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1. INTRODUCTION

The problem of projective changes between two real Finsler metrics is quite old in
geometry and it has been studied by many geometers, ([6],[7],[12],[18]). Its origin is
formulated in Hilbert’s Fourth problem determine the metrics on an open subset in
R™, whose geodesics are straight lines. Two Finsler metrics on a common underlying
manifold are called projectively related if they have the same geodesics as point sets.

The study of projective real Finsler spaces was initiated by Berwald, ([9], [10])
and his studies mainly concern the two dimensional Finsler spaces. Further sub-
stantial contributions on this topic are from ([22], [18]) and especially, from ([25],
[17]). The problem of projective Finsler spaces is strongly connected to projectively
related sprays, as Shen pointed out in [25]. The topic of projective real Finsler
spaces continoues to be interest for special classes of metrics ([7]-[11]).

In complex geometry, Aikou studied in [2] the projective flatness of complex
Finsler metrics by the projective flatness of Finsler connections.

Part of the general themes from projective real Finsler geometry can be broached
in complex Finsler geometry. However, there are meaningful differences comparing
to real reasonings, mainly on account of the fact that the chern-Finsler complex
nonlinear connection (the main tool in this geometry), generally does not derive
from a spray. Another problem is that in complex Finsler geometry, the notion of
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complex geodesic curve comports two different nuances, one is in Abate Patrizio’s
[1] and the second is due to Royden, [23]. But, these notions don’t differ too much.
Since a complex geodesics curve in Royden’s sense assures that the weakely Kéahler
condition is satisfied along the curve.

Our aim in the present paper is to study the projectively related purely Hermitian
complex Finsler metric F and F on the complex manifold M, using some ideas
from the real case. And also in order to obtain a general characterization of the
projectively related complex Finsler metrics.

In the second section we studied some preliminary properties of the n- dimen-
tional complex Finsler spaces. In the third section we introduce the notoin of pro-
jectively related purely Hermitian complex Finsler metric and then we find some
necessary and sufficient condition of projectiveness. The last part of this paper we
prove the weakly Kéhler and generalized Berwald projectively related purely Her-
mitian complex Finsler metric.

2. PRELIMINARIES

For the begining we will make a survey of complex Finsler geometry and we will set
the basic notions and terminology.

Let z = (zk)kzl,n are the complex coordinates of the local chart of an n-
dimensional complex manifold M. The complexified tangent bundle T M expressed
as the sum of 7'M and its conjugate T"M. Since the tangent bundle T'M is it-
self a complex manifold, its local coordinates of u € T'M in its chart is defined by
u = (zk,nk)k:ﬁ. The coordinates can be transformed into (z/k,n/k)k:ﬁ by the

/
- .
conditions 2'¥ = 2'#(z) and n'* = %Zzl n'.

A complex Finsler space is a pair (M, F'), where F : T "M — R is a continuous

function satisfying conditions;

(i) L := F? is smooth on 7'M := T M\{0};

(ii) F(z,n) > 0, the equality holds if and only if n = 0;

(iii) F(z, An)=|A|F(z,n); for A € C;

(iv) the Hermitian matrix (g;;(z,7)) is positive definite, where g;; = %, is the
fundamental metric tensor equivalently, it means that the indicatrix is strongly
pseudo-convex.

We say that a function f on 7'M is (p, q)- homogeneous with respect to 7 iff
f(z,An) = A\PX9f(2,7n) for any X € C, For instance, L := F? is a (1, 1)- homogeneous
function.

In complex Finsler geometry, projective flatness of complex Finsler metrics are
studied based on projective flatness of various Finsler connections. Let 7'M be the
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complexified tangent bundle then the sections of T' M are vertical bundle denoted by
VT M c T'(T'M) which is locally spanned by {a%k} and its conjugate denoted by

VT" M. Here the concept of complex nonlinear connections (c.n.c) is an important
method used to linearize the geometry of the complex manifold 7°M. That is c.n.c
generates additional subbundle HT'M in T'(T'M). Tt implies that T (T'M) =

HT'M & VT'M. {5% = ;% — N/ 5%} spans the horizontal distribution H,T"M

where N,g(z, n) are the coefficients of the (c.n.c).

