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COEFFICIENT BOUNDS FOR A CERTAIN FAMILIES OF M-FOLD
SYMMETRIC BI-UNIVALENT FUNCTIONS ASSOCIATED WITH
Q-ANALOGUE OF WANAS OPERATOR

T. G. SHABA, A. K. WANAS

ABSTRACT. The motivation of the present paper is to define g-analogue of
Wanas operator in geometric function theory. We also introduce certain fami-
lies 75 *(t,n, 8,q,0) and Tg*(t,n, B,q,7) of holormorphic and m-fold symmetric
bi-univalent functions associated with g-analogue of Wanas operator. The upper
bounds for the second and third Taylor-Maclaurin coefficients for functions in each
of these subfamilies are obtained. Furthermore, Several consequences of our results
are pointed out based on the various special choices of the involved parameters.
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1. INTRODUCTION AND DEFINITIONS
Let U = {# € C : |z] < 1} be the open unit disk in the complex plane and let
A={f:U = C: f is holormorphic in U, f(0) = 0 = f (0) — 1} be the family of
functions of the form

) =2+ a2t (1)
k=2

Assume that S be the subfamily of A consisting of all functions f univalent in U.

The Koebe on-quarter theorem (see [5]) state that the image of U under every
function f(z) € S contains a disk of radius 1/4. Therefore, all function f(z) € S
has an inverse f~!(z) which satisfies f~1(f(2)) = 2 and f(f~}(w)) = w (Jw| <
ro(f), ro(f) = l)? where

g(w) = fFHw) = w — agw? + (243 — a3)w® — (543 — Sasas + ag)w +--- . (2)
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A function f € A denoted by ¥ is said to be bi-univalent in U if both f~!(2)
and f(z) are univalent in U (see for details [3,4,7,8,12,14,16,20,21,24,27,29, 32]).

For each function f € S, the function h(z) = (f(z™)Y™, (z € U, m € N) is
univalent and maps the unit disk U into a region with m-fold symmetry. A function
is said to be m-fold symmetric (see [11] and [15]) if it has the following normalized
form:

o0
flz)=z+ Zamkﬂzmkﬂ (z € U,m € NT). (3)
k=1
We denote by S, the class of m-fold symmetric univalent function in U, which
are normalized by the series expansion (3). Also, the functions in the class S are
one-fold symmetric.
Analogous to the concept of m-fold symmetric univalent function, here we intro-
duced the concept of m-fold symmetric bi-univalent functions. From (3), Srivastava
et al. [25] obtained the series expansion for f~1 as follows:

g(w) = f_l(w) =w— am+1wm+1 + [(m + 1)&371_1 — a2m+1] w2m+1
1
- §(m +1)(3m +2)ad 11 — (3m + 2)am+1a2m11 + a3m+1] w4 (4)
where f~1 = g.

We denote by 3, the class of m-fold symmetric bi-univalent function in U. We
can note that for m = 1, the formular (4) coincides with the formular (2) of the class
Y. Some of the examples on m-fold symmetric bi-univalent functions are given as

follows: )
zm B
b 1 _ Zm )
with the corresponding inverse functions

Q20" _ ] 1/m w™ 1/m . ™ _q 1/m

- and [ Z— =

e2w™ + 1 ’ 1+ wm ew™ ’
respectively. Recently, different researches related to this field investigated bounds

for various subclasses of m-fold bi-univalent function (see [2,6,23,26,30]).
Jackson [9,10] introduced the g-derivative operator D, of a function as follows:

flgz) — f(2)
(q—1)z

3|

11 1+2m
—lo
& 1—2zm

: )’L, [~ log(1 — =™)

Dy f(z) = ()
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and D, f(z) = £/(0). In case f(z) = 2% for ¢ is a positive integer, the g-derivative of
f(2) is given by

¢ — (29)°
D2t =~ = [¢]a2? L.
q (q—l)z []q
Asq— 17 and ¢ € N, we get
1—qg®
O = =g =1tat o +d®—0 (6)

where (z # 0, ¢ # 0), for more details on the concepts of g-derivative (see [1,13,17,
22]).

