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CONTINUITY WITH RESPECT TO DATA AND PARAMETERS
OF WEAK SOLUTIONS TO A STEFAN-LIKE PROBLEM

A. MUNTEAN

ABSTRACT. We study a reaction-diffusion system with moving boundary describing
a prototypical fast reaction-diffusion scenario arising in the chemical corrosion of
concrete-based materials. We prove the continuity with respect to data and parame-
ters of weak solutions to the resulting moving-boundary system of partial differential
equations.

1. INTRODUCTION

Recently we have established the existence and uniqueness of weak solutions to
a two-phase reaction-diffusion system with a free boundary where an aggressive
fast reaction is concentrated; see [12, 13] for these results and [9] for a larger
picture of the chemical corrosion issue motivating this work — the concrete car-
bonation problem. Details about the chemo-physical problem, its civil engineering
importance as well as some aspects of what mathematics can say concerning the
prediction of the speed of the involved deterioration mechanism are reported in
[10]. Within this framework, we focus on the continuity with respect to data and
parameters of weak solutions to the mathematical model in question. It is worth
mentioning that relatively general results on continuous dependence of solutions
of scalar Stefan-like problems were proved in the past by several authors (see, for
instance, [3, 6, 2, 1] and [17]). Particularly, we mention the contributions by
Mohamed [14] and Pawell [16] who study the continuous dependence problem for
(scalar) moving-boundary descriptions of some non-corrosive chemical reactions
taking place in concrete. Since here we deal with a non-linearly coupled system of
semi-linear parabolic PDEs in two moving a priori unknown phases, whose motion
is driven by a non-equilibrium moving-boundary condition of kinetic type, none of
these formulations seem to be applicable. The working framework we have chosen
to prove the stability estimate is that one prepared in [13].
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This note is organized in the following fashion: In Section 2, we present the
moving-boundary system and shortly comment on the underlying physics. Pre-
liminary technical information (like function spaces used, our concept of weak
formulations, review of known basic estimates, a local existence and uniqueness
result for weak solutions) is detailed in Section 3. We state the main result (that
is Theorem 4.1) in Section 4 and prove it in Section 5.

2. THE MOVING-BOUNDARY PROBLEM

We investigate the moving-boundary problem of finding the vector of concentra-
tions (@1, ...,us)" and the interface position s(¢) which satisfy for all ¢t € Sp :=
10,T[ (0 < T < oo fixed) the equations

(¢¢wﬂi)7t + (_Diyi2¢¢)wﬂi,x)x = fi,Henryam 6}0» S(t)[, 1 S {17 2}7
(pduwiis) , + (—=D3¢Puts ), = [piss,® €]s(t), L]
(2]-) (¢¢wﬂ4),t = fPTec + fReacFa T = S(t) € F(t)v
(qﬁﬂs),t + (—D5¢’a5’z)x =0,z E}O, S(t)[,
(¢t6) , + (= Dedligz), = 0,z €]s(t), L],

(22) GPwlioti(x,0) = Uo(x), 1 €T =11 ULy, x € Q0),
(23) ¢¢MU4(I, ) =y ( ) S Q(O)’
(2.4) BPuwvinti; (0,1) = \i(t), i €Iy :={1,2,5},
(2.5) us(s(t),t) = ue(s(t), 1),
(2.6) fia(Lt) =0,  ieTy:={3,6),
[l = —e(s(), ) + 5/ () [Bouinlpe,
(2.7) i - n]p@y = Tir ( (t),t)05; + ' (t) [9PwVioi]p () i€{2,5,6},
[j3 ’ n]F(t) = (S(t) ) ( )[¢¢wu3] r(t)’
and
(2.8) s'(t) = /S GO dr(s(t),1),5(0) = s > 0.

¢¢wa3(8(t)7 t)
In (2.7), n is the outer normal to the interface I'(t), while [A]p(;) denotes the jump
in the quantity A across I'(¢). For fixing ideas, we assume that the only relevant
chemistry intervening here is the so called carbonation reaction (details are given
in [4, 9] and references cited therein), that is

(2.9) CO2(g — aq) + Ca(OH)2(s — aq) — CaCOs(aq — s) + H2O.

In this framework, u; and s denote the aqueous and respectively gaseous COs
concentrations, @g is the concentration of dissolved Ca(OH)s, @4 is the immobile
rapidly precipitating species (here: CaCOs(aq)), while @5 and @g point out the
moisture concentrations (produced via (2.9)) within |0, s(¢)[ and |s(¢), L[, respec-
tively. The process can be briefly described as follows: Molecules of atmospheric
COg penetrate concrete structures via the air-filled parts of the pores (see Fig. 1),



CONTINUITY WITH RESPECT TO DATA AND PARAMETERS 207

dissolve in pore water where they meet a lot of aqueous Ca(OH)s ready to react
via (2.9). There is chemical evidence [4] showing that (2.9) is sufficiently fast so
that the two spatial supports of the reactants (COz(aq) and Ca(OH)z(aq)) are
separated by a sharp interface positioned at = = s(t).