Next we study derivative law D on the complex tangent bundle of To(T M). A
(1,0)-type Hermitian connection D satiesfies DjxY = JDxY, for all X and J then
D is called a Chern-Finsler connection. Here J denotes complex Finsler structure
the coefficients defined as follows:

A _Oqun . A o 4 o
Nj = g™ = Lign's Ly = g"ocg;r; Cir = 6" Orgyr, (1)
where here and further on §, is related to the Chern-Finsler (c.n.c) and D, d; =
L3605, Dy, 05 = C1.0;.

Let us recall that terminology the complex Finsler space (M, F) is strongly
Kéhler iff Ty, = 0, Kahler iff T/’ = 0 and weakly Kéhler iff g; 707/ = 0,
where T = L% — Lj.. In [14] it is proved that strongly Kéhler and Kéahler notions
actually coincide. We notice that in the particular case of complex Finsler met-
rics which come from Hermitian metrics on M, so-called purely Hermitian metrics.
Hence g;; = g;5(2), all these kinds of Kéhler coincide.

The Chern-Finsler (c.n.c) generally, does not derive from a spray, but it always
determines a complex spray with the local coefficients G = %N ;nj . Instead, G*

C
induce a (c.n.c) by N]’f := 0;G* called canonical in [19], where it is proved that
it coincides with Chern-Finsler (c.n.c) if and only if the complex Finsler metric is

. o c. c c
Kahler. Note that 2G* = Njn/ = N;7’, and so n*6;, = %0y, where 6, is related to
C

C -
canonical (c.n.c), i.e. Jj := % — N]9;. Additinally, in the K&hler case, we have
(&

0 = Ok.

In [4] authors proven that the complex Finsler space (M, F') is generalized
Berwald iff 0;G* = 0 and (M, F) is a complex Berwald space iff it is Kihler and
generalized Berwald.
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3. PROJECTIVELY RELATED PURELY HERMITIAN COMPLEX FINSLER METRICS

In [1], author define a complex geodesic curve is given by D, +ﬁTh = 9*(Th,ﬁ),

_ = = . . - c
where 0* = gmkgiﬁ(Lgm—Lf%j)dzl/\déj ®6};, for which it is proved that ** = 2¢7% §,L
and #* is vanishing if and only if the space is weakly Kéhler. Thus, the equations of

a complex geodesic z = z(s) of (M, L), with s is a real parameter can be rewritten
as:

d%z dz i dz ,
vt (s, 5 ) =0 (0. 5 )5 =T 2

where by z'(s), i = 1,n, we denote the coordinates along of curve z = z(s).

We note that the functions #*¢ are (1, 1)- homogeneous with respect to 7, that
is (Op0*))n* = 6% and (9;6*")7* = 6.
Let L be another complex Finsler metric on the underlying manifold M.

Definition 1. The complex Finsler metrics L and L on the manifold M, are called
projectively related if they have the same complex geodesics as point sets.

This means that for any complex geodesic z = z(s) of (M, L) there is a trans-
formation of its parameter s, § = §(s), with % > 0, such that z = z(s) is a geodesic
of (M, L) and, conversely.

We suppose that z = z(s) is a complex geodesic of (M, L) thus, it satiesfies (2).
Taking an arbitrary transformation of the parameter ¢ = t(s), with % > 0, the
equation(2) cannot in general be preserved indeed, for the new parameter ¢t we have

dzt dZtdt  d220 d22 dt ., detdPt dz dt\? dz
T _ e T e had v B, Q*k ey (2 Q*k il
B dids e ar\ds) Tdrast (Z’ ds> <d5> <Z’ dt) )
Then
a2 ([ dz S dz\] [ dt\? 2z d2t d2t
— 422G —0 =) [=]) = = - ——
[dtQ * (z dt) (z dt)] (ds> ds?  dt ds?