Wanas [28] in 2019 introduced the following operator, which can also be called
(Wanas operator) QUZZ : A — A defined by

[\Ifj(O', «, B)]na]"zj? (7)

e

Il
)

Wi =z +
j

' B o o B etl aC + ]ﬁc
vio8) =3 (7) 0 (G ) ®
e;ne€Ng, 20,aeRand a+ > 0.

Special cases of this operator can be found in [31].

Now ¢ — 17, [¢p]lq — ¢. For f(z) € A, we can define g-difference Wanas
operator as given below

Wi f(2) = f(2)
WYL f(2) = 220, f(2)
Wi o f(2) = 220, (07 f(2))

Qﬁﬁnq _Z+Z i(o,a, B)] a]zj

where

where
(o af + jp¢
L\ — -1 c+1 (=2 T JF
](Jyauﬂ) ;(C>( ) <OZC+BC)7 (9)
e;neNg, 20, aeR, a+8>0,0<qg<1,2zel.
Lemma 1. Suppose [(z) € P, the class of functions which are holomorphic in U

with R(1(2)) > 0, (z € U) and have the form 1(z) = 1+ lyz + 122 + 1323 + -+,
(z € U); then |l,| <2 for each n € N.
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2. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS T3.%(¢,n, 3, ¢q, )

Definition 1. A function f € ¥, given by (3) is said to be in the class Ty, (t,n, B, q, )
if it satisfies the following conditions:

Wy f(z) om
Byt,q
arg | s ———~ |1 < =, 10
( 6:n,qf(z)) 2 ( )
27 g(w) o
Byt,q
arg | ==ao—— || < —=, 11
(mgyngg(w)) 9 ( )

where 0 < § < 1, n,t € Ng, t > n and the function g = f~' is given by (4). Also
W7 f(z) and WZT f(2) are g-Wanas operators and have the following forms

Bstsq B,m,q
OO .
WY f(2) =2+ > [Wimi1(o, @, B)hajmr 2™ (12)
j=1
and
Oo .
W g(w) =w+ > [Vjmi1(o, a, B)]7bjmsrw™ (13)
j=1

We state and prove the following results.

Theorem 2. Let f(z) given by (3) be in the class Ty, " (t,n, 8,¢,0) (0 < § < 1,
n,t € Ng). Then

|am+1| <
20

6(m+1) ([\PQW-H(O-v a, ﬁ)}z - [\IIQW-H (0, ax, 5)]3) —26 ([\I/m+1(0, a, B)]Z]H_t

2
\ — [¥mta(o, 045)]3”) -1 <[\I’m+1(‘7a a, B — [¥m+1(o, 045)]3})
(14)

and

26
\Il2m+1 (Ua «, /6)]1:1 - [\112771"!‘1(0-7 &, B)](T]L

lagm+1] < [

2(m + 1)62
([\Ilerl (Ua a, B)]Z - [\Ifm+1(0', «, 5)]2)2 '

+ (15)
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Proof. We can wirte the inequality in (10) and (11) as

Wiy (2)

i = [s(2)]°
mg,nvqf(z)
and — (w)
’ w
T i)
Qnﬁﬂz’qg(w)
respectively.

Where g(w) = f~! and s(2),t(w) in P have the following series representation:

5(2) = 1+ 5, 2™ + 892%™ + 837 2% 4 - -
and
Hw) =1+ tpw™ + tomw?™ + tgmuw®™ + - -
Clearly,
(-1
[5(2)}6:1+58m2m+<582m+ ( 5 )8?n> Z2m+_”
e d(6—1
[t(w)]? =1+ Stpmw™ + <6t2m T G )ti) w™ +

Now equating the coefficient in (10) and (11) we get

([‘Ijm+1(07 «, B)]Z - [\Ijm+1(0—7 «, /3)]17;) Um+1 = 5Sm7

([Womt1(0, @, B)]G — [Wam+1(0, v, B)]g)azm+1

— ([Wmr1(o, 0, B = (W1 (0, 0, B)7" a1 = Os2m +

- ([\Ijm—i-l (Ua «, /6)]1:1 - [\Ifm+1(0', «, 5)]2) Am+1 = 6tm7

([W2mt1(o,a, B = [Wamii (o, o, B)F) (M + 1)ag, 1 — azm+1)
(s (0,0 B W (0,00 B2V = Bt + 20 g2

