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LIFTING MAPPINGS OVER INVARIANTS
OF FINITE GROUPS

A. KRIEGL, M. LOSIK, P. W. MICHOR aND A. RAINER

ABSTRACT. We characterize those regular, holomorphic or formal maps into the orbit space V/G of a
complex representation of a finite group G which admit a regular, holomorphic or formal lift to the
representation space V. In particular, the case of complex reflection groups is investigated.

1. INTRODUCTION

The problem of lifting of morphisms to the orbit space for real or complex representations of compact
Lie groups was studied in several papers.

The existence of lifts of smooth diffeomorphisms of orbit spaces for a real representation of a
compact Lie group G in a real vector space V was investigated in [2], [12], and [6]. The condition
for the existence of lifts of smooth and analytic curves in orbit spaces for real representations of
compact Lie groups was found in [1]. Note that in the real case the orbit space V/G has a natural
structure of a real semialgebraic subset of some space R™ and its stratification coincides with the
isotropy type stratification of V/G. This stratification plays the main role in the results mentioned
above.
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In the complex case the lifting problem is more complicated and only the case of a representation
of a finite group G in a complex vector space V was studied. In this case the orbit space Z = V/G
coincides with the categorical quotient V /G which is a normal affine variety. Therefore the orbit
space Z has the natural structure of a complex analytic set and there are several types of morphisms
into V/JG, like regular, rational or holomorphic. To formulate the condition of lifting one needs to
use the isotropy type (Luna) stratification of the orbit space V/G which is finer than its stratification
as affine variety. The conditions of lifting for holomorphic automorphisms of orbit spaces were found
for the Weyl groups in [9] and for any finite groups in [4]. In [7] it was proved that each holomorphic
lift of a regular automorphism of the orbit space is regular.

In this paper we consider the conditions for lifts of germs of holomorphic morphisms at 0 from
CP? to Z, for lifts of regular maps from C? to Z, and for lifts of formal morphisms from CP to Z, i.e.,
the morphisms of the C-algebra C[Z] to the ring of formal power series C[[X7, ..., X,]] in variables
X1,...,X,. These conditions are formulated with the use of the spaces J§(C?, Z) and J§°(CP, Z)
of jets at 0 € CP of orders g and oo, respectively. In particular, we consider these conditions in
the case when G is a finite group generated by complex reflections. Finally, we calculate the above
conditions for some simple cases.

Algebraically, the above problems of lifting could be reformulated as partial cases of the general
problem of extension of morphisms in the category of C-alge- bras from a subalgebra to the whole
algebra.

Note that, by Lefschetz’s principle (see, for example, [14]), all conditions of lifting which are
formulated in algebraic terms are valid for any field of characteristic zero.

In Section 2 we formulate the types of lifting problems which are solved in the paper and introduce
the tools we need for this: Luna’s stratification and the jet spaces for affine varieties, in particular,
for a G-module V' and for the orbit space Z = V/G.
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In Section 3 we define the functions f(Al, ..., Ag) and ‘E(Al, ..., Ag), which are used in the
conditions of lifting for holomorphic, regular, and formal lifts and study their properties.

In Section 4 we obtain sufficient conditions for the existence of local and global holomorphic lifts
and regular lifts.

In Section 5 we obtain a sufficient condition for the existence of formal lifts.

In Section 6 we consider the above sufficient conditions for lifting for complex reflection groups
and calculate some of these conditions for a reflection group in C and for the dihedral groups.

2. PRELIMINARIES

2.1. Luna stratification of orbit spaces. Let V be an n-dimensional complex vector space, G a

finite subgroup of GL(V), and C[V]¥ the algebra of G-invariant polynomials on V.

The following facts are well known (see, for example [11]). Denote by Z the categorical quotient
V|G, i.e., the normal affine algebraic variety with the coordinate ring C[V]“. Since the group G
is finite, the categorical quotient V//G is the geometric one, i.e., V/G is the orbit space V/G. Let
m=my : V — Z be the quotient projection. The affine algebraic variety Z has the natural structure
of a complex analytic space: Let o1,...,0,, be the minimal system of homogeneous generators of
the algebra C[V]“ and let o : V — o(V) € C™ be the corresponding morphism. Then o (V) is
an irreducible Zariski-closed subset of C™ which is isomorphic to the affine variety Z. For this
presentation of Z the morphism o : V' — (V') coincides with the projection .

In the sequel we assume that the minimal system of homogeneous generators o1, ..., o, is fixed
and they are called the basic generators.

