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APPROXIMATION FOR PERIODIC FUNCTIONS VIA STATISTICAL
A-SUMMABILITY

S. KARAKUS aNp K. DEMIRCI

ABSTRACT. In this paper, using the concept of statistical A-summability which is stronger than the
A-statistical convergence, we prove a Korovkin type approximation theorem for sequences of positive
linear operator defined on C*(R) which is the space of all 2w-periodic and continuous functions on
R, the set of all real numbers. We also compute the rates of statistical A-summability of sequence of
positive linear operators.

1. INTRODUCTION

The idea of statistical convergence was introduced by Fast [5], which is closely related to the
concept of natural density or asymptotic density of subsets of the set of natural numbers N.
Let K be a subset of N. The natural density of K is the nonnegative real number given by
§(K) = lim,— =|{k < n : k € K}| provided that the limit exists, where |B| denotes the
cardinality of the set B (see [14] for details). Then, a sequence x = {z}} is called statistically
convergent to a number L if for every € > 0,

5({k : |zi — L| > €}) = 0.

Received March 28, 2011.

2010 Mathematics Subject Classification. Primary 40G15, 41A25, 41A36, 47B38.
Key words and phrases. Statistical convergence; statistical A-summability; positive linear operator; Korovkin type
approximation theorem; Fejér operators.



This is denoted by st — limg_,oo 2 = L (see [5], [7]). It is easy to see that every convergent
sequence is statistically convergent, but not conversely.

If © = {21} is a number sequence and A = {a;} is an infinite matrix, then Az is the sequence
whose j-th term is given by

Aj(z) := Zajkxk
k=1

provided that the series converges for each j € N. Thus we say that = is A-summable to L if

lim A;(z) = L.
j—00
We say that A is regular if lim; . Aj(z) = L whenever limy_,oc 2 = L. The well-known
necessary and sufficient conditions [1] (Silverman-Toeplitz) for A to be regular are:

o0
R1) |All = sup }° |ajn| < oo,
J—o0k=1

R2) lim a;p =0 for each k € N,
j—0o0

R3) lim > aj, =1.
J—Op=1
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provided that the limit exists, where yx is the characteristic function of K. Then the sequence
x = {x} is said to be A-statistically convergent to the number L if for every € > 0,

da{keN:|zy—L| >e})=0

or equivalently

lim air = 0.

e k:IZkZ—:LIZe ’

We denote this limit by sta4 — limg_.o 2 = L (see [6], [8], [9]). The case in which A = C}, the
Cesaro matrix of order one, reduces to the statistical convergence, and also if A = I, the identity
matrix, then it coincides with the ordinary convergence.

Recently, the idea of statistical (C,1)-summability was introduced in [11] and of statistical
(H,1)-summability in [12] by Moricz, and of statistical (N, p)-summability by Moricz and Orhan
[13]. Then these statistical summability methods were generalized by defining the statistical A-
summability in [4].

Now we recall statistical A-summability for a nonnegative regular matrix A.

Definition 1.1. Let A = {a;;} be a nonnegative regular matrix and = = {z;} be a sequence.
We say that x is statistically A-summable to L if for every € > 0,

5((j € N |4;(@) — L] 2 e}) =0,
ie.,
Jim %|{j <n:|A;(@) —L| > e} = 0.

Thus z = {z;} is statistically A-summable to L if and only if Az is statistically convergent to L.
In this case we write (A)g — limg—o0 o1, =L or, st — lim; o Aj(x)=L.



Using the Definition 1.1, we see that if a sequence is bounded and A-statistically convergent to
L, then it is A-summable to L, and hence statistically A-summable to L. However, its converse is
not always true. Such examples were given in [4].

In this paper, using the concept of statistical A-summability where A = {a;;} is a nonnegative
regular matrix, we give a generalization of the classical Korovkin approximation theorem by means
of sequences of positive linear operators defined on the space of all real valued continuous and 27
periodic functions on R. We also compute the rates of statistical A-summability of sequence of
positive linear operators.

2. A KOROVKIN TYPE THEOREM

We denote C*(R), the space of all real valued continuous and 27 periodic functions on R. We
recall that if a function f in R has period 27, then for all x € R,

f(z) = f(z + 2k)
holds for £ = 0,£1,+£2,.... This space is equipped with he supremum norm

[ fllcs @ =sup|f(z)l,  (f € C*(R)).
r€R

Let L be a linear operator from C*(R) into C*(R). Then, as usual, we say that L is a positive
linear operator provided that f > 0 implies L(f) > 0. Also, we denote the value of L(f) at a point
x € R by L(f(u);z) or, briefly, L(f;x).

