬂ'f (:ua T, S)) S f(:u)a that iS, BI’TQ,TQ* (f(BITLTl* (:U’v T, S))7 Ty 5) é BIT27TQ* (f(:u)a Ty 5)'

Since f is (r, s)-fuzzy b-open, f(BI;, r+(p,7,5)) is an (r, s)-fuzzy b-open in IV r e I,
s € I. Therefore, f(BIy r+(pt,7,8)) < Blryx(f(1),7,8) = Bl (1 — A, 5).
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Hence, Bl 7+ (f~'(1—A),r,s) = BL.1 s,y s) < f7H(BI, 2*( —A),7,s). There-
fore, 1— Bl -+(f ' (T1=\),r,8) = 1= Bl z+(,7,8) > 1= f (Bl s (1 X, 1, 5)).
Hence, f~1(1 — Bl (1 — A, s) < BCy, ¢ (T — ffl(T — A, s). Therefore,
f_l(BCTQ,TQ* (>‘7T7 8)) < BCTlﬂ'l* (f_l()‘) Ty S)

Proposition 6. The image (Y,12,75) of an (r,s)-fuzzy b-extremely disconnected
space (X, 1, 77) under (r, s)-fuzzy b-irresolute (r, s)-fuzzy b-open surjective mapping
is also (r, s)-fuzzy b-extremely disconnected.

Proof. Let A € IV be an (r, 5)-fuzzy b-open fuzzy set, r € Iy, s € I1 such that f is an
(1, 5)-fuzzy b-irresolute function, so f~!(\) is an (r, s)-fuzzy b-open set in IX. But
(X, 71,71) is (r, s)-fuzzy b-extremely disconnected, BCr, +(f~*()),r,s) is an (r, s)-
fuzzy b-open set in IX. Also, f is (r, s)-fuzzy b-open surjective, BC:, (f7r(N), 7, 9))
is (r, s)-fuzzy b-open in IY. Then f_l(BC'm@* (A, 8)) < BCTI’Tl*(f_l()\),r, s) and
fﬁl(BCTz,TQ* (/\7 T 3)) - BCTz,TQ* ()‘7 Ty 8) < fﬁl(BCﬁ,Tl* (fil()‘)’ Ty 3)) <

BCTQ,TQ* (f(f_l(A)’ Ty 5)) = BCTZ,’TQ* ()‘7 Ty 8); BC’TQ,TQ* (Av T, 8) = f(BCn,Tf (f_l(A)7 Ty S))
Then BCr, (\,7,5) is an (r,s)-fuzzy b-open set in I' which implies (Y, T2, T5) is
an (r, s)-fuzzy b-extremely disconnected.

Definition 7. Let (X,7,7*) be a double fuzzy topological space. A mapping f :
X — R(L) is called lower (resp. upper) (r,s)-fuzzy b-continuous if f~*(R;) (resp.
f~YLy)) is (r,s)-fuzzy b-open (resp. L-fuzzzy b-closed) for each t € R.

Proposition 7. Let (X, 7,7*) be any double fuzzy topological space; let X € LX and
let f: X — R(L) be such that

1 ift < 0,
f@)(t) =< Mx) if0o<t< 1,
0 if t >1.

for allx € X. Then f is lower (resp. upper) (r,s)-fuzzy b-continuous if and only if
A is (r, 8)-fuzzy b-open (resp. (r,s)-fuzzy b-closed).

Proof. 1t suffices to observe that

1 t<0
YR =< X 0<t<1
0 t>1.

implies that f is lower (r, s)-fuzzy b-continuous if and only if X is (r, s)-fuzzy b-open.

1 t<0
L) =¢ X 0<t<1
0 t>1.
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implies that f is upper (r,s)-fuzzy b-continuous if and only if A is (r,s)-fuzzy b-
closed.

Definition 8. The characteristic function of A € IX is the map x» : X — I(L)
defined by xi(z) = (A(z)),z € X.

Proposition 8. Let (X,7,7*) be a double fuzzy topological space and let X € IX.
Then x is lower (resp. upper) (r, s)-fuzzy b-continuous if and only if X is (r, s)-fuzzy
b-open (resp. (r,s)-fuzzy b-closed).

Proof. The proof follows from Propositon 7.

Definition 9. Let (X,7,7%) and (Y,0,0%) be any two smooth fuzzy topological
spaces. A mapping f : (X, 11, 7) = (Y, 72, 73) is called strong (r, s)-fuzzy b-continuous
if f71(N\) is (r, s)-fuzzy b-clopen set of (X,7,7*) for every (r,s)-fuzzy b-open set \
of (Y.0,0%).

Proposition 9. Let (X, 7,7%) be a double fuzzy topological space. Then the following
statements are equivalent:

1. (X, 71,7%) is an (r, s)-fuzzy b-extremely disconnected space.

2. Ifg,h: X — R(L) where g is lower (r, s)-fuzzy b-continuous, h is upper (r,s)-
fuzzy b-continuous, then there exits a strong (r, s)-fuzzy b-continuous function
f on X with values in R(L) such that g < f < h.

