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PROPERTIES OF CERTAIN NEW SUBCLASSES OF SOME
ANALYTIC AND UNIVALENT FUNCTIONS IN THE OPEN UNIT
DISK

J. O. HAMZAT AND J. OLALERU

ABSTRACT. The focus of the present work is to introduce and study two new
classes of analytic and univalent functions, S ,,(7) and Kqxn(7) relating to analytic
function f, (%) given by

z

fan(2) = ma

(>0, n>0).

Several fascinating properties such as coefficient inequalities, radius problem and
partial sum among others for functions Fy, ,,(z) belonging to these new classes of
analytic functions are investigated .

2010 Mathematics Subject Classification: 30C45.

Keywords: “starlike”, “convex”, “analytic”, “univalent”.

1. INTRODUCTION AND DEFINITIONS

Suppose that A denote the class of functions f(z) given by
[z =2+ a2 (1)
k=2

analytic in the open unit disk D = {z € C: |z| < 1} and normalized with f(0) =0 =
1— f/(0). Also let S denote the subclass of A which are univalent in D. Further, let
S*(y) denote the subclass of S consisting of the functions f(z) of the form (1), which
are starlike of order v(0 <y < 1) in D. A function f(z) € K(v) is said to be convex
of order v (0 <y < 1) in D if f(z) € S satisfies the condition that zf'(z) € S*(v),
(see[l,3,4,8]).

In view of the above definitions for classes (), S*(7), S and A, we conclude that

K(y)cS*(y)cScCA
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and f(z) € S*(v) if and only if

t

/f(t dt € K(v).
0

Also

f(2)2ﬁ22+23+25+ ZGD (2)

is in the class S*(0) = S* while the function f(z) of the form

f(z):lizzz+z2+z3+... zeD (3)

is in the class K£(0) = K. In view of (2) and (3), we can write that

=z+ i AR (2 e D) (4)
k=1

fa(z) =

1 — 2z«

for some real a(0 < a < 2), see [2], [5] and [6].
However, in the present work, the authors present a more generalized form of (4)
whereby

_ & _ >t n+j—1 1+ka
fan(e) = ayn =+ S ()" zeD) (5)

for some real (0 < o < 2) and n > 0.

Further, we discuss some properties of function f, () defined by (5) where the
principal value for z** is considered. Using (1) and (5), we introduce a new class
A, of analytic functions Fy, ,,(2), a convolution (or Hadamard product) of f(z) of
the form (1) and f, (), which is usually denoted by f(2) * fa.n(2), and with series
expansion in D such that

Fan(2) = f(2)* fan(z _z+zﬂ(”” Daes ™4 = fun(2)#f(2) (2 € D)

k=1j5=1
(6)
for some real a(0 < a < 2), n > 0 where the principal value for 2 is chosen.
Now, if Fy ,(2) € Aq,p satisfies the condition that

2F (2)
Rel ———= | >~ (z€D)
Fon



J. O. Hamzat and J. Olaleru — Properties of certain new subclasses ...

for some real y(0 <y < 1), then we say that Fy n(2) € S;,,,(7)-
Also if Fy (2) € Aq,p satisfies the condition that

2Fy0(2)

Rel 1
( "R,

>>7 (z € D)

for some real 7(0 < < 1), then we say that Fy, ,,(2) € Kan (7).
In view of the above definitions we can write that Fi, ,(z) € Ko () if and only if
2Fy, . (2) € S () and that F, . (2) € S ,(7) if and only if

rF(t
/’t()dt € Kan(v).

0

2. SOME PROPERTIES OF FUNCTIONS fq n(2)

The results presented in this section include certain properties of functions fy ,(2)
and F, ,(z) with series expansions given by (5) and (6) respectively.

Theorem 1. Let the function fon(z) be given by (5). Then fon(2) € Sk, (35%)
for 0 <a<2),n>0and fon(z) € Kan(y) for (0 <a <1),n>0.

Proof. If fon(z) is given by (5), then

=1— na + naRe(

1—,20‘)
= 1—na+naRe(ﬁ) (0 <0 < 2m)

no 2 — no
no + 5 5

which shows that f,,(z) € S;7n(2_2"°‘) for 0 <a<2)andn>0.
In like manner, suppose fon(2) is given by (5), then

zfon(2) 1+ (a(n+1)—1)2" alna — 1)z
R€<1+W):Re< L — ! +1+(na—11)za>

3
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a(n+3) 1+ (na — 1)cosab
:2—a< T+ (na —1)2 +2(na — 1)cosal | (0 <6 < 2m).
Letting r = cosaf and q(r) = % + 2(na — 1)r, it is trivial to show that

a(na —1)(na — 2)

[1+ (na — 1) + 2(na — 1)r]2 >0 (0<a<lin>0).

q(r) =
Therefore, we conclude that

Re<1+ Zf;,(z)> > a(zj;l) (0<a<1l,n>0,z€D).