: dz : dz
26 2 px
126G ( ds) ’ ( ds)

dzt d?t
= Twae (4)

Therefore, the equation (2) in parameter ¢ are

d?z . dz . dz . dz dz' d’t 1
2G" — ) -0 t), — | =6 t),— || —————; 1=1 5
2 (=) o0, 5 ) =i (0.5 ) - g e =T )
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which is equivalent to

dt2 +2GZ<’dt>_0*Z<7dt>_‘9*Z<()’(jli>_ 2t 1

z A (e

i=1,n. (6)

We can rewrite (6), taking for ¢ two different values, as

T5 + 26 (2, dt) - 9*J< ,ﬁfg) £ +2G* <z, gt> — 6" <z(t), fjlt>

dzd dzk
dt dt
2t 1

= —@(%7)2, (7)

for any j,k =1, n.

Corresponding to the complex Finsler metric L on the same manifold M, we have
the spray coefficients G and the functions §*. If L and L are projectively related,
then z = 2(3) is a complex geodesics of (M, L), where § is the parameter with respect
to L. Now, we assume that the same parameter ¢ is transformed by t = t(5) and as
above we obtain

2 —|—2GZ (z, dt) — g% (z(t),‘éf) 2t 1
= i=1,n. (8)

dzi 72 7 dt
jt ds(d)

The difference between (6) and (8) gives

i dz N*1% dz _ ) dz *7 @
(2 8) () = ar(e ) ()

L
ds? ()2 ds? (

>2] w0

rm‘w =

On the geodesics curves, it can be rewritten more generally as

~i [ dz ~if L dz i o dz\ L dz dz\ dz'
2G <Z’dt>_9 (z, dt>_2G< dt) 0 < d>+2P( dt> o (10)

for any i = 1, n, where P is a smooth function on T' M with complex values. .
Denoting by B := %(0*’ — 6*%), the homogeneity properties of the functions §*!
and 0% give (9,B")n* = B and (9;B*)7* = B' Moreover the relations (10) become

G'=G"+B'+ Pn'. (11)
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Now, we use their homogeneity properties, going from 1 to An. Thus, differentiating
in (11) with respect to n and 7 and then setting A = 1, we obtain

B' = [(8P) - Pl' and B' = —(9:P)in, (12)

and so,

(e P)* + (0, P)i* = P, for any i =1, n. (13)

Proposition 1. Between the spray coefficients G’ and G of the metrics L and L on
the manifold M there are the relations Gt = G*+ B+ Pn', for any i = 1,n where P is
a smooth function on T M with complez values, if and only if G = G + (3;€P)nk7yi,
and B'(z,n) = —(OR.P)7i*n’, for any i =1, n and (9 P)n* + (957" = P.

From above considerations we obtain.

Proposition 2. If the complex Finsler metrics L and L on the manifold M are
projectively related, then there is a smooth function P on T' M with complex values,
satisfying (O P)n* + (0f)7* = P, such that

G'(z,n) = G'(z,n) + (O P)n"n' and B'(z,n) = —(OxP)n"n’; i=T,n, (14)

Lemma 1. We denotes S = (6klf)nk and Q = — (O P)7i®. The (2, 0)-homogeneity
with respect to n of the functions G* and G* implies the (1,0)-homogeneity of S, and
the (1,1)-homogeneity of B® give that Q is (0, 1)-homogeneous.

Conversely, under assumption that z = z(s) is a complex geodesics of (M, L),
we show that the complex Finsler metric L with the spray coefficients G* given by

G'=G'+ B+ Pr.

Where P is a smooth function on 7'M with complex values, is projectively related
to L, that is there is a parametrization § = 3(s), with 9 > 0, such that z = z(3(s))
is a geodesics of (M, L). v

If there is a parametrization § = §(s) then we have ‘i;; = —2Gi(z,%) +

for any ¢« = 1,n. now, using (14), it results

%4 dz d?s 1 d2t
0 (Z7 E) T d3? (%)2 ds »
S

dQZi ~. dz ~ dz dz d2§ 1 dZi
7:_26’1 el 9*1 haiad op az _as 1 oydz o 5 5

So, z = z(5(s)) is a geodesic of (M, L) if and only if
dz d?5 1 \ dz* )
<2P<Z, d§> _Cl52(zll§)>d§ :07 Zzl, n, (16)
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Supposing the complex geodesic curve is not a line it resluts

dz\ds d°3
2P — | — = . 1
(Z’ ds> ds  ds? (17)

Denoting by u(s) = % we have % = ‘Zl—? and so, 2P(z,fl—§)u = %. We obtain

u = ael 2P From here, it results that there is
5(s) = a/ef2p(z’3z)ds ds + 0, (18)

where a, b are arbitrary constants. Corroborating all above results we have proven.

