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1. INTRODUCTION

Throughout this paper A, B are positive invertible operators on a complex Hilbert
space (H,(-,-)). We use the following notation

At B = AV? <A‘1/2BA‘1/2>V A2,

the weighted geometric mean. When v = % we write AfB for brevity.
In [4] the authors obtained the following Holder’s type inequality for the weighted
geometric mean:

(B )y APz, a) < (APx,2)"/P (B2, z)!/ (1)

for any z € H.
Moreover, if 0 <mil < A< MI,0<mol < B < M, p,q>1with %—l—% =1,
I is the identity operator and

1 MP —mP g
pl/pgl/a (M — m)l/p (mMPp — Mmp)l/q

A (p;m, M) ::[

for 0 < m < M, then the following reverse inequality also holds:

m M
(APz, 2) /P (B, @)1 < AP <p; Mql_l , mqil> (B jpAPa,zy,  (2)
2 2
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for any z € H.
In particular, one can obtain from (2) the following noncommutative version of
Greub-Rheinboldt inequality

(A48, 3) < (A%, 2)"* (B2, o)!/? < Tam2 - MWL,

24 p2
- 2\/m1m2M1M2 <A IjB $,$> (3)

for any = € H.
Furthermore, if A and B are replaced by C''/2 and C~'/2 in (3), then we get the
Kantorovich inequality [15]

/2 _ m + M
~ ovmM’

provided mI < C' < M1 for some 0 < m < M.

For various related inequalities, see [1]-[2], [3]-[10], [12]-[13] and [14]-[17].

In this paper we obtain some new Young and Holder type inequalities for the
weighted geometric mean of positive operators on Hilbert spaces.

(1 <) (Cx,z)'/? (C™ 'z, ) xr € H with ||z|| =1,

2. SOME YOUNG AND HOLDER TYPE RESULTS

The following simple Young operator inequality follows from (1):

Proposition 1. Let A, B be positive invertible operators and p,q > 1 with %—l—% =1,
then

B, AP < ;AP + ;Bq. (4)

In particular, we have

A*B? < - (A*+ B?). (5)

1
2
Proof. From (1) and the geometric mean-arithmetic mean inequality we have

(B pAPa,z) < (APz,a)/P (B, o)/ < 2 (AP3,0) + - (Bla, )
p

q
p q

for any = € H, which implies (4).

The following Hoélder’s type result for sums of operators holds:
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Theorem 1. Let Ay, By, k € {1,...,n} be positive invertible operators and p,q > 1
with %0 + % =1, then

n n p| n 1/q
S Bt ALl < (D opeAR|l D opeBl|| (6)
k=1 k=1 k=1
for any positive sequence py, k € {1,...,n}.
In particular, we have
" 2
> prBRiA; (7)
k=1
Proof. From (1) we have
n n
<Zpszﬁ1/pAzx,m> = Zpk (Bt pApe, ) (8)
k=1
1
< Zpk (AL, 2" (B, z)""
for any z € H.
Using the weighted discrete Holder inequality we have
A /p Bq 1/q
Zpk< o, :1: < kw,x) (9)

1/q
(Zpk Aix x /p (Zpk BZ:U m> /q} )
k=1

")’
(Enotes) ()

1/p
<Zpkz4kx m’> < pkBZ:c,a;>
k=1
for any z € H.

Then by (8) and (9) we get

n n 1/p n 1/q
<zpkBgm/pAzx,x> < <zpkAgx,x> <zpkng,x> (10
k=1 k=1

k=1



S. S. Dragomir — Some Young and Holder Type Operator Inequalities . ..

for any z € H.

Taking the supremum over z € H, ||z|| =1 in (10) we have
ZPkB f/pAg|| = sup <ZpkBkﬂ1/P 3T x>
lzll=1 \ =
n n 1/q
< sup <ZpkA£x,x> < pp B, J:>
llzll=1 k=1 =1
n 1/q
< sup <ZpkAix,m sup ZPkB x x>
llzll=1 k=1 lzll=1

n 1/q
{ sup <ZpkA£x,x>} { sup <ZpkBgm,x>}
l=l=1 \ 21 lell=1 \ =1

n 1/p 1/q
P
k=1

and the inequality (6) is proved.

n

> pBj
k=1

3. SOME REVERSES
We need the following result that is of interest in itself as well:

Lemma 2. Let f: I C R — R be a twice differentiable function on the interval IO,
the interior of I. If there exists the constants d, D such that

d<f"(t)<D foranytel, (11)
then

=) db-a <O -0)f@)+vf ()~ F(1-v)atvh)  (12)

S%V(I—I/)D(b—a)2
for any a,bel andv e [0,1].
In particular, we have
1 b 1

for any a, b e I.
The constant % is best possible in both inequalities in (13).
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Proof. We consider the auxiliary function fp : I € R — R defined by fp(z) =
$Dz? — f(x). The function fp is differeritiable on I and f})(x) =D — f"(z) >0,
showing that fp is a convex function on I.

By the convexity of fp we have for any a, b € I and v € [0, 1] that

0<(1—-v)fp(a)+vfp®) - fo((1-v)a+uvb)
=(1—v) <;Da2 —f (a)> +v (;DbQ —f (b)>
— (;D((l —v)a+vb)? - fp((1-v)a+ Vb))
1
2

D [(1—1/)(124—1/1)2—((1—1/)a+1/b)2]
— (A =v)f(a)=vf )+ fp((1—-v)a+wvb)
v(1=v)D(b—a)’ = (1 —=v)f(a) =vf(b)+ fp((l-v)a+uvh),

which implies the second inequality in (12).