This completes the proof of Theorem 1.

Corollary 2. A function fan(z) given by

z

(—va)"

belongs to the class ST n(%) and K1 n(w)
2’

Jan(z) = (n>0,z€ D)

Remark 1. In a special situation whereby n = 1, then the above result in Corollary

2.2 immediately yield the result due to Darus and Owa [2].

Theorem 3. Let the function F, ,(z) given by (6) satisfies the following inequalities

o0 .
-1

Skt 1=y (" iy <1

k=1 J:

for some (0 <y <1),n>0andj € N. Then Fon(z) € S, (7)-
The equality is attained for function Fy ,(z) given by

1— T
o Z (1—9)e ko

i1 k(K + 1) (ko + 1 — y)IIF;— 1("7 1)

(7)
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Proof. Let the function Fy, ,,(2) be of the form (6). If F, ,(2) satisfies (7), then

1
2F) o (2) ‘ B ‘ i) k:ozﬂé?: (n—H )
Fa’n(z) 1 4 22021 H.];: (n+] l)akzka

< z:ilkank () a2 zflkank 1("+ﬂ L) a

< : ; <l-nv
1 1, (25 b 1 (2 el
showing that Faﬁn( ) € S5 n(7). Having considered F n(z) of the form (6), we can
see that - -
n+j—1 1—7x
3 TR CES L W S T
1
— g! — k(k+1)
o0
1 1
S (gt -
( wg; P v

and this completes the proof of Theorem 3.

Theorem 4. Let the function F, ,(z) given by (6) satisfies the following inequalities

o0 .
—1

Z (ka+1)(ka+1 —7)H§:1<H+>|ak| <1l-—7

k=1 )

for some v(0 <y <1),n>0andj € N. Then Fon(z) € K, ,(7)-

The equality is attained for function Fy ,(2) given by

4 Z 7)1 + ka)e'™ Lltka
klkk+nwa+1—)njlﬁﬂ4)

7!

Theorem 5. Suppose that F n(z) is of the form (6) with argay = m — kaf (0 <
0 <2m). Then Fon(z) € S5, (7v) if and only if

3 (ka+1 - )k <”+j)@J<1—7 9)
k=1 )

for some v (0 <y <1),n>0 and j € N. The equality holds for function F, (%)
given by

0 (1 _ ,y)ei(w—koae)
kzlk@r+1xka—%1-—yﬂI%:1<ﬁi?i)

7!

z1+k:a

Fon(z) =2+

5
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Proof. Theorem 3 implies that if I, »(2) satisfies (9), then F, n(2) € S ,,(7). Next,
we let F n(2) € S5 ,,(7). Then

2Fhn(2) Lk 00 (1 k)T (251 Yk
Be\ Fante) ) = - .
a,n(z) 1+ leil H?:1 (n-ﬁ-j]!— )akz’m

If we consider z = re?, then we say that

. <ZF(;7n(Z)> IRy ICEs ka)Irk_, (%) |y, |+

Fam(z) 1— 20:1 H?:l (%'_l)klkh“ka
20:1 kOéHé?zl <%ﬁ1> ’ak’rka

1= Y0 I (M Yy e

=1 >y

It implies that

>kt kaH§:1 (%) |ag|rte
= <1-—+.

00 k n+7—1
1 - k:1Hj:1( g )|ak|rka

That is -
n+j—1
> (ka+ 1 -y, <7‘7, )yaky <1—n.
k=1 J:
Therefore Fyn(2) € S, ,,(7) if and only if the coefficient inequality (9) holds true
and this concludes the proof.

Similarly for the class ICq 5 (7), we have the following interesting result of which the
proof is similar to that of theorem 5.

Theorem 6. Let function Fy, ,(2) be of the form (6) with argay, =7 —kaf(0 < 0 <
21). Then Fy 5 (2) € Kan(7) if and only if

o0

];(ka F1)(ka+1— 7)H§:1<

for some v (0 <y <1),n>0 and j € N. The equality holds for function F, (%)
given by

j—1
e

o0

(1+ ha)(1 — y)el( e
k=1 ]{Z(k‘ + 1)(kOZ + 1-— ’Y)ijzl (%)

Fon(z) =2+ Zltka,

6
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For recent works on Radius problems, see [?] and [?] among others.

3. RADIUS PROBLEMS

Here, we examine the function g, ,(z) given by

z
Jan(z) = = zoym, (2 € D) (10)
for some real a > 2 and n > 0. Then, we say that g, (2) neither belongs to class
S n(7) nor Ko pn(y) for any real v(0 <y < 1) and n > 0.