Lemma 2. Let L and L be complex Finsler metrics on the manifold M. Then L
and L are projectively related if and only if there is a smooth function P on T M
with complex values, such that

G'=G'+B'+Ppl; i=1, n (19)
As a consequence of proposition (1) we have the following.

Proposition 3. Let L and L be complex Finsler metrics on the manifold M. Then
L and L are projectively related if and only if there is a smooth function P on T M
with complex values, such that G* = G'+ (9, P)n*n*, Bi(z,n) = — (O P)ii*n’ for any
i =1, n and (O P)n* + (0 P)7* = P.

The relations (19) between the spray coefficients G’ and G of the projectively
related complex Finsler metrics L and L will be called projective change.

Theorem 3. Let L and L be two complex Finsler metrics on the manifold M,
which are projectively related. Then, L is weakly Kdhler if and only if L is also
weakly Kihler. In this case, the projective change is G' = G + Py, where P is a
(1,0)-homogeneous function.

Proof. We assume that G* = G + (0, P)nfn’, B = %(é*l — 0*) = —(0;P)7*n* and
(e P)n*n* + (0 P)i*n* = P.

If L is weakly Kahler then #*' = 0 and so §* = —2(3kP)ﬁkni which contracted by
giril” = 0L, gives 0 gizif" = —2(9;P)7*L. But 6*'§;z7" = 0. Thus, (9;P)7* = 0,
which implies 6* = 0, i.e. L is weakly Kahler and P = (9,P)n*, so we obtain
G’ = G' + Pn'. The converse implication results immediately in the same way.
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Proposition 4. Let (M, L) be a complex Finsler space and L=o2+ €|B)? (if e =
+1) be a purely Hermitian complex Finsler metric on M. The spray coefficients G
and G* of the purely Hermitian metrics L and L satisfy

~i i 1 i 1 P17 a aa7 _ ab ab _
G' = G+ 5(a" + 50 )[8177" (azlfﬁlﬁk‘Fﬁ(ﬁa - +B5k l l)>]
0 1
+2| e (G + <) or i =TT, (20)
where
CF a ;
3+ w ob’
l 7“ 7‘ sy YV
Nk - 2Nk+2+ [( > +bs77 )azk:|
1 Oarm i 8asm s
+2+w< R Dk >bb

[ _ ¢ _
Proof. Having 6, L = da”“n ne + 6(535}6 + ﬁabk> — N/,lc <ll + 66b1> by a direct com-

putation we obtain

N 02a,; b b , = 0% 9b
(0,L) = Ik 1=k o YO 1 901 Sl U L=l
Or(Onl) = Fogy M T ( k" 9k T P gran T TP gk
. CF L CF
~(9:NL) QL) — Ni(arr + biby), (21)

where ali =0+ 66[)1,
_. C
which contracted with §7n*, and taking in to account n*8;, = n*dy, implies that

N ~ . . 1 . - . _ .
g0 (0K LY = 2G" = 2(a™ + bV (095G (I + eBby) — 26", (22)

where

i ai 1 3—|—w 8br _p abs s\ €. _r s 8[)1 j
G = Gj+2(2+ )Kazk" azk”> O+ (0" +bs”) 5 | 1

1 Otrm _,  Oagm i
+[ <8k +8k >bb}n,

1
¢ = §Nllc77l

and so (20) is proved. We discus some complex versions of the Rapcsak’s theorem.
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Proposition 5. Let L = o? + €8> and L =F?+ 6‘5’% be a purely Hermitian
complex Finsler metrics on the manifold M. Then, L and L are projectively related

if and only if

0zk
— P(Iy + ¢Bby) + B, (23)