Concentration

of CO,

No CO,

Full with
CO,

Distance trom the outer boundary

Figure 1. Complete separation of reactants in the carbonation process. The task is to predict
the depth at which COx3 is able to penetrate until a given time ¢t € Sp.

Remark 2.1. The complete segregation of the reactants and the fact that for
this reaction-diffusion scenario the associated Thiele modulus is much larger than
unity motivates us to apply a moving-boundary strategy in order to predict the
penetration of front (here — a sharp interface) of CO2 in concrete. Conceptually
similar reaction-diffusion problems with fast reaction and relatively slow transport
arise, for instance, in geochemistry [15].

Furthermore, v = vz := 1, vgg := i—z, Vso = Vgg i= d%w, vie:=1(teIle
AR {2}), (Sij (Z,j S I) is Kronecker’s symbol, j; := —D;v;p¢d,0; (Z,é S UIQ)
are the corresponding effective diffusive fluxes and a > 0. The parameters D;, L
and sg are assumed to be constant and strictly positive; the boundary data \; are
prescribed in agreement with the environmental conditions to which Q =]0, L[ —
a part of a concrete sample — is exposed. The interior boundary conditions (2.7)
are derived using an argument based on the pillbox lemma; see [7]. Following [18]
(and subsequent papers, e.g., [5]), equation (2.8) represents a non-equilibrium type
of free boundary condition that is called kinetic condition. For a derivation via
the first principles of (2.8) for this particular reaction-diffusion setting, we refer
the reader to [10, Section 2.3.1].

The initial conditions u;9 > 0 are determined by the chemistry of the cement.
The hardened mixture of aggregate, cement and water determines numerical ranges
for the porosity ¢ > 0 and also for the water and air fractions, ¢,, > 0 and
¢q > 0. In this paper, we set ¢, ¢, and ¢,, to be constant. The productions terms
fi,Henrys fDisss fPrec and freqer are sources or sinks by Henry-like interfacial
transfer mechanisms (see [8] for a related application of Henry’s law), dissolution,
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precipitation, and carbonation reactions. We assume

fi,Henry = (_1)i-Pi(¢¢wﬂ1 - Qi¢¢aﬂ2)
P, >0,Q;, >0), ie{1,2},
o) ( o). ie (i)
fDiss = *SB,diss(QSQSwUB - u3,eq)a
S3,diss > 0, fPrec =0, fReacF = "71‘~

In (2.10), 7r(s(t),t) denotes the interface-concentrated reaction rate. It is de-
fined in the following fashion: Let @ = (@1, . . ., 1ig)¢ be the vector of concentrations
and M, the set of parameters A := (Aq,..., A,,)! chosen to describe the reaction
rate. We assume that M, is a non-empty compact subset of R’". We introduce
the function

fir : RS x My — Ry

by 7r(u(z,t),A) := kop, il (z,t))ud(x,t), == s(t).

In (2.11), m := 3 and A := {p,q,kdp,} € R3. We define the reaction rate
i (s(t),t) by

(2.12) iir(s(t),t) = nr(u(s(t),t), A),

where 7jr is given by (2.11) and represents the classical power-law ansatz. Note
that some mass-balance equations act in ]0, s(¢)[, while other act in ]s(¢), L] or

at I'(¢). All of the three space regions are varying in time and they are a priori
unknown. The system (2.1)—(2.12) forms the sharp-interface carbonation model.

(2.11)

Remark 2.2.

(i) The local existence and uniqueness of weak solutions to the sharp-interface
carbonation model was reported in [13, Theorem 3.3], while the global
solvability was addressed in [13, Theorem 3.7]. In this paper, we show
the continuity of the weak solution to (2.1)—(2.12) with respect to initial
data, boundary data and model parameters. The importance of our result
is twofold: (1) On one side, we complete the well-posedness study of (2.1)-
—(2.12), which has been started in [13]. (2) On the other side, we prepare a
theoretical framework for numerically testing the stability with respect to
model parameters. Note that for the carbonation problem many important
material parameters are typically unknown. Our stability estimates suggest
that there is a little place of “playing games” with the most critical param-
eters, i.e. those entering (2.8), e.g. It is worth mentioning that unsuitable
choices of reaction rates (and hence, of velocities) may produce the blow
up in concentration near the interface position (like in [11], e.g.).