Let K be a subgroup of G. We denote by V(x) the set of points of V' whose isotropy groups

are conjugate to K. By definition, Vi) C Uyea V59" where VE is the subspace of V of fixed
points of the action of K on V. Put Zk) := m(V(x)). It is known that {Zk) : K < G} is a finite
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stratification of Z into locally closed irreducible smooth algebraic subvarieties. This is the simplest
case of a Luna stratification, see [8]. Put Vj := V(g for K = {id} and Z, := 7 (V).

Denote by Z; the union of the strata of codimension greater than ¢ and put Z<; := Z \ Zs,.
Then Z; is a Zariski-closed subset of Z and Zy = Z<og = Z \ Z¢ is a stratum of Z called the
principal stratum. Points in Zy and in Vj are called regular points. The following proposition is
evident.

Proposition. Zy is a Zariski-open smooth subvariety of Z and the restriction of ™ to Vj is an
€tale morphism onto Zy.

2.2. Polarizations. Let a be a homogeneous G-invariant polynomial of degree d on V and let o®
V¢ — C be the corresponding symmetric d-linear form on V. For vq,...,v; € V we have
a(tivy + -+ tevr) = o (t1vr + - - + tgVk, .., 1o + -+ ERUk)

Z tn“ iq (’Uil,...,vid)
1,

ot

= Z t t Qg 77‘k<vla--'7’l}]€)7

ri+-+re=d
where
d!
Oy (V15 ) 1= S Q U1y ey ULy e ey Uy e v ey Vk)
ril.oorg! ——— N
r1 times 7T times
and tq,...,t, are variables.

The polynomials o, .. are the usual polarizations of a on V*.

Tk

2.3. Invariant coordinates on V. For each regular point zy € Zy there is a system of regular
functions z1,...,2, on Z such that each y; := z; o ™ equals one of the generators o; and the
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functions z; — z;(z9) are local parameters at zg. Then the y; are local coordinates on V in a
neighborhood of each point v € 771(2g). By definition, the functions y; are G-invariant. These
coordinates y; are called invariant coordinates on V.

Since we fixed the basic generators oi,...,0,,, there are only finitely many choices of such
invariant coordinates on V.
Let e¢; (i = 1,...,n) be a basis of V' and w; the corresponding coordinates on V. Denote by

J € C[V] the Jacobian det (33? ) It is clear that J is a homogeneous polynomial.

Proposition. For each integer k > 0 there is a G-invariant polynomial Ay, € C[V]® of minimal
degree such that J* divides Ay and the sets of zeros of J and Ay coincide. The polynomial Ay is
unique up to a nonzero factor ¢ € C.

Proof. Let J = f{"* ... fI'* be a decomposition of J into the product of linearly independent
irreducible polynomials f; € C[V]. Consider the principal effective divisor (J) = nq1(f1)+:--+ns(fs)
of the polynomial J on V. Since for each g € G we have Jog = det(g;i).J7 where (g;) is the matrix
of g in the basis e;, the divisor (J) is G-invariant. Then each g € G permutes the prime divisors
(fp) (p=1,...,s). This implies that, if g(f,) = (f;), the coefficients n,, and n, of the divisor (J)
are equal. Let {my, ..., m;} be the set of distinct coefficients of the divisor (J) and let, for each m,
@, be the product of distinct factors f, of J having the same power m,, in the above decomposition
of J. Then we have J = ngl @ . By the above arguments, for each a = 1,. .., the divisor ()
of the polynomial @, is G-invariant.

Since the group G is finite, for each o = 1,...,[ there is a minimal integer p, > 0 such that the
polynomial @2~ is G-invariant. For o = 1,..., let kmy = SoPa + 7o, Where s, and r, are unique

la:l PsaPatTa Tet p, be the
least common multiple of r, and p,. Then Ay = Hla:1 PaPatha js a G-invariant polynomial of
minimal degree such that the sets of zeros of J and Ay, coincide and J* divides Ay.

nonnegative integers such that 0 < 7, < p,. Then we have J* =[]
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By the above formula for J*, for each G-invariant polynomial P such that the sets of zeros of J
and P coincide and J* divides P, A}, divides P. a

We denote by ﬁk the regular function on Z such that Ek om = Ag. By definition, we have
ﬁk(zo) # 0 for each k. Conversely, let y; be invariant coordinates on V', let z; be the corresponding
regular functions on Z, and for some positive integer k let Ek be the corresponding regular function
on Z. If, for a point z € Z, we have &k(z) # 0, then z € Z,.