: [&(a“”“nlnk T (ﬁ o ﬁ‘%’“> NG+ eﬁh))n’“ T 28,61 (1) + Bb)

with P = %[((Skjj)’l?]f + 9*1(61E)],

i R 1 Qa1 g 00 8bl L
Pl = {W 2<a2+erﬁ|2><a R+ (B + 85 ) - 2N
3 +w 8[)7‘ _r 8[)5 s i _r s %
1 aarm _r 8a5m s i1 _ ; 3 m
+2 _|_w< Ozk n+ Ozk >b b (ll +6bl)> ] } 2B (azm + bzbm)n

Proof. We assume that the purely Hermitian complex Finsler metric L and L are
projectively related. Then, by lemma (2) and (20) we have

i i 1 7 1 17 9 8Cle Ik ab abl -~ al
B'+Pnpt = 2(a +2bb){a <8knn+(68 +B ') — 2N,
34wl db, bs _ ob’
r s bz br T bs s\ YUY
s (G + e ) 5+ 0 4 M
1 8arm aasm k 9 2
s \pipm 2 —— )
(53 oo (lz+ﬁbl)}77 + 25 G 0+ i)
(24)
First, if these relations are contracted by g;77™, we get
1 ... . 1. - . _
—50" (L) + PL = 5am(akL)n’%m + (OmGHYT™ (I + €fBby). (25)

Because B'ini™ = —360*(l; + ¢Bb;). But the (2, 0)-homogeneity of the functions
G leads to (0mGHF™ = 0 and 9y, (6, L)n*7™ = (8, L)n".
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And thus

- 1 aalk 1k ab 8bl 1 B (ll
P = 2(a2_|_6|5|2){<3k +6(53k +5 n') — 2Ny,
3+w|[/0b. , Obs | i . s %
24w [(82: * 9k > 3+ (e b )821‘3]

1 0rm, . O00sm o\, ivm _ i o
( N 7 + 9k 77>bb (l1+ﬁbl)>nk}—23 (z,m)Gimn™,

next we have contracting into (24) only by gim, we obtain (23). Conversely, substi-
tuting the formulas (23) into (20), we obtain (19) with P = i[(ékl})nk +6*(0;L)],

that is the purely Hermitian complex Finsler metric L and L are projectively re-
lated.

Theorem 4. The purely Hermitian complexr Finsler metrics L and L on the mani-
fold M are projectively related if and only if

abz 1

+ + — 2N,
- { =1 (B kn ﬁ ) &

(B 3 e ]
2+ w |\ 02k 0zk 2 92k
+241rw(8;;/?ﬁr+ agsgns>bibm(l’+Bbl)}nk+2(£rGl)(ll+eBb,)
- <a2+1y5\2> - {%alzf '+ (63277%6861 ) — 2N}

+2j:j [(gﬁ; s ggz ns) %bi + (b7 + bsnS)ng]

_l’_

1 8arm _r aasm s i1 _
2—|—w< ok T Tk )b o™ (U +5bl)}77k(lf+€ﬁbf)7 (26)

where B" = —%G*i(ll +eBb)n"; r=1,n,
and P = i [&cfmk + 0% (1 + eﬁb;)} ,
moreover the projective change is G' = G + i((ski)nkn

Proof. By (3), if L and L be a purely Hermitian complex Finsler space are pro-
jectively related, then there is a smooth function P on T'M with complex values,
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such that G' = G + (-2 (P))n*n* and B = —(%(P))ﬁkni, for any ¢ = 1, n and

onk
(a%(P))ﬁk + (%(P))ﬁ = P. Using (20) it results

1/ = 33 (e G L) + 20,60+ B ) i =T (27)

which contracted firstly by g;m and secondly by g;mn™ give

8‘3] (61 L)n* + 2(887Gl)(ll + €f8b)) = 25 (I + €Bb;) and (9 P)n* = ﬁ(é L)n® respec-

tively, where 03 L is (1, 1) homogeneous. Now, contracting B! = — (9, P)n n' with
Gim@™, it leads to (9 P)i* = 1 H*Z(ZZ + €Bb;), because B'gimi™ = —30*(l; + €f3by).