(ii) The strategy of the proof is the following: We subtract the weak formulation
written in terms of two different solutions compared within the same time
interval S7. In order to obtain the desired result, we make use of a lot of
a priori knowledge of the solution behavior. In particular, we essentially
rely on positivity and L® bounds for all involved concentrations (cf. [13,
Theorem 4.2]) as well as energy estimates (cf. [13, Lemma 4.3]) the weak
solutions to (2.1)—(2.12). The result is obtained by conveniently applying
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Gronwall’s inequality in combination with an interpolation inequality as
well as with some particular algebraic inequalities tailored to deal with the
special non-linearities induced by Landau-like transformations.

3. TECHNICAL PRELIMINARIES

3.1. Fixing the moving boundary

We take advantage of the 1D geometry and immobilize the moving boundary via
the fixed-domain transformations (also called Landau’s transformations)

(3.1) (2.t) €[0,5(t)] x Sp— (y,1) € [a,b] x Sp, y= % i€y,

_ _ x—s(t) .
(3.2) (a,t) € [s(t), L] x S7 — (y,t) € [a,b] X S7, y=a+ T=s@) i € 1o,
where ¢ € St is arbitrarily fixed. We introduce the notation u;(y,t) := @;(z,t) —
Ai(t) for all y € [a,b] and t € Sp. Further, let 4; := ¢p,u;,1 € {1,3,4}, 1y :=
DDz, U; = QUi € {5,6} and write down the original moving-boundary sys-
tem (2.1)—(2.12) on fixed domains. As a result of this procedure, we obtain the
transformed PDEs system (3.3)—(3.13). The model equations have the forms

(Ditiy)y _ . s'(t) ) .

(3.3) (ui + i) 4 — 2(1) —fz(u+>\)+y8(t) Ui ys i€,
(Diviy)y _ _ _ s'(t) ] .

(3.4) (uiJr)‘i),t - (L —s(t))2 = filu+X) + (2 y)L—S(t)m"y’ i € I,

where u is the concentration vector (uq, us, us, us, u6)t and A represents the bound-
ary data (A1,A2,A3,A5,A6)". We make use of A\3 and A\ only for notational simplic-

ity (A3 := Ag := 0). The vectors of concentrations ug and A are assumed to be
compatible, i.e.
(3.5) u0;(0) = A;(0), and hence 4;(0) = 0 for ¢ € Z;.

Our initial boundary and interface conditions are now:
ui(y,0) = uio(y), 1€LULy,  wuifa,t) =0,

(36) P€Ti,  uy(b,)=0, ic

(3.7 (D) = (L8 + 5O (1) + M),

(3.8) ;([;;uz (1) = (D) (ua(1) + o),

(3.9 Trsn(1) = =in(L8) + 5 (Ous() + Xa),
(3.10) %us,yu) + L_Limuﬁ,y(l) — (L, 1), us(1) + As = ug(1) + Ae,

where nr(1,t) denotes the reaction rate that acts in the y-t plane. We also mention
that wio(y) = @o(x) — Ai(0), where z = yso, y € [0,1] for i € I;, and z =
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so+ (y—1)(L—s0), y €[1,2] for i € Zy. The vectors of concentrations ug and A
are assumed to be compatible, i.e.

(3.11) u0;(0) = X;(0), and hence, 4;(0) =0 for i € Z;.

The formulation is completed with two ordinary differential equations
(3.12) s'(t) = ¥r(1,t) and vy (t) = fa(va(t)) a.e. t € Sp,

where v4(t) := G4(s(t),t) for t € St, for which we take

(3.13) s(0) = s¢ > 0, v4(0) = dyp.

2. Function spaces. Weak formulation

The definition and properties of the function spaces used here can be found in [19],
e.g. For each i € Z7; UZ,, we denote H; := L*(a,b) and set [a,b] := [0,1] for i € I
and [a,b] := [1,2] for i € Zy. Moreover, H := [[;c7 7, Hi and V:=[[,c7 o7, Vi
where V; are the Sobolev spaces V; := {u € H'(a,b) : u;(a) = 0},i € Z; and
V; := H'(a,b),i € Zo. In addition, |- | := || - ||z2(ap) and || - || :== || - ||z (ap)-
If (X, :i€Z)is asequence of given sets X;, then XT1VZ2| denotes the product
HieLuIz Xz = X1 X XQ X X3 X X5 X Xﬁ.