Now using analytic function defined in (10), we obtain the following results.

Theorem 7. Let function gon(z) be of the form (10) with a« > 2 and n > 0, then

Re(zg;’n(z)> 1—(na—1)r®

e T (0< |z =7r<1). (11)

Proof. For g, n(z) given by (10), we can see that

200 (2) 14 (na—1)ree’@® 70 4 (na — 1)r®

goc,n<z) 1— rozeiae e—ia@ — o

for z = re'?. This implies that

200 n(2) 14 (na—2)r*cosad — (na — 1)r?®
Gan(2) 1+ r2e — 2ra cos af)

Now suppose that

1+ (na—2)r% — (na — 1)r2®

h =
a,n(p) 1+ 74204 _ 27“‘)‘[)

where p = pcosaf. Obviously,
han(p) > 0.

Therefore

240 (2) 1— (na—1)r®
R : .
e< Gan(2) ) > 14 re
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Corollary 8. Let function gon(2) be of the form (10) with o > 2 and n > 0, then

ZGan(2)
fie ( ga,n(z)

for 0 < |z| < <,Y$n0721) < 1.

)>7 (0<~y<1) (12)

QI

Proof. Let

R€<zg;7n(z)) 1— (na—1)r* >

Gan(2) 14 ro
Then

1
1— x
0<r< <(7)> <1
y+na—1
Remark 2. (1.) Suppose v =0 in (12). Then

1
1 o
O<z\§< > <1
na — 1
1
0< 2| < L
z .
T\ 2na—1

(2.) Suppose vy =0,n=1 and v = %,n: 1in (12). Then

1
1 a
O<\z|§< ) <1
a—1
1
0<|z| < ! T <1
z
T \2a-1

respectively. This result is due to Darus and Owa [2].
(3.) Suppose v =0, n=2 and v = %,n =2 in (12). Then

1
1 o
0<z| < < 1.
2l = <2a—1>

and if v = %, then

and

and

1
1 o

0< |2 < <1
‘z’_<4a—1>

respectively.
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4. PARTIAL SUMS

We conclude this paper by discussing the partial sums of function F, ,(z) given by
(6). So, in view of (6), we have that

1
Fon(z) =2+ H?Zl(q)akzwa (k=1,2,3,.. and jeN) (13)

for some real o (0 < o < 2), n > 0. Next is the result on partial sums.

Theorem 9. Let F,, ,(z) be given by (13) with |ag| <1 and n > 0. Then

(ng,n(z)> R} 1—(1+ ka)Hz?:l(”‘Z?!—l)\ak‘ (+eD) (1)

Fan(2) 1T (M5
and ( )
k n+j—1\, ka
2F! (2) 1= (1+ ko)l (== r
9 > — .
Re( e ) > (2| =r < 1) (15)

k +j—1
1T, (%)Tka
Proof. 1t is trivial to see that

Re(W> _ Re<1 + (1 + ka)TTk_, (n?_l)akzka)

Fam(,z) 1+H§: (n—&-]] l)akzka

k:aHé‘?:l (%ﬁl)akzka
= Re (1 + >

1+ H§:1 (%ﬁl) a2k

o ( kollh_, ("+J, 1) |a|rFe (cos(kad + 1) + isin(kad + ) )
=1+
1+ H§:1 ("Jr].]!*l) |ag|r*e (cos(kad + ) + isin(kad + 1))

where aj, = |a|e?’ and z = re®. Then, we have that

k:al_[k ( = 1>\ak\rkacos(ka9+w)

Re(zF&,n(Z)>

Fan(2) 1 + Hk (M >|a;€|r’m cos(kal + 1)

kaH;?:l(rﬁjj!fl)m |7"ko‘ Hk (n+] 1)|ak|rka+cos(ka9+¢)]

: : 2 :
1+ 21'[;‘?:1 (%,_1) lag|rEe cos(kab + 1) + [H§:1 (’Hj]!_l)} |la|2r2ka

9
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Now, setting

Hiﬂ(mﬁ4)muﬁa+t

h(t) =

= . . )
1+ 21_[;‘?:1 (L']?!_l) |lag|rket + [H§:1 (77“]7!_1)} |ag|2r2ka

where t = cos(kaf + 1), then A/(t) > 0 with |agx| < 1. Thus
kaﬂé?:l (%,_1) |ag|rFe

p— 0<r<1). (16)
110, (%)]aklr’w‘

2F! (2

Re(a’n()) >1—
Fon(2)

Making  — 1 in (16), we obtain (14) and letting |ax| = 1 in (16), we obtain (15).

For recent work on Partial Sums, interested reader can see among others, Darus and

Ibrahim [1], [2]Darus and Owa [2] and Hayami el al. [7].
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