Throughout the paper, we also use the following test functions

fo(x)=1, fi(x) =cosz fo(x) =sinz.

We also have to recall the classical Korovkin theorem [10].
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Theorem A. Let {L} be a sequence of positive linear operators acting from C*(R) into itself.
Then, for all f € C*(R),

{1 Zy(f) = flle=@ =0
—00
if and only if
k—o0
Recently, the statistical analog of Theorem A was studied by Duman [3]. It will be read as
follows.

Theorem B. Let A = {a;r} be a nonnegative reqular matriz and let {Ly} be a sequence of
positive linear operators acting from C*(R) into itself. Then for all f € C*(R),

sta — lim 1Lk (f) = fllox@®) =0
— 00
if and only if
sta — k:linolo ”Lk(fl) - fi“C*(R) =0, (Z =0, 172)

Now we study the approximation properties of sequence of positive linear operators on the space
C*(R) via statistical A-summability where A = {a;x} is a nonnegative regular matrix.

Theorem 2.1. Let A = {a;i} be a nonnegative regular matriz and let {L,} be a sequence of

positive linear operators acting from C*(R) into itself. Then, for all f € C*(R),

(2.1) st — lim

j—o0

=0
cr(®)

> apLi(f) - f
k=1




if and only if

=0 (i=0,1,2).
C*(R)

(2.2) st — Jlglolo > apLi(fi) — ()
k=1

Proof. Since each f; (i = 0,1,2) belongs to C*(R), the implication (2.1) = (2.2) is clear. Now,
to prove the implication (2.2) = (2.1), assume that (2.2) holds. Let f € C*(R) and let I be a
closed subinterval of length 27 of R. Fix & € I. By the continuity of f at x, for given € > 0 there
exists § > 0 such that

[f(t) = fa)] <e
for all ¢ satisfying |t — x| < §. On the other hand, by the boundedness of f, we have
1£(t) = f(@)] < 2[|fllcxm)

for all t € R. Now consider the subintervals (z — 0, 2w + x — 0] of length 27. From [3] we can see
that

(2.3 ) - @) < e+ DWlo@ )
Sin 5

holds for all ¢ € R, where 1(t) := sin® (152).



By using (2.3) and the positivity and monotonicity of L we have

> apLi(f;z) — f(@)
k=1

< S apLie(£() = f@)]52) + 1f @)Y ajeli(forz) — folx)
k=1 k=1
o0 2 . o0
<> kL (s+ Mﬁ%(t);x) + 1@ Y ajeLe (fo;2) — folx)
1 sin” 3 el
<ete|Y amli(forz) — fo@)| + | fllo-my | D asnLn(fos ) — fo()
k=1 k=1

2| fllor gy &
+ +5(R) ajr Ly (Y(t); ) -
Sin b} =1

After some simple calculations, we also get
1
P(t) = 3 (1 —costcosx —sintsinz) .

So we can get

> ajnLe((t);z) < % { > ajnLi(fo;z) — fo(x)
k=1

k=1

(2.4) _
> apLi(fa;z) — fo(@)

k=1

> apLi(fisz) — fi(e)

k=1

+ |cos z] + |sin z|

} |



Then, using (2.4), we obtain

> ajpLi(f;z) - f()
k=1

I fllc —
<e+ (5 + 1 flle= @) + L)

> ajeLi(fo; x) — fo(x)

25
sin” —
+ ZajkLk(fl;fE) — fi(z)| + ZajkLk(f2;9U) — fo(x) } :
k=1 k=1

Then, we obtain

> apLe(f) - f <e+ US> ajwLi(fo) = fo

k=1 * k=1 *
(2.5) c*(R) C*(R)

+ ZajkLk(fl)_fl + Za/jkLk(fQ)_fQ
k=1 C*(R) k=1 C*(R)

Ifllo- @)

where U := ¢ + (R T
Il + ~ s




Now, for a given r > 0, choose € > 0 such that € < r. By (2.5), it is easy to see that

1 o0
- i< - E : _
n Jsn: ajeLi(f) — f >
= o ®)
1 . > r—e
<—-Kj<n: 5 ajrLi(fo) — fo >
n 3U
k=1 o (®)
1 . > r—e
+—|4ji<n: E ajrLi (f1) — f1 >
n 3U
k=1 o ®)
1 . > r—e
+—-—RKji<n: E ajrLi (f2) — f2 > 5
n 3U
k=1 o ®)

Then using the hypothesis (2.2), we get

lim — | j<n:
n—oo N,

ZajkLk(f)—f‘ 2rol=0
k=1

for every r > 0 and the proof is compete.