Let ¢ := (1,92, 93,95, 96)" € V be an arbitrary test function and take t € S.
The weak formulation of (3.3)—(3.13) reads as follows:

1 1
a(s,u, ) == 3 Z(Diui,y,%,y) 1, Z(Diui,vai,y)a
i€y 1€Lo
br(u,s,0) = s > _(fi(w), @) + (L —s) Y (fi(w), ),
(3.14) icT, i€,
6(3'7%@) = Z gi(svsl7u(1))¢i(l)v
1€Z1 ULy
sy, @) = 8" Y (ytiy, 01) +5 > (2= Yty 0i),
i€ i€T,

for any u € V and A € Wh2(S7)71Y%2l, The term a(-) incorporates the diffusive
part of the model, b;(-) comprises volume productions, e(-) sums up reaction terms
acting on I'(t) and h(-) is a non-local term due to fixing the domain. The interface
terms g;(i € Z; UZy) are given by

=5 (t)
(3.15) gg(s,s’,u; =nr(1,t) — ' (Hus(1), gs5(s,s,u) :=nr(1,1),
0

whereas the volume terms f; (i € Z7) are defined as

fi(u) == P1(Qruz — w1), fa(@) == +7r(s(t), 1),
(3.16) fa(u) := =P (Qouz — u1), fs(u) =0,
fa(u) == 53, diss(Us,eq — U3), fo(uw) :==0
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The initial and boundary data as well as the model parameters are assumed to
satisfy the following set of restrictions:

(3.17) A€ Wh2(Sp)lhVTal, At) >0 ae. teSp,
(3.18) u3.eq € L°(ST), Uz,eq(t) >0 ae. teSp,
(3.19) ug € L=(a,b)FV22l uo(y) + A(0) >0 a.e. y € [a,b],
(3.20) G40 € L*(0, s0), Gy(x,0) >0 ae. z € [0, sgl,
(3.21) sg > 0, Ly < L < +0o0, so < Lo,
(3.22) min{Ss giss, P1, @1, P2, Q2, De(¢ € Ty UZy)} > 0.
We denote
(3.23) mg := min{sg, L — Lo}, My := max{Ly, L — s0}.
Set
(3.24) K= T] [0kl

i€T1UT,

and, for fixed A € My, we take

(3.25) My = max{7r(a, A)}.
In (3.24), we set
(3.26) _
k; == max{uio(y) + )\l(t),)\z(t) NS [a,b], te ST}, 1=1,2,3,6,
ky := max{dao(x) + M, T : x € [0,s(t)], t € St},
ks = max{uso(y) + As5(t), \6(t), K :y € [a,b], t € Sp},
k‘ﬁ = ]{15,
where
Lo L
2 =—|( M, — 1].
(327 = vtz (M 5Pk +1)

Definition 3.1 (Local Weak Solution; cf. [10, 13]). We call the triple (u, v4, s)
a local weak solution to the problem (3.3)—(3.13) if there is a ¢ €]0,T] with S5 :=
10, 8 such that

(3.28) s0 < 8(6) < Lo,
(3.29) vy € WH(Ss), s € WhH(Ss),
(3.30) uw e Wi (Ss; V,H) N [Ss — L>®(a,b)] V7!

For all ¢ € V and a.e. t € S5 we have

$ 3 (uin(t),00) + (L —5) Y (uig(t), 1) + a(s,u,9) + e(s', u+ A, )
1€y i€Zo
= bp(u+ X s,0) +h(s uy,0) =5 > (Nist), i) = (L—9) Y (Nialt), 00),
€Ty €Ty
s'(t) = nr(l,t), vy(t) = fa(va(t)) ace. t € Ss,
U(O) =up € ]HL 5(0) = S0, U4(0) = ’lAL40.
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3.3. Assumptions of the model parameters and constitutive reaction-
rate law
The only assumptions that are needed are the following:
(A) Fix A € My. Let iip(a,A) > 0, if 43 > 0 and @g > 0, and 7p(a,A) = 0,
otherwise. For any fixed #; € R, 7r is bounded.

(B) The reaction rate 7 : R6 x My — R is locally Lipschitz. This restricts
the choice of p and ¢ in (2.11).

(C1) 1> kg > maxg, {|us,eq(t)] : t € Sr}; Ds — My L > 0;
(CQ) PlQle S Plkl; Ple é PQQQkQ.
Remark 3.2.

(i) We refer to reader to [10] to see a possible physical interpretation of the
restrictions (A)—(C).

(ii) For our convenience, we define the constants K1 = K3 := 0, and K> and
K, via (3.44) and (5.5), respectively.

By (A) and (B), we deduce that nr(0,A) = 0 for all A € M. For all 4 € R®
there is an e-neighborhood U.(u) and a positive constant C,, = Cy (A, A, €, Thn)
such that the inequality

(3.31) i (a(s(t),t), A) < Cpla(s(t), )]

holds for all t € St. (3.31) can be reformulated as

(3.32) nr(1,t) < Cylu(l,t)| forall ¢t e Sr.

Note also that there exists a function ¢4 = ¢4(C)) such that

(3.33) le(s, u(1), e())] < eolu(Dlp(1)]  for all o€V
and a constant ¢y = c¢(Cy, K1) > 0 such that

(3.34)  |bs(u,5,9)| < cf (Jugeql + [ul* + ¢|*) forall p €V,

where K; > 0 is a constant depending on the material parameters entering f;
(t€1),ie P, Py, Q1, Q2, and S5 ;5. The exact structure of ¢g4, ¢y and K is
dictated by the definition of the production terms f; and g; (i € 7), see (3.16) and

(3.15). Since ¥r(1,t) has essentially the same structure as nr(1,t), it also satisfies
(A) and (B).