We obtained P = ﬁ [5kL77 + G*Z(ll + eﬁbr)] )
Conversely, substituting condition of (26) into (20) we get G = G' 4+ Si', where
S = i(éki)nk. Now, having P = % [5kl~}nk + 6% (1l + eﬂbr)], we obtain

a

202+ pR) | 95+ " 5" + Bk

34wl /0b, . 0Obs ,\€,; . 58717i
+2+w[(82k T g ) g+ (b ben )8zk]

1 0 ob;
S = { Uk ik 4+ (B

1 Oarm .  Oasm o\, irm _ X

+2+w(azw + (%w)bb (lz+6bl)}n, (28)
and (0 P)i* = ﬁe*i(ll + €f3b;) where 0% = 0, (0*")n"

Thus, these lead to G = G*+(0xP)n*n’, B' = —(0p )" and (9xP)n*+(0p P)* =
P.

Substituting L = F? into (26) we have proven another equivalent complex versions
of Rapsak’s theorem.

Theorem 5. Let L be a weakly Kdhler purely Hermitian complex Finsler metric on
the manifold M and L be another purely Hermitian complex Finsler metric on M.
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Then, L and L are projectively related if and only if L is weakly Kahler and

a 8alk 1k 8() abl N al 3+(JJ 3br _r 8()5 s E i
anr{a it (B + Ba) = 2N+ oo (G + g’ ) 3
_r s abz 1 8arm _r 8asm s \pinm
(brn +bsn )M] + 24w < 2k n+ azk )bb (ll+5bl)}
) — — (s (s ]
+2(877” )(ll + eﬁbl) T a2 + 6’,8‘2(5kL)77 (lr + 6567’)1
(29)

where P = %(&gﬂ)nk. Moreover, the projetive change is Gt = G* + Pn' and P is
(1, 0)-homogeneous.

Proof. Having in mind the theorem (3) and (4) the direct implication is obvious.
For the converse, we have B' = §* = §* = (), because L and L are weakly Kéahler,
which together with (29) are sufficients conditions for the projectiveness of the purely
Hermitian complex Finsler metrics L and L. Now, plugging (29) into (20) it results
G' = G' + Py and The (1, 0)-homogeneity of P.

4. PROJECTIVELY RELATED GENERALIZED BERWALD SPACES WITH PURELY
HERMITIAN COMPLEX FINSLER METRIC

We consider z € M, n € T.M = r] i, a:= a;(z Ydz' ® dz’ a purely Hermitian
metric and b = b;(2)dz" a differential ( 0)-form. By these obJects we have defined
(for more details see [5]) the complex («, 8)-metric F on T'M

F(zvn) = F(O‘(zan)v ]ﬁ(z,n)|), (30)

where a(z,n) :=4/a;(2)n'n? and B(z,n) = bi(2)n
Let us recall that the coefficients of the C' — F' connection corresponding to the
purely Hermitian metric « are.

a

. dar- a
Nj =ty Ly = dl(Sag) 5 Ch=0, (31)

and we consider the settings

o= aﬂbj bl = aebs ;B =0 =i and 1y = apen. (32)
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Differentiating a(z,7) and |3(z,n)| partially with respect to n' and 7"
da U OBl _ B da _ Iz 9|8l _ Bbr

ot 20 ont 28" o 22° o 20|
82a o % . lllf an 82|ﬁ’ - blbf
onlon”  2a  4a3’ ontonr 48|
we introduce generalized purely Hermitian metric function F on the complex man-
ifold M by

(33)

a? +€|f]? where e = +1, (34)
b
= F e fﬁ{ (35)

Theorem 6. Let F' be a generalized Berwald metric on the manifold M and F an-

other purely Hermitian complex Finsler metric on M. Then F and F are projective
if and only if

OO = SO (= (1 + b))
LA _; *l 3 r

1 1 8alk 1k ab abl —l >
= | == +e Lt

i i =m pO o —m
- Rn'n m( — RAn") (V™ — RB™)