From equation (22) and (24), we find that

Sm =

tm
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and
2 ([\Ijm+1(0', «, /3)]2 - [\Ifm+1(0', «, ﬁ)]Z)Z a$n+1 = 52(S?n + t?n) (27)
Also, from (23), (25) and (27), we have

(m + 1)5([\I]2m+1(0'7 «, B)]Z - [\P2m+1(07 «, 5)]Z)a§m+l - 25([\I/m+1(0'ﬂ «, 6)]Z+t

— [V (o, 0 BT am, 1 = 0(s2m + tom) + 6(52_ .

+ (0= 1) (W1 (0, 0 B, — [Wina (0,0, B)]7) a2

Therefore, after simplifying and using Lemma 1 for the coefficient so,, and to,,, we
have (14).
For us to get te bound on |ag;,+1|, we subtract (25) from (23) to have

[Wom+1(o, a, B)] = [Wams1(o, o, B)]7

(t2, + s2,) = 6°(s2m + tom)

<2a2m+1 —(m+ 1)0’72n+1> = a(s2m — tam) + T(t?” ~ ) (28)

It follows from (26), (27) and (28)

(5(82m — tQm)
Vom+1(0,a, )|t — [Wom+1(o, o, B)]}
(m +1)5%(¢2, — s2))
4([Ymy1(o,a, B)]E = [Wpra(o, a, B)]1)?

Taking the absolute value of (29) and using Lemma 1 for the coefficient s,,,, Som, tm
and to,,, we have (15) which completes the proof of Theorem 2.

+ (29)

When m = 1 and ¢ = § = 1 which is the one-fold symmetric bi-univalent
functions, Theorem 2 gives the following corollary:

Corollary 3. Let f(z) given by (3) be in the class TS (t,n,1,q,6) (0 < 6 < 1,
n,t € No, a > —1). Then

lag| <

and
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When m = 0 =1 and a = 1 — 8 which is the one-fold symmetric bi-univalent
functions, Theorem 2 gives the following corollary:

Corollary 4. Let f(z) given by (3) be in the class 7'21_5(t,n, q,0) (0 < 4§ <1,
n,t € Ng). Then

26
26 (12 16— 2+ 817) — 28020 — 230) — (1= 9)(21, 22

las] <

and

20 N 442
248, —2+8 (20— 1218)*

Remark 1. In Theorem 2, if we choose

|a2m+1| <

1.g=1,0=0=1 and a = 0 then we have results determined by Seker and
Taymur [ [18], Theorem 2.

2 m=q=1,0=08=t=1 and o« =n = 0 then we have results determined by
Brannan and Taha [ [3], Theorem 2].

3 m=q=1,0=0=1 and a = 0 then we have results determined by Seker

[ [19], Theorem 2].

3. COEFFICIENT ESTIMATES FOR THE FUNCTION CLASS E“f(t,n,ﬁ,q,fy)

Definition 2. A function f € ¥, given by (3) is said to be in the class 7'207’,10‘(& n,B,q,7)
if it satisfies the following conditions:

W57 f(2)
e 30
{wﬁjn,qf(z) } ( )
W57 g(w)
R s 0 >, 31
{mﬁzn,qg(w) } ( )

where 0 <y < 1, n,t € Ng, t > n and the function g = f~1 is given by (4).

We state and prove the following results.
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Theorem 5. Let f(z) given by (3) be in the class Eaf(t,n,ﬁ,q,'y) 0 <~ <1,
n,t € Ng). Then

lam41] <

I—7

(m+1) ([‘I’zmﬂ(m @, By — [Pami1(o, o, 5)]2) =2 ([‘I’mﬂ(m a, B)lg*

2

- [\Ijm-i-l (07 a, B)]Zn

(32)

and

P A=
[\I/2m+1(0, (e ﬁ)]é - [‘112m+1(07 «, 6)]3
(m+ 1)1 —9)?
([\I/m+1(0, a, 5)]2 - [\Ilm—‘rl(ga «, 6)]3)2 .