3.4. Known results

In this section, we list a couple of known results (see [10, 13]) which will be
extensively used in section 5.

Lemma 3.3 (Some Basic Estimates). Let ¢ > 0, £ > 0, § € [$,1] and
ERS W“(S(;).

(i) There exists the constant ¢ = ¢(0) > 0 such that
(3.35) fuiloe < efuil = flui] |7

for all u; € V;, where i € Ty UZs.
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(ii) It holds
(3.36) 'O il |* < €]l | + ceus]

for all u; € V;, where i € Ty UZs.
(iii) Let ¢ € V with ¢ = (p1,...,p6)", t € Ss, ¢ as in (1), and &, c¢ as in (ii).
Then, fori € Iy and j € Iy, we have the following inequalities:

28 s ) = 5 n1 — oy < PO i
(o) (0 ) 0 o
0 1P OF < el Ssz(t) 11+ ceem xs(6) 1 |/ ()] 7 il

(D)2 )
Pl < gl < AP o0 (s gl
< g lledl + et ls() 5
. 2 P 20-1
L < Sl + ccer 1] T ol
/() L) L Is0)

T s() (2= 9)pjyp)) = §L78(t)|<pj( )[? §L7$(t)|sﬂjl2-

Theorem 3.4 (Positivity and L>°-Estimates). Let the triple (u,vq,8) as in
Definition 3.1 satisfy the assumptions (A)—(C2). Then the following statements
hold:

(i) (Positivity) u(t) + A(t) >0 in 'V for allt € Ss.

(i) (L*>°-estimates) Let ¢ € Iy Uy be arbitrarily fived. There exists a constant
ke > 0 (see (3.26)) such that ue(t) + Ae(t) < k¢ in Vy (¢ € T — {4,5}) for
allt € Ss. In addition, there exists a constant ks > 0 such that us(t) < ksy
a.e. y € [0,1] and allt € Ss.

(iii) (Localization of the interface)
so < s(t) < so+ 0M,y,. for allt € S5, where M, is given in (3.26).
(iv) (Positivity and boundedness of vy at I'(t))
0 < tgo < v4(t) < tao + IM,y,. for allt € Ss.
Lemma 3.5 (Energy Estimates). Assume that (A)—(C2) hold and let the triple

(u,v4,8) be as in Definition 3.1. The following statements hold a.e. in Ss:

(337) ) + X0 < ae ( [ tﬁ(r)dr> ;
(3.38) lult) + MO < alt / B(s)a(s) exp (/tﬁ(f)d7> ds;

(3.39) /||u )+ A()|Pdr < da(t eXp(/ﬁ )
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where

R . soDi (L — Lo)D;
(3.40) dp := min {?6111111 L2mg’ i1, (L — s0)?*mq

The factors a(t), a(t) and B(t) are given by
(s'(1))* | (L= s(t))* K

} , mo as in (3.23).

.41 =
(341) alt) = = RS

9 t
(3.42) aft) := |p(0)]* + 7/ a(t)dr,

mo 0

LG D; S\ 1
(3.43) Bt) == l 5 T Ko (2 T T 2 o
whereas
LP

(344) K2 =1 + (SS,diss|u3,eq‘oo)2 + ;Ql + 0564'
Furthermore, we have
(3.45) u € L*(Ss,V),u € L*(S5,V*),u € O(Ss, H).

Theorem 3.6 (Local Existence and Uniqueness). Assume the hypotheses
(A)—(C2) and let the conditions (3.17)—(3.2) be satisfied. Then the following as-

sertions hold:

(a) There exists a § €]0,T[ such that the problem (3.3)—(3.13) admits a unique
local solution on Ss in the sense of Definition 3.1;

(b) 0 <w;(y,t)+Ni(t) <k; ae. y€la,b](i €Iy UL) forallt € S5. Moreover,
0 < Gy(z,t) < k4 ae. x€0,s(t)] forallt € Ss;

(c) vg,s € WHo(Sy).

4. MAIN RESULT

Select i € {1,2} and let (u(®, ’Uii), s;) be two weak solutions on Ss in the sense of
Definition 3.1. They correspond to the sets of data

D, = (uéi), PRR=IVN T(i)’A(i))t,
where uéi), XD =20 Y@ and A denote the respective initial data, boundary
data, and the model parameters describing diffusion, dissolution mechanisms and
carbonation reaction, respectively.