7 po 079 0z
Poo (i pim O i iy “ o1
_ =2 me _ Rnta™ — 295t — RAN (D™ — RBA™ 7”71
ool (a it = ') B )> } 527
1 ) *1
(F( +eBby) " +6 <li+eﬁb@-)}, (37)

for any r =1, n. Moreover, the projective change is G* = G* + %(&cﬁ)nkni and F
1s also generalized Berwald.

where

. . 1 a'r}m 8am 1 1 - po . . _ -
— i - i=m b i (pm — m
“ Gt {2P0 (821 )~ 200 [R” n m( Rpn')( RBT™)

"

" 2 _

Hoo [ mi im MO i 3.0\ (1 _m OMm |
— — R ——"-R " — R - 7. 38
pOM(a n'n pv( B )( Bn )>] . }77 (38)
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Proof. The equivalance results by theorem (4) which 9:G' = 0, because F is a
generalized Berwald metric. In order to show that F' is generalized Berwald, we
compute

8 1 ~ 1 1 aalk 1 k
(6 F)f) = ———— ==
877T<F(5k )"7) a2+6|5]2< 7 (I + eBbr )){2F<sznn
8[)[ 1 8bl 1 . 1 s 8ﬁm 80/771 l
— N+ —a"™(— — A
+e(Bogon' + 855 ]+p0a (57 —Pog )

027
[ r. 1 [ o |1 (day
(~(lg+65bg))}77 +W{8‘T 2F<azknn

gLy g0 i L mi Om  Oam
+6(ﬁzn+/ﬂ’zn)> N+p0 (353 Poazjn)

—[anﬁm— 'y( — RAn")(b™ — RAQ™) — M

(am"—Rniﬁm—zz( — RBn")(b™ — RBI™) ”n =0,

by using the first identity from (36). Now, differentiating the projective change
G'=G+ (6kF)nk77 with respect to 7" it results 9;G! = 0, that is F is generalized
Berwald.

Lemma 7. Let F be a complex Berwald metric on the manifold M and F another
complex Finsler metric on M. Then, F' and F are projectively related if and only if
F is weakly Kdhler and

O (OpF)n* = P(O;F); r=T,n; P==(0F)n*. (40)

Moreover, the projective change is Gt = G + Py’ and F is generalized berwald.
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5. PROJECTIVENESS OF A PURELY HERMITIAN COMPLEX FINSLER METRICS

We consider 3(z,7) := bi(z)n" a diffrential (1,0)-form and a(z,7) := y/a;(z)n'’ a
purely Hermitian metric on the manifold M. By these we have defined the purely
Hermitian complex Finsler metric F = /a2 + €|8]2 on T'M with

Ox 1 B 3|5| B

- = i 4 bi; 7 = l; + €8b;,
o 2 oy 2p o

CF a i
i S+wl[ (b . by Ne, . .0
Ni = 2Nj+°2=* L |:<8zk77 + o >2b + (el + ben”) 5

1 Oarm, o Oagm n* ) bib
2w\ 9k T T gk

(41)

where N,i = q™ 85;’;"77 , L= aijﬁj, b= aﬁbg, bi = b', and so the spray coefficints
are
=i 1 3+w [[0b. , b5 \e, _ b’
Gt = Gz T s ) Zpt br T bs s\ Y
{ 2(2+ )[<8zkn szn)2 + (b + ")azk
1 0, Oagm,
T S b’me 42
2+w<azk"+ak > } (42)

a
Where G' = %N ;nj are the spray coefficients of the purely Hermitian metric «.

Moreover, the purely Hermitian complex Finsler metric Fis weakly Kahler if and
only if

) b, Oby @ 34w[[db . by e
{2<£,fn’n’“+(ﬁakn+ﬁ ') =2 l+w[< 7+ 77>€b

o\ ozk 0zF 2

o' 1 da
bT_r bs s\ YV - Tm b’me l b
o+ n)azk}+2+w<8zkn > (H_Bl))
0" (Ir + €Bbr) + (aim + bibm)7™
(43)
Where
. (A N\ i rh(Omg _ Daij
2(5k(8 L)n = —Gim1 Fkn] GimT] (aFNk)n and ij = %a k( 8,:2'] o azkj)
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