Later, for the sake of simplicity, we put A := A; and A=A

Denote by V(A) the set of zeros of A. Thus Z+ is the intersection of the Zariski-closed subsets
V(Z) obtained from all choices of invariant coordinates constructed from the basic generators of

C[V]C. The similar statement is true for V '\ Vy if we replace A by A.

2.4. Jet spaces. Now, for an affine variety X, we will define the space J{(CP?, X) of g-jets at 0 of

morphisms from CP to X. It is similar to the corresponding notion of jet spaces for affine schemes
of finite type over C in the case p =1 (see, for example, [10] and [5]).

We will consider now the category of C-algebras.

Let C[X7,...,X,] be the C-algebra of polynomials in variables X7, ..., X, with complex coef-
ficients and let m,, be the ideal of C[Xy, ..., X,]| generated by the Xy,..., X,. Put m? := (m,)?.
Then

38 = C[Xy,..., X,]/mit?

is the truncated ring of polynomials, the model jet algebra. In particular, 32 =C[Xy,..., Xp)/m, =
C.

Let A = (ay,...,as) for ay,...,as € {1,...,p} be a (unordered) multi-index of order |A| := s.
In particular, for s = 0 we put A := (. Denote by 2, , the set of multi-indices A of orders
< ¢. By definition, each P € J7 can be written as P = ZAtepqu X4, where py € C and
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X4 = Xq, ... X,,. The natural bijection P — (pa)aca, , between J% and C¥».4 is an isomorphism
of vector spaces and defines a structure of affine space on Ji. For ¢ < r, consider the natural
morphism p. 4 : 3; — Sg.

For an affine variety X over C, the set of JZ-valued points of X, i.e., morphisms from the
coordinate ring C[X] of X to the ring J7, is called the space of g-jets of morphisms from CP to X at
0 € C? and is denoted by J¢(CP, X). In particular, we have J§(CP, X) = X and J}(CP,X) =TX,
the total tangent bundle of X.

It is evident that each polynomial function on J7 defines a function on JE(CP, X)) and these
functions generate a ring of C-valued functions on JJ(CP, X). It is clear that this ring is a finitely
generated C-algebra. Then JJ(CP, X) supplied with this ring has a structure of an affine variety
(not necessarily irreducible). For two affine varieties X; and X5 and for a morphism ¢ : X7 — X,
we have the natural morphism J¢(CP,¢) : JJ(CP, X1) — JI(CP, X5) of affine varieties. Thus one
can consider JJ(CP, ) as a covariant functor from the category of affine varieties to itself.

For each h € J{(CP,X) there is a unique point € X such that the corresponding maximal
ideal m, coincides with the kernel of the composition pgo o h. Then the morphism h can be
extended uniquely to a morphism from O, to J} vanishing on md*! and hence induces a morphism
heg : Oy /mitt — J3 which, in turn, determines the initial morphism / uniquely. Therefore one
can view J§ (C?, X) as the set of morphisms from the local rings O, /mg*! to J¢ for all z € X.

CX] ———=13
A
h e
l 27 Thay
e - |
mat1c O, Oz/mg+l
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Assume that X is presented as a Zariski-closed subset of C™ defined by an ideal (@4, ..., P, ) of the
ring C[Wy, ..., W,,] of polynomials with complex coefficients in variables W7y, ..., W,,.

A morphism h : C[X] — J% is defined by a morphism A’ : C[W1, ..., Wy,] — 3% with h'(®;) =0
for I =1,...,r. It is determined by h'(W;) = ZAtep,q WiaXa, wherei=1,...,m and W; 4 € C.
The condition »'($;) = 0 is equivalent to the vanishing of all the coefficients of the variables X 4 in
h(®;). Thus the map J{(CP, X) — (C™)*».a given by h — (Wi, a)i=1,....m, Acs1,,, induces a bijective
correspondence between J{(CP,X) and the Zariski-closed subset of (C™)%» defined by 7|21, ,|
many polynomial equations, where |2, ,| denotes the cardinality of the set %, ;. By definition, this
correspondence is an isomorphism of affine varieties.

The homomorphism p; 4 induces the morphism

Px,rq: JG(CP, X) — JU(CP, X).

In particular, we have the morphism px 40 : J§(CP, X) — X.