In this context, we have Z() := (Déi) (L eIy UTIy), P,Ei)(k € {1,2}),@;?(]6 €
{1,2}), S:gfzhss)t C Mz and YO = ( :(;)eq) C My, i € {1,2}. Here Mz and My are
compact subsets of RY and L?(Sy).

Set Au = u® — oM Ay, = vf) — v£1)7 As = 59 — 81, A := A@ — \(1),
Aug := u(()g) - u(()l), AZ:=2@) =20 AT :=7T@ 1O AA:=A® —AD and
Anr = 771(12) — 771(‘1) = 771(3)(11(2), A2 — ﬁlgl)(ﬁ(l), AM). The Lipschitz condition of
nr reads: There exists a constant ¢;, = ¢, (D1, D) > 0 such that the inequality
|Anr| < e (JAul + |AAJ) holds locally pointwise, see (B).
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Having these notations available, we can state now the main result of the paper.

Theorem 4.1. Let (u(i),vf),si)(i € {1,2}) be two local weak solutions on Ss
in the sense of Definition 3.1 satisfying the assumptions of Theorem 3.6. Let
(u(()z),)\(i),A(i)) be the vector of initial, boundary and reaction data. Then the
function H x W2(S5)11VT2l x Mz x My x My — Wi(Ss, V,H) x W4(S5)2,
which maps (ug, \,Z, T, A\t into (u,v4,s)t, is Lipschitz in the following sense:
There exists a constant ¢ = ¢(6, o, Uao, L, ki, cp,0) > 0 (i € Iy UZy) such that

HAUH%/;(S&V,H)mLoe(55,1};1) + HAM”%VM(SJ)an(sa) + HASH%VlA(sé)me(s&)
2 2
(4.1) sc (”Auo||HﬂL°°([a,b]\11UI2\) + ||A>\||(W1’2(S5)0L°°(S5))‘11U12‘)

=2 2 2
+c (Wﬁxmq + AT pnree(ss) + II]\l/[EZX|AA| > .

We prove Theorem 4.1 in Section 5. A direct consequence of this result is the
stability of the moving boundary as stated in the next result.

Corollary 4.2 (Stability of the Interface). Assume that the hypotheses of The-
orem 4.1 are satisfied. Then the function H x W12(S5)T1Vl x Mz x My —
Wh4(Ss), which maps the data (ug, \,Z,Y,A)! into the position of the interface
s, is Lipschitz in the following sense: There exists a constant ¢ = ¢(9, g, Ga0, L,
ki, cr, 8) > 0 such that

”AS”%/VlA(S(;)ﬂLOC(S(;) <c (HAUO||]§IQLOO([Q7[)]‘11UZ2‘)+||AA”?WL‘Z(S(;)QLOO(S(;))‘11UI2‘)
=2 2 2
(4.2) + c (njlwzzx|Au| + [[AT|[drpnreess) nj\lﬂx|AA| ) .

Putting together the statements of Theorem 4.1 with those of [13, Theorem 3.3
and Theorem 3.4], the well-posedness of the moving boundary system described
in Section 1 is shown.

5. PROOF OF THEOREM 4.1

Let (u(®, vy), s:)(i € {1,2}) be two weak solutions on Ss (in the sense of Definition
3.1), which satisfy the assumptions of Theorem 3.6. We want to show that the
function H x W12(S5) P92l x Mz x My x My — W4 (Ss, V,H) x W4(S5)? that
maps (ug, A\, =, T, A)* into (u,wvs, s)! is Lipschitz continuous in the sense of (4.1).
By (3.2), the positions s;(t), i = 1,2 of the interfaces I';(t) (i € {1,2}) satisfy the
geometrical restriction

0 < 840 := 51(0) < Si(t) < Ly < L forice {1,2} and t € Ss.

Denoting sg := max{s1g, S20 } and Lo := min{ Lo, L2}, the common space domain
traveled by the interfaces I';(¢) is  :=|sg, Lo[. Within this frame we only discuss
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the case s < Lg. Set

(5.1) L. := min{min{s;(t), L — s;(t)} : i = 1,2},
teSs
(5.2) Do :=min{D\" : j € T, UTy,i € {1,2}} > 0.