The first inequality follows in a similar way by considering the auxiliary function
fa: I C R — R defined by fq(z) = f(z) — %dl’Q that is twice differentiable and
convex on 1.

If we take f(x) = 22, then (11) holds with equality for d = D = 2 and (13)
reduces to an equality as well.

If D > 0, the second inequality in (12) is better than the corresponding inequality
obtained by Furuichi and Minculete in [7] by applying Lagrange’s theorem two times.
They had instead of % the constant 1. Our method also allowed to obtain, for d > 0,
a lower bound that can not be established by Lagrange’s theorem method employed
in [7].

We have:

Lemma 3. For any a, b > 0 and v € [0, 1] we have

max {a, b} al=vbv
2
< exp [;y(l —v) <m - 1) ] . (14)

Proof. Now, if we write the inequality (12) for the convex function f : (0,00) — R,

exp [;V(l —v) (1 - Imn{a’b}>2] < (A-vja+uvb
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f(x) = —Inz, then we get for any a, b > 0 and v € [0, 1] that

1 (b—a)?
§V(1—V)m§ln((l—V)a—i-ub)—(l—u)lna—ylnb (15)

<-v(l-v

1
2 min? {a, b}’

Since

min? {a,b}  \ min {a, b} max? {a,b}  \max{a,b}
then by (15) we get the desired result (14).

The second inequalities in (14) is better than the corresponding results obtained
by Furuichi and Minculete in [7] where instead of constant § they had the constant
1.

Remark 1. Forv = % we get the following inequalities of interest

for any a,b > 0.

We have the following result that is of interest in itself as well:

Theorem 4. Let A and B be two positive invertible operators, p, ¢ > 1 with %—{-% =1
and m, M > 0 such that
mPBY < AP < MPBY. (17)

Then

201 = (B4, ),APz, x) (18)

(APz, 2)/P (Biz, 1)/ < exp [1 <<M>p - 1>2

for any x € H.
Proof. If a, b € [t,T] C (0,00) and since

max {a,b} T

0< min {a, b} ot
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hence

Therefore, by (14) we get

2
(1—v)a+vb<a' b exp [;1/ (1—-v) (7; — 1> ] , (19)

for any a, b € [t,T] and v € (0,1).

Now, if C' is an operator with tI < C < T then for p > 1 we have tPI < CP <
TPI. Using the functional calculus we get from (19) for v = ]13 that

p 2
<1 - 1) d+ 1C’p < exp = <<T> — 1) dl_%C,
D D 2pq t

namely, the vector inequality,

1 1
(1 - ) d+ = (C"y,y)
P p

<exp [2]1'%1 <<€>P - 1) 2] d' (Cy,y), (20)

for any y € H, ||y|| =1 and d € [¢tP, T?].
Since d = (CPy,y) € [tP, T?] for any y € H, ||ly|| = 1, hence by (20) we have

(1 - ;) (CPy,y) + ]1) (CPy.y)

1 (T\" \°
<exp|— — | -1
2pq t
that is equivalent to

(CPy,y) < exp [2]1061 ((f)p - 1>2

1
and by division with <C’py,y>1_5 >0,y € H, |yl =1, to

p 2
P /p < 1 Z —
e <onl i (2 )

45

(CPy, )77 (Cy, ), (22)

(Cy,y). (23)
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If z € H with z # 0, then by taking y = % in (23) we get

(CP2, )P (2, 2)19 < exp [2;(1 ((:tp)p = 1)2

for any z € H.
Now, from (17) by multiplying both sides with B~ % we havemPI < B"3APB™3 <

1
MP] and by taking the power }D we get ml < (B_%APB_%) "< MI.

(Cz,2z), (24)

By writing the inequality (24) for C' = (BngpB7%>;, t=m, T = M and
z = B%:J:, with z € H, we have

1
< B4 APB3$B%, Bza;> /p< %m,B%x>

() 1)

(APz, 2) VP (Biz, )11

p 2 1
< exp [21 <<M> —1> <Bg (B_gApB_g)pBg:U,x>,
pq

for any x € H, and the inequality (18) is proved.

1

B
q _g ; q q
< exp <(B 1 APB B2:c,B2x>,

namely

Remark 2. We observe, for A and B two positive invertible operators, that the
condition (17) is equivalent to following condition

1
ml < (B—%APB—%) " < MI (25)

If we assume that
rB? < AP < RBY, (26)

then by (18) we have the inequality

1 2
(AP, :c>1/P (Biz, x>1/q < exp lzpq <]: — 1) <B‘1jj1/pApx, :I:> (27)

for any x € H.
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We hayve:

Corollary 5. Let A and B be two positive invertible operators and m, M > 0 such
that )
mI < (B~'A’B™')? < M1, (28)

then we have

m

9 2
<A295,3:>1/2 <Bzaz7x>1/2 < exp é <<M> — 1) <A2tlex,93> (29)

for any x € H.

If mI < C < MI for some m, M with 0 < m < M, then by (29) we get

2
1/2 /-1 1/2 1 MN® 2
(€)' (0 )P <o S [ (S) = 1) | el (30)

for any z € H.

Corollary 6. Assume that A and B satisfy the conditions
m1[ S A S le, mQI § B S MQI (31)
for some 0 < my < My and 0 < mo < Ms, then we have

(AP, )P (Big, )1/ (32)
[1 MNP [ M\ 2
<ow |5 () () )
2pg \\'m1 mo
for any x € H.

In particular, we have

<quj1/pAp:U,$> ,

5 2
<A2:c,x>1/2 <Bzm,x>1/2 < exp é ((%iﬁﬁ) — 1) <A2ﬁB2$; 9U> ) (33)

for any x € H.
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