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AN INTEGRODIFFERENTIAL EQUATION WITH FRACTIONAL
DERIVATIVES IN THE NONLINEARITIES

ZHENYU GUO anNnDpD MIN LIU

ABSTRACT. An integrodifferential equation with fractional derivatives in the non-
linearities is studied in this article, and some sufficient conditions for existence and
uniqueness of a solution for the equation are established by contraction mapping
principle.

1. INTRODUCTION

This article is concerned with the existence and uniqueness of a solution of the
following integrodifferential equation with fractional derivatives in the nonlineari-
ties:

u(t) = Au(t) + f(t, u(t),e D¥u(t), - - ,CDamu(t))

t
(1) +/ g(t,s,u(s),C DPry(s),--- Dﬁnu(s))ds, t >0,
0
uw(0) = ug € X, W'(0) =u; € X,

where A is the infinitesimal generator of a strongly continuous cosine family C(t),
t > 0 of bounded linear operators on a Banach space X with norm |- ||, f and ¢
are nonlinear mappings from R+ x X™ to X and RT x RT x X™ to X, respectively,
0<a;,Bj<lfori=1,---,mandj=1,---,n, ug and u; are given initial data
in X.

Recently, fractional order differential equations and systems have been payed
much attention, of examples, the monograph of Kilbas et al. [10], and the papers
by Anguraj et al. [1], Benchohra et al. [2]-[4], Guo and Liu [5]-[7], Hernandez
[8], Hernandez et al. [9] Kirane et al. [11], Tatar [12]-[15] and the references
therein.

Applying the Banach contraction principle, we obtain a result of uniqueness of
a solution for problem (1). To simplify our task, we will treat the following simpler
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problem

W) = Au(t) + f(t,u(t),c Dau(t))

(2) t s,u(s),¢ DPu(s))ds
+/Og<t, Ju(s)° D ())d, >0,
u(0) = ug € X, u'(0) =u; € X.

The general case can be derived easily.
2. PRELIMINARIES

Let us recall a basic definition in fractional calculus, which can be found in the
literature.

Definition 2.1. The Caputo fractional derivative of order 0 < a < 1 is defined
by
1 €T
<D« = — — )T f (t)dt
3) 1) = =y |, @=07r0
provided the right-hand side is pointwise defined on (0, +00).

Now list the following hypotheses for convenience

(H1) A is the infinitesimal generator of a strongly continuous cosine family C(t),
t € R, of bounded linear operators in the Banach space X.
The associated sine family S(t),¢ € R is defined by

(4) S(t)x := /Ot C(s)xds, teRze X.

For C(t) and S(t), it is known (see [16]) that there exist constants M > 1
and w > 0 such that

t
(5) Wl <Me, |S(t) - S(to)| < M| / s, ity € R,
to

Let X4 = D(A) endowed with the graph norm ||z|| 4 = ||z| + || Az]|.
(H2) f: RT x X4 x X — X is continuously differentiable,
(H3) g: RT x RT™ x X4 x X — X is continuous and continuously differentiable
with respect to its first variable,
(H4) f, f" (the total derivative of f),g and g1 (the partial derivative of g with
respect to its first variable) are Lipschitz continuous with respect to the
last two variables, that is

1t z1,91) = f(t a0, y2) || < Ly (lzn — @2lla + [ly1 — w2l]),
1t z1,51) = (G2, 92)[| < Ly (1 — 22lla + lyn — v2ll),

lg(t, s, x1,91) — g(t, s, 22, y2) || < Lg([lz1 — 22lla + Iy — v211),
llgi(t,s,x1,y1) — 91(t, 5,22, 92)|| < Lg, (||=’C1 — x2l|a + [Jy1 — y2||)

for some positive constants Ly, Ly ,Lg and Lg,

(6)
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Lemma 2.2 ([16]). Assume that (H1) is satisfied. Then

(i) S¢)X CE, teR,

(i) S(HE C Xa, teR,

(iii) (d/dt)C(t)x = AS(t)z,z € E, t €R,

(iv) (d?/dt?)C(t)r = AC(t)x = C(t)Az, x € Xa, t € R, where

(7) E:={xeX:C(t)x is once continuously differentiable on R}.

Lemma 2.3 ([16]). Assume that (H1) holds v: R — X is a continuously
dzﬁerentzable function and q fo (t — s)v(s)ds. Then, q(t) € X4, ¢'(t) =

fo v(s)ds and q"'( fo (t — s)v'(s)ds + C(t)v(0) = Aq(t) + v(t).

Definition 2.4. A function u(-) € C?(I,X) is called a classical solution of
problem (2) if u(t) € X 4 satisfies the equation in (2) and the initial conditions are
verified.

Definition 2.5. A continuously differentiable solution of the integrodifferential
equation

u(t) = C(t)uo + S(t)uy + /0 t St — s) f(s,u(s),c Do‘u(s)>ds

+ /Ot S(t—s) /Osg(s,T,u(T)yc Dﬂu(T))des

is called a mild solution of problem (2).