We subtract the weak formulation (3.31) for the solution (u(l),vf), s1) from the
weak formulation written in terms of (u(®, vf), s3). Choosing w = (u® —uM)t +
MA@ — XY eV (ie. w; = u(2) (,1) + /\5.2) — )\5-1) € Vj for each j € T; UZy) as
test function, we obtain

5 30 5 SO +(L—s) Y ;jt\wx )"

i€l €1z

5
Z o ’wan T WD w2 < S,
/=1

1611 2€I2

where the terms J; (£ € {1,...,5}) are defined by
1:=As Z(ug}t)’wi) —As Z( Et)vwz)

i€l 1€ZLo
As ), (1) As (1),,()
Jo = (D; g ) wiy) — (Di g s wiy)
5189 Z,EXI: WY (L= s1) (L — s2) Zé v
IADI <1) IAD\ M
S ) + 222 S0
1€T, i€l

5= [pm P )~ P QP 2 )

o [P ol ) - PO(@E 1 )]

2 2 2 1 1
(L= 52) 85000 (uS) —uS? ) — (L — 51) S8 0, (uS ), —ul!) ws)

(5:4) Ju= [+ spul® ()] wn () =shus” (s (1)
[0 = spul? (1) (1) = s (1)
= [+ sl () wi (1) + shul” (ws (1)

- [ - slué”u)} 3(1) + né”w5<1>

+—ZD2)| ZD”M

z€I1 161'2

2
Ts = sh 3 (gul®) ;) + s) Z«z - y>u§,g,wz->

1€ i€Zo

_S Z zy7 _SIZ 2_ zy7 )

i€y 1€Zo
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To simplify the writing of the estimates, we employ the constant K4, which is
given by

2 . . L
Ky = 14 cecg (¢k) ™7 + k> + E*¢* + 2c¢k” + max {1, 2}

. 2 2
(5.5) tee+ ()T b Y (DE”) + [(kl + kg)Pf”Q?)}
1€T1 ULy

2
+(LQP ) + (P k) +2 (PPQP)

Note that K4 is finite and depends on k; (¢ € IT; UZy), c, ¢, cg, 0, and 4. To
estimate the above terms |Jo| (¢ € {1,...,5}) we use all of the estimates that
we have already possed, that is positivity, maximum, and energy estimates. We
obtain

Asl? wl?
ol < Bl e e
‘J‘<2§Z ||wzH +2§Z \wz||
€Ty 161'2
2 (L—s1)? 1

+ Ky

52 2 L—s; ? (1)
22 -2 2IAD|?
(2) +<L_&>]lel
3 L
(5-7) sl < S1As] + 5 (1ASsaiss|* + [tz eql %) + AP +[AQI” + Kaluw]*.

Since M,,. < oo, then there exists a constant ¢ € R’} such that
L—-L
(5.8) &> 1430, + 4k + k3 +2My + - 0 0;;" 3 D.
1€Z1 ULy

Using (5.8), we obtain

3 i
[Jal < [AAP + S| As] + efw(1)]?

< |AA|2 *|A8‘2 ~A2 29 Z ||w1H 7;|2(1—9)

i€ZLy
+ ééQ(L _ 82>29 Z ||wZH | |2(1—9)
(5.9) (L= 52)29
€L
cey ey ol s jane s S
€1, zeZQ

20
+K{@9+«L—@> }m?
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Furthermore, it holds
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Js = h(sh,ul}),w) — h(s), ul}), w)
_ 52 u? W 31
B Z U y’ Z z y’
z€I1 2611
! !
2 (2) 2 (2)
=) T2 S0 (2=l w) - (= s) 2 S (2 - )l )
1€Zo 1€ZLo
= J51 + Jso.
Using again Lemma 3.3, we establish upper bounds for these terms in the following
fashion:
s < 12 Y gl + 2 (2 -2 ) 1S ol
52 z€I1 i€y
J52<L Z| (2 = y)wi y, w;)|
zEIz
sh
+L\( R r | DL R RS
L= 52 — 81 i€Zy
It holds ) \A |
S 1
—|J51|<—Z|ywly,wz 3 lwuly, w)
(5.10) zezl eh
a |A8| 3 lul),w

i€Zq

Firstly, we see that

82 Z|yw1y,wz |<€Z H

lEI] 1€Tq

Furthermore, for each i € Z; we use the relation |(yu; .

1

/ -0 20-—1

52 =
2 2

&)

wy)| < Jud? (Lwi(1)] +

|(yw y, 51))\ + |(u (1), w;)| to split the last two sums in (5.10) as follows:

/ -0 20-1
2 —
“(3) =

€Ty i€y
—&-I—i—II+HI+IV—|—V—|—VI7
where
IASI 1) [Jwi|®
I:= S ul? (w1 |<Z|A’|1 & Jw;|'~?
i€l €7, 2
— (1 2 élg' m
< oA P+ tee Y0 I o T 5
i€l i€l

(with k > 2 max k;