3. RATE OF CONVERGENCE

In this section, using statistical A-summability we study the rate of convergence of positive linear
operators defined C*(R) into itself with the help of the modulus of continuity.
Demirci and Karakus [2] introduced the rates of statistical A-summability of sequence as follows.

Definition 3.1 ([2]). Let A = {a;;} be a nonnegative regular matrix. A sequence z = {z}} is
statistical A-summable to a number L with the rate of 8 € (0, 1) if for every € > 0,

o Wi < l4i@) LI 2 e _
n— oo nl—ﬁ
In this case, it is denoted by

0.

zr—L=0(n"") ((A)s).
Using this definition, we obtain the following auxiliary result.

Lemma 3.2 ([2]). Let A = {a;ji} be a nonnegative reqular matriz. Let x = {zxi} and y = {yx}
be bounded sequences. Assume that z, — L1 = o (n™P1) ((A)s) and yr — Ly = o (n™72) ((A)s).
Let 8 := min{p,B2}. Then we have:

(i) (zx — L1) F (g — L2) = 0 (n7) ((A)st)

(it) A(zp — L1) =0 (n=P) ((A)s) for any real number A.

Now we remind the concept of modulus of continuity. For f € C*(R), the modulus of continuity
of f, denoted by w (f; 1), is defined by

w(f;01) = sup |f(t) = f(z)| (61> 0).

[t—z|<é1
It is also well know that, for any A > 0 and for all f € C*(R)
(3.1) w(f;201) < (L+[A)w(f;61)



where [)] is defined to be the greatest integer less than or equal to A.
Then we have the following result.

Theorem 3.1. Let A = {aji} be a nonnegative reqular matriz and let {Ly} be a sequence of
positive linear operators acting from C*(R) into itself. Assume that the following conditions holds:

(i) 1Lk (fo) — follwey = 0 (") ((A)sr) on K,
(i) w(fim) = 0(n™%) () on R where 7 = ISy il ()lowy with @(t) =
sin? (t_—m)
Then we have2for all f € C*(R),
ILe(f) = fllo-@y =0 (n™?)  ((A)st) on R

where § := min{B, B2}.



Proof. Let f € C* (R) and z € R be fixed. Using (3.1) and the positivity and monotonicity of
Ly, we get for any d; > 0 and j € R,

> apLi(f;@) — f(x)
k=1

> ajLi(fo;x) — fo(x)

k=1 k=1
00 )2 o]

< ZajkLk: ((1-1— U 5;) > ;:1:) w(f;01) + 1 fll o= w) ZajkLk; (fo;z) — fo(x)
k=1 k=1

N
(e
QQ

=
&

2 . =
(G () )

> ajrL (fo; @) — fo(x)
w2 .5 = I . oft—x )
+§W(f, 1);6% k <Sln ( 5 ),m)

Y @il (fo; z) — fo(x)
k=1

> ajiLi (fo; o) — fo(x)
k=1

IA

w(f;01) +w(f;61)

+ 1l o= wy

Quit




Hence, we get

> apLi(f) = f <> ajrLi(fo) — fo w(fi5) + (L 472w (f;75)
k=1 C*(R) k=1 C*(R)
I fllo- gy || D aiwL(fo) = fo
k=1 o ®)
where 61 :=; := \/||Z,:';1 ajkLi(#)ll o= (y- Then, we obtain
> aLi(f) - f < K> ajeLi(fo) — fo w(f575)
(32) k=1 C*(R) k=1 C*(R)
+w(fiv) + ZajkLk(fO) — fo
k=1 o ®)

where K = max{||f||o*(R) 14+ 772}.