(8)

3. MAIN RESULTS

In this section, the theorem of existence and uniqueness of a solution for equation
(2) will be given.

Theorem 3.1. Assume that (H1)-(H4) hold. If up € Xa, u1 € E and Ly < 1,
then there exist T > 0 and a unique function u: (0,T) — X,u € C((0,T),Xa) N
C?((0,T), X) which satisfies (2).

Proof. For t € (0,T), define a mapping
t
(Ku)(t) == C(t)uo + S(t)us + / St — s) f(s,u(s),c Do‘u(s)>ds
0

o S(t—s) [ (st Dut) aras.

It follows from uy € X4 and AC(t)ug = C(t)Aug that C(t)ug € X4. Clearly,
S(t)u; € X4 because u; € E and S(¢t)E C X4 (see (ii) of Lemma 2.2). Moreover,
by Lemma 2.3, (H2) and (H3), we know that both integral terms in (9) are in X 4.

9)
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Therefore, Ku € C((0,T), X ). By Lemma 2.3, we have

(AKu)(t) = C(t) Aug + AS(t)ur + /O t Ot —s)f' (s,u(s),cmu(s))ds
+ C(8) (0, u0,° Dug) — f(t, ult),© Dau(t))
(10) + /O t a5 /0 . (s.7.u(r).c Dou(r)) dr
+g(s,5,u(s).° D?u(s) ) |ds

— /Otg<t,7,u(7),c D’Bu(’r)>d7, te(0,T).

Differentiating (9), we get

(Ku)'(t) = AS(t)uo + C(t)us + /Ot C(t— s)f<s, u(s),° Dau(s))ds
(11) + /Ot Ot — s) /Osg(s,T,u(T),c Dﬁu(T))des, te (0,7).

Hence, Ku € C*((0,T), X) and K maps C! into C*.
It is claimed that K is a contraction on C' endowed with the metric

(12) plu,v) = sup (lu(t) = v + [Au(t) = v@E) + [l () = ' @B)]])-

For u,v € C', it can be derived that
[[(Ku)(t) — (Kv)(@)]l
< /O 1St —s)| [Lf (Ilu(s) = v(s)a + [*DYu(s) = D*v(s)|)

* / Ly ([u(r) - o(r) L4 + D u(r) = DPu(r)|)dr|ds
0

<[ oY, / T ar L (1)~ vls) L

1

e | - )~ r)an)

+ [ "Ly (lu(r) — o7l

1

_ TT—U_BU/U—’U/O' o)dr|ds
+ g [ o) (@)~ o) d)ara



AN INTEGRODIFFERENTIAL EQUATION 109

< M/OTe” dT/Ot lLf(HU(S) —v(s)[la

Slfoz

+ = sup [[u/(t) = (t)])

L2 —a)o<i<r
1-8

+ / Ly (u(r) - o)l + a2, W0 - v’(t)H)dr] ds

<t<T

T t Tl—a
< MA ewTdT/O Lfmax{l,r(z_a)}p(u,v)

T'-#
+ L, max {1, F(Q_ﬂ)}p(u,v)s ds

(13)

T Tl—a Tl—ﬂ
< e L L, T/2)T
< [ erarman {1 Do T b LT o)

[(AKw)(t) — (AKv)(1)]|

/ M =) Lo (Jlu(s) — v(s) 4 + [<Du(s) = Dv(s)||)ds
+ Ly (Jlu(t) - <>|\A+||CD“ (t) CD%UH)
/ M=) | / o1 ([u(r) =0(P) || 4+ ]| DPu(r) —DPu(7)||) dr

+ Ly (|lu(s) = v(s)lla + °D u(s) — Dﬁv(s)”)l ds
" / Ly (lu(r) = v(r)lla + [|*D%u(r) = D%o(7)|)dr
0

T -«
< M e“T=9) dsLp max { 1 B (u,v)
(14) > o f X ) F(2 — a) p\u,
11—«

+Lfmax{1 F(205)}p(u v)
/Me ~ds|L, max{ ;‘Fl Bﬁ)}T

5 5
+ Lg max {17 w} p(u, 'U) + Lg max {17 W}Tp(u, 'U)
Tl—a Tl—ﬁ
I'@2-a) F(Qﬂ)}
T
: [/ M T ds( Ly + Ly, T+ Ly ) + LyT + Ly | plu, v),
0

< max {1,
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and
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I(Ku)'(t) = (Kv)' (4]

(15)

< [ M Ly (ute) = o()lla + 1D u(s) = Du(s)])ds

+ /O Ly ([u(r) = v(r)||a + [|*DPu(r) —* Dﬁv(T)H)dT} ds

Tlfa Tlfﬁ
I'2—a)' T(2-5

T
§/ M e*T=) ds max {1, ] }(Lf + LgT)p(u, v),
0

The above three relations (13)—(15) and condition Ly < 1 guarantee that for
sufficiently small T, K is a contraction on C'. Therefore, there exists a unique
mild solution u € C!. Clearly, u € C?((0,T),X) and satisfies the problem (2).
This completes the proof. O
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