(i€ 1)),
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As’ Wi
_| ‘Z| 7y,2 |<Z” Hk“A/|
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11
i€y €Ty
7.2 12 szH
< 2R?|AS P 6
€Ty 2
A k2
11 ;:' s‘ St w)| < 2|A8 |2+ w2,
1€Tq ZEIl
sh
V.= 21
) 3 (1
€Ty
2 szHQ 2
<agasf e I L ()T S
€Ty 2 2 €Ty
2
_ S 2 2 51 ||wzH
Vi Q\As@\yww D)) < 2| () rey I
€Ty €Ty
sh
VI:=—"L|A )| < 2|As|? +
S jas] Y Jf o) < 208 + 2
€T, i€Zq
These inequalities yield an upper bound on |J51|. It holds
2
w; s
Ll < €3+ 200 3 120 4 g2 201+ 6+ 1 ()
1€y 2 51
(5.11) +2|AS'|2(1+ €+ Ky)
1 S/ 2 2
+ K, |:2+(21)2 +( :|Z|w1|2
52 5152 i€y
Using the inequality
1 1 1 .
(2 = y)uly, )] < [uP Wwi(D)] + (2 = pwiy, i) + [, w), i€,
we find that
1 [[wi|?
- < 2¢= el
L|J52| < EB+ 2 Z (L — s9)2
i€Zs
_ s’ 2
+ |As|? 1+§+K4<L_18>
(5.12) !
1 (s1)?

+ |ASP(1+ €+ Ka) + Ky {(L_ PP + L2l

(s5)? (s1 >
+ 4 +(L—81 —82 :|Z’UJ7

1€Ls
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By (5.11) and (5.12), it yields
(5.13)

|J5] < EL(3+2ce) > +EL(B+2¢8) Y

i, 2 i€Ts

1 K, (2 K
314+&+ 4(51) —+ 4<L—51>

+3L(1 + &+ Ky)|As')?
1?2 (s 1
LR {@2)2 M P L R PR TT PN g
(s4)? (5)° ()1 o
L _s)2(L _s)2 4 +(L—sl)4(L—32)2]| I~

[l ]|
(L — 82)2

[Jwi|?

+L |As|?

+

Simple algebraic manipulations show that we can bound the sum 23:1 |Je| by

w; |12 |12

ieT, 2 i€,

s2)° L—s5\" (1)

22 Z o2 2IA D2

(2) + (=2 ]nul 2AD)

|wye]? L. (12

2 % (L—Sl)z ”ul H
/ 2
51

LK, () +LK4( )
S1

+wl2[1+K4< ()+s;8 + (L — s9)7 e)}

+ K4|AA]? + Ky

(5.14) 4 |As? [

+ |AS'[P3L(1 + € + Ky)

where the expression of y2(t) is given by

1 s1)? s5)2 sh)4 1
(5.15) el = [(32)2 " (51()21()32)2 * : 421) (81()41()82)2 + (L — s2)2
+ G N ) S C

(L — 81)2(.[/ — 82)2 4 (L — 81)4(L — 82)2

We select € > 0 and & > 0 such that the first two sums in (5.14) can be neglected
when they are compared with the diffusive part from the left-hand side of (5.3).
On this way, we obtain 2% — (£, &) > 0, where ¥(£,€) := £(3 + 3L + 2¢¢), and
also

510 l@F + (T - 06O Il < o)+ s,
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where the expressions of a(t) and b(t) (¢t € Ss) are given by
a(t) = K4|AA|2 + K4|A£|2 + au(t)\As|2 + alg(t)‘AS/F + ald(t)|ADZ|2

1 28 20
b(t) = 5 + Ky XQ(t) + S9 + (L — 82) -0 ],

We do not need here to list the exact expressions of a1 (¢) (k € {1,2,3}). They can
be easily obtained when comparing the right-hand side of (5.16) to the estimate
on 22:1 |Je|. Here, we only need to know that f56 a1 (7)dr < o0 (k € {1,2,3}).
The latter inequality follows via the energy estimates. Additionally, we note that
for any ty € S5 we have

la11 ()| As(t)]* + a2 ()| As'(1)]* < ana ()t — tO)/t | An(T)[dr + a1z (t)| An(t) .

Now, denoting by a(t) the sum
a(t) := K4 AN + K4 AZ? + a13(t)|ADJ?,
we re-write (5.16) in the form
¢
50 OF + (5~ 0069 Il < a0+ an(0d [ 1An(r)Par
(5.17) + ana ()| An(t)[* + b(#) lw(t)]*.
Let the functions «, 8 : S5 — Ry be defined by

at) == 2/0 a(t)dr and B(t) := 2b(t).
Here .
a(t) = a(t) + au(t)5/0 |An(T)[PdT + a1z (t)| An(t) .

Note that « is strictly increasing on Ss. By (5.16) or (5.17), and Gronwall’s
inequality, we infer that

(5.18) lw(®)]* < (Jw(0)|* + a(t)) exp (/0 ﬁ(r)dr) a.e. t € Ss.

Owing to (5.16) and (5.18), and reasoning in the standard way (see, e.g. the proof
of Claim 3.3.27 in [10]), we derive the desired upper bound on f55 |lw(7)||*d7. The
conclusion of the Theorem follows in a straightforward manner.
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