3. If 1=\, p are (r, s)-fuzzy b-open sets such that pu < X, then there exists a strong
(7, 8)-fuzzy b-continuous function f : X — IX such that p < (I1—L1)f < Rof <
A.

Proof. (1)=(2): Define two functions A,z : Q — IX by A(r) = A, = h~(R!) and
w(r) = pr = g Y(L,) for all 7 € Q. Clearly, A and ;1 are monotonic increasing families
of (r, s)-fuzzy b-closed and (r, s)-fuzzy b-open sets of (X, 7,7*). Moreover, A\, <
if 7 < /. Now, by Proposition 3 there exists a function 1 : Q@ — IX such that ), <
BI; (.1, 8), BCrr+(nyp,1,8) < Bl z«(n,1,8), BCrr«(np,7,8) < p,v whenever

r <7 (r,r € Q). Letting wy = A n for each t € R, we define a monotone
r<T
decreasing family A {w; : t € R} C IX. Moreover, BC; ,«(wt, 7, 8) < BCr 1+ (ws, 7, 8)
r<t
whenever s < t. Indeed, for s < r <1’ <t (s,t € Rand r,7’ € Q) we have w!, <

BC: (0,1, 8) < Bl +(n,7,8) < wy, hence BCr 7«(wy,r,8) < Bl 1+ (ws, 7, 5). We
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have also

Vw = V A

teR teRr<t

> VA p

teR r<t

= V Ag (L)

teR r<t

= g (VL)

teR
= 1.

Similarly, A w; = 0. We now define a function f : X — R(I) satisfying the required
teR
properties. Let f(z)(t) = wi(x) for all x € X and ¢t € R. Then above discussion

shows that f is well defined, that is f(x) € R([) for every x € X. To prove f is
(r, s)-fuzzy b-continuous, observe that

\/ wWg = \/ BI; -+ (ws,T,5)

s>t s>t
and
/\ Wy = /\ BC; 7+ (ws, T, 5).
s<t s<t
Then f~YR:) = V ws = V Bl (ws,1,8) is (r, s)-fuzzy b-open. Now f~(L}) =

s>t s>t
N\ ws = N\ BCrr+(ws,r,s), so that f is (r, s)-fuzzy b-continuous. To conclude the
s<t s<t
proof it remains to show that g < f < h, that is,

g MLy < UL < hTHLY)

and
9 (R) < f7H(R) < h7H(Ry)

for each t € R. We have

gLy = Ag HIL)

s<t

A N g7HLY)

s<tr<s

WAz

s<tr<s

A A

s<tr<s

A ws

s<t

FHELY)

1 VAN |
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and

FHLY) = A ws

oAl
>SA>SA>
TASA>
= = =
F\,rsl
=
R

Similarly, we obtain
g R) = Vg H(R)

= V Vg (L)

s>tr>s

= V Vu

s>tr>s

< V Vun

s>tr>s

= \/ws

s>1

SN (Ry)

and

T (Ry)

V ws

s>t

V Vo

s>tr>s

< V VXIHER)

s>tr>s

= V hH(Ry)

s>t

= hil(Rt).

(2)=(3): Suppose 1 — X is an (r,s)-fuzzy b-open set and p is an (r,s)-fuzzy b-
open set, u < A. Then x, < xx and x,, x» are lower and upper (r,s)-fuzzy
b-continuous functions, respectively. Hence by (2), there exists an (r,s)-fuzzy b-
continuous function f : (X, 7,7*) — R(I) such thaty, < f < xa. Clearly, f(z) €
[0,1]() for all z € X and pp = (1 — L1)x, < (1 — L1)f < Rof < Roxa = A
(3)=-(1): This follows from Proposition 2 and the fact that (1 — L;)f and Rof are
(r, s)-fuzzy b-closed and (r, s)-b-open sets, respectively.

Proposition 10. Let (X, 7,7*) be an (r, s)-fuzzy b-extremely disconnected space and
let A C X be such that x4 is (r,s)-fuzzy b-open. Let f : (A, 7|A) — I* be strong
(r,s)-fuzzy b-continuous. Then f has a strong (r,s)-fuzzy b-continuous extension
over (X, ,7%).
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Proof. Let g,h : X — IX be such that g = f = h on A and g(z) = 0,h(z) = 1 if
x ¢ A. We now have
_f mAxa ift >0,
&9{1 if t < 0.

where pi; is (7, s)-fuzzy b-open and is such that u:|A = R:f and

. >\t/\XA 1ft§1,
hh_{l if t > 1.

where )\; is (r, s)-fuzzy b-clopen and is such that \;|]A = L;f. Thus g is lower (r, s)-
fuzzy b-continuous h is upper (r, s)-fuzzy b-continuous and g < h. By Proposition
9, there is an (r,s)-fuzzy strong b-continuous function F' : X — IX such that
g < F <h. Hence FF = f on A.
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