Hence, for given € > 0, from (3.2) and Lemma 3.2, it follows

1 . i
=5 |17 <1 | Do arLe(f) = f >e
k=1 C*(R)
1 ) ) e z
< g (V9 S || D aln (fo) = fo > /5%
k=1 C*(R)
YT {J <n:w(f;vy) > 3—K}
1 . €
+ g [{i sniw (i) 2 52|
1 ) i c
i |4 S ZajkLk (fo) = fo = o
k=1 C*(R)

where 8 := min {1, 82}. Letting n — oo in (3.3), from (¢) and (i¢), we conclude that

Jim —
a0 B

1< n: >e =0,

C*(R)

S aLi(f) — f
k=1

which means

ILk(f) = fllo@ =0 (n77) (A)s) on R.
The proof is completed.



Now we give the following classical rates of convergence of a sequence of positive linear operators
defined on C*(R).

Corollary 1. Let {Ly} be a sequence of positive linear operators acting from C*(R) into itself.
Assume that the following conditions holds:

(i) limp— oo | L& (fo) = follox®y =0,
(i) limg— oo w(f; ) =0 on R where &y, := | /|| Lk ()l gry with p(t)=sin*(52).
Then for all f € C*(R), we have

Jim | Le(f) = fllgs ) = 0.

4. AN APPLICATION TO THEOREM 2.1 AND THEOREM 3.1

In this section, we display an example of a sequence of positive linear operators. First of all, we
show that Theorem 2.1 holds, but Theorem A and Theorem B do not hold. Then, using the same
sequence of positive linear operators, we show that Theorem 3.1 holds but, Corollary 1 does not
hold.

Let A be Cesaro matrix, i.e.,

1 1<k<y,
ajp = (J)

otherwise,
and let
1, if k is odd,
(E1) & = { —1, if kis even.



Then, we observe that, A = {a;;} is a nonnegative regular matrix and for the sequence & := {{}

st — lim A;(§) =0.
j—00
However, the sequence {£;} is not convergent in the usual sense and A-statistical convergent to 0.
Then, consider the following Fejér operators

g sin® (E (t — =«
(4.2) F(fi2) = = / roat-a),

~ kn o 2 sin? [t_Tz]

where k € N, f € C* [—m,n]. Then, we get (see [10])

cosz, Frp(fo;x)= sin .

Fy(fo;z) =1, Fi(fi;2) =

Now, using (4.1) and (4.2), we introduce the following positive linear operators defined on the
space C* [—m, 7]

(4.3) Li(f;2) = (1 + &) Fr(f; 7).

(¢) Now, we consider the positive linear operators defined by (4.3) on C* [, 7]. Since st —
lim; . A;(§) = 0, we conclude that

—0, (i=0,1,2).
C*[—m,m]

st — lim
J—00

> apLi(fi) = (f3)
k=1




Then, by Theorem 2.1, for all f € C*[—m, x|, we obtain

=0.
C*[—m,7]

st — lim
j—o0

> ajLi(f) = (f)
k=1

However, since {&} does not converge in the usual sense and A-statistical converges to 0, we
conclude that Theorem A and Theorem B do not work for the operators Ly in (4.3) while our
Theorem 2.1 still works.

(#4) Now, we consider the positive linear operators defined by (4.3) on C* [—7, w]. We observe

that
S 1 J 1 J
> ajrLi(fo) — fo == A+&) -1 == &l
k=1 C*[—m,] J k=1 J k=1
Since
oo
i > aLi(fo) - fo =0,
k=1 C*[—m,m]
then we get
: 1 : —
dm s S aanim 6| zel=0
k=1 C*[_ﬂ'vﬂ']
which means that
(4.4) 1Lk (fo) = follorjommy = 0 (7)) ((A)st)-

Now, we compute the quantity Ly (¢; ) where o(t) = sin® (152). After some calculations, we get
1+&




Then, we obtain 7 := | /152, @k Lr(@)llon_p,m = |/ |+ oy St

1N\J 1+&k

Since lim;_, ‘% £=1 Hz_lfk = 0, we get st — lim;_, ‘7 w=1 ar=| = 0. By the uniform

continuity of f on [—, 7], we write

(45) w(fs3) =0 (™) (A)a):
From (4.4) and (4.5), the sequence of positive linear operators {Lj} satisfies all hypotheses of
Theorem 3.1. So, for all f € C*[—7, ], we have

IZk(f) = fllonemm =0 (077)  (A)st).

However, since {§;} is not convergent, the conditions (i) and (ii) of Corollary 1 do not hold. So,
the sequence {Ly} given by (4.3) does not converge uniformly to the function f € C* [—7, 7] .
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