Proof. First of all, the argument inequality in (30) and (31) can be written in their
equivalent forms as:

+ (33)

Wy, f(2)
Bit.q
Frao o — L —=7)s(z 34
s gy =1+ (0= )s) (34)
and W g (u0)
B.tq9\W
~ao —— =7+ {1 —7)t(w). 35
ey =7+ (=) (35)
respectively. Where s(z), t(w) € P and have the forms
5(2) = 14 8,702™ 4 S0 2®™ + 537,25 + - - (36)
and
t(w) = 14 tw™ + topw?™ + tzpw®™ + - - (37)
Clearly,
v+ (L= B7)s(2) =1+ (1= 7)sme™ + (1= 7)s2mz™" + -+ (38)
and
Y+ (1T —tw) =14 (1 = Ptpw™ + (1 — 7)tomw?™ + - . (39)
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Now equating the coefficient in (34) and (35), we get

([‘Ijm—#l (o, 0475)]2 - [‘Ijm—ﬁ-l(a’ «, 5)];) ami1 = (1 —7)sm, (40)

(Wom1(o, o, B)]y — [Poms1(o, o, B)]7)azm i1
— ([Wonp1(oy @, B)g ™ = (g (o, @, )5 amq = (1= 7)s2m, (41)

- ([\I’m-i-l (‘%%ﬁ)]; = [¥nt1(o, 0"5)]3) amt1 = (1 = 7)tm, (42)

([P2mr1(o, @, B) — [Wami1(o, o, B)]g)((m + D)ag, 1 — azm1)
~ ([Wms1(o,0, B)g™ = [Uimra(o, a, B)]7")am 1 = (1= Y)tom.  (43)

From (40) and (42), we get
tm (44)

and
n) 2
2 ([\I’erl (Ua a, ﬁ)]f] - [\Perl(O-a «, B)]q) agn—&-l = (1 - 7)2(8%1 + t?n) (45)
Also, adding (41) and (43), we have

(m + 1)([Y2m+1(0, @, B)lg = [Poam1(0, a, B)])adm 1 — 2([Wms1 (0, o, B)]gH
- [\I/m+1(0, a, B)]Zn)a?n—i-l = (1 - 7)(32m + t2m)

Therefore, after simplifying and applying Lemma 1 for the coefficient so,, and to,,
we obtain (32).

Next, in order to find the bound on |ag;,+1|, by subtracting (43) from (41), we
have

[\Il2m+1(07 a, ,8)]; - [\IJQm-&-l(O—: «, B)HJL

<2a2m+1 —(m+ 1)a3n+1> = (1 =) (tam — s2m).  (46)

Applying (45) and Lemma 1 once again for coeflicients s,,, o, t;, and ta,,, we have
(33) which completes the proof of Theorem 5.

When m = 1 and ¢ = § = 1 which is the one-fold symmetric bi-univalent
functions, Theorem 5 gives the following corollary:
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Corollary 6. Let f(z) given by (3) be in the class TS (t,n,q,7) (0 < v <1, n,te
No, @ > —1). Then

|am+1| <2 (47)
o( 28] - [28]]) -2 o
and
2(1 — ) 2(1 — )2
‘@mH|§[%iﬂt_[%$ﬂn (PE—W%$T (48)

When m = 0 =1 and a = 1 — 8 which is the one-fold symmetric bi-univalent
functions, Theorem 5 gives the following corollary:

Corollary 7. Let f(z) given by (3) be in the class 7'21_’8(t,n,q,’y) 0 <~y <1,
n,t € Ng). Then

l-n

2([2%2— [ww) —2([219%— mzn)

2(1—7) N 2(1 —~)?
2+ 8 -2+ 80 (2 - [25)*

Remark 2. In Theorem 5, if we choose

‘aerl‘ <2 (49)

and

lagm+1] < (50)

1. g=1,0 =08 =1 and a = 0 then we have results determined by Seker and
Taymur [ [18], Theorem 2.

22m=q=1,0=0=t=1 and a =n = 0 then we have results determined by
Brannan and Taha [ [3], Theorem 2.

S m=qg=1,0=0=1 and a = 0 then we have results determined by Seker
[ [19], Theorem 2].
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