The projective limit J§°(CP, X) = thJg((CP,X) is called the space of co-jets at 0 € CP of
morphisms from CP to X or the space of formal morphisms from CP to X. By the definition of a
projective limit we have natural projections px oc,q : J5°(CP, X) — JJ(CP,X). By definition, one
can consider a point of J§°(CP, X) either as a morphism C[X] — C[[X4,...,X,]] or as a morphism
from the completion O, of the local ring O, for some z € X to Cl[X1,..., X))

In particular, for the above presentation of X as a Zariski-closed subset of C™, each h €
J§°(CP, X) is uniquely defined by a morphism 2’ : C[Wh, ..., W,,] — C[[Xq,..., X,]] with 2/ (®;) =0
for | = 1,...,7. It is defined by A'(W;) = h;, € C[[X4,...,X}]], where &;(h;) = 0 for each
l=1,...,r.

Consider X as a complex analytic set and let h : C?,0 — X be a germ of a holomorphic map
at 0 € CP. Denote by §cr,0 and Fx , the rings of germs of holomorphic functions on C? at 0 and
on X at x respectively. We may identify the ring Fcr o with a subring of the ring C[[X7, ..., X,]].
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Consider the morphism h* : Fx , — §cro0 C C[[X1,...,X,]] induced by h. The restriction of h*
to Ox o, which is denoted by j§° h, belongs to J3°(CP, X) and is called the co-jet of h at 0. Put
Joh = Dx,00,4(36° h) and call jl h the g-jet of h at 0.

Denote by z1,...,z, the standard coordinates in CP. Let A = (aq,...,as) be a multi-index, W
a finite dimensional complex vector space, and F : C?,0 — W a germ of a holomorphic map, i.e.,
F e W ® Fcro. We denote by 04 a linear operator on W ® Fcr o which is equal to the tensor

product of the identical operator on W and the operator % on §cr 0. In particular, we have
w1 OTq,

OpF' = F and we write 0, F' instead of Jq) F.

For the above presentation of X as a Zariski-closed subset in C™ the holomorphic germ h :
CP,0 — X can be given by a holomorphic map F from a neighborhood of 0 € CP to C™ such
that @, 0 F' = 0 for each [ = 1,...,r. Denote by 2, the set of all multi-indices A = (a1,...,as).
By definition, the oo-jet j§° h is uniquely determined by the indexed set (94F(0))aca, of complex
numbers. The complex numbers 04 F(0) satisfy the equations d4(®@; o F)(0) = 0 for A € 2, and
do not depend on the choice of F. Similarly, the g-jet j& F is determined by the indexed set
(0aF(0))acs,, of complex numbers satisfying the equations d(®; o F')(0) = 0 for all A € A, .
The above considerations show that for a smooth point € X our notion of jets coincide with the
usual one.

Note that the jet spaces of holomorphic functions and of regular functions on affine varieties
coincide.

Later we denote by J4 also the linear operator on W ® C[[X3,...,X,]] which is equal to the

tensor product of the identical operator on W and the operator % on C[[Xy,..., X,
ay--O%a,

2.5. Consider a G-module V, the spaces of g-jets Jj(CP,V), and J{(CP,Z), and the sets of formal

morphisms J§°(CP, V) and J§°(CP, Z). The projection 7 : V' — Z induces the morphism Jg (C?, 7) :
J(CP, V) — JI(CP, Z) and the map J§°(CP, ) : J°(CP,V) — J§°(CP, Z).
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The standard action of the group G on C[V] induces an action of G on J§(CP,V) by automor-
phisms of J{(CP,V) as an affine variety and on J§°(CP,V). The inclusion C[V]¢ C C[V], the
morphism J{(CP, ), and the map J§°(CP?, 7) induce the morphism

7. JI(CP,V)/G — JI(CP, Z)
and the map
7 3P (CP, V) /G — J§°(CP, Z).
Denote by J{(CP, Z) the Zariski closure of 7%(JJ(CP,V)/G) in JI(CP, Z).

Proposition. The morphism m : JA(CP, V) /G — JJ(CP,Z) induces a birational morphism of
JE(CP, V) /G to J{(CP, Z).

Proof. The group G acts freely on the open subset p(/’lq)o(Vo) C J4(CP,V). Since all points of
Vo and Zy are smooth, for each v € V; the morphism J(CP, ) induces a bijective map of p‘_/i],o(fu)
onto pg}%o(ﬂ'(v)). Thus the morphism 7¢ maps the Zariski-open subset p(/’lq)o(Vo)/G of J{(CP,V)/G

onto the Zariski-open subset p§71q70(Z0) of J{(CP, Z) bijectively and this implies the statement of
the proposition. O

2.6. Evidently we have the following bijections

J4(CP,V) = Hom(C[V],3%) = Lin(V*,3%) = V @ J,

where V* is the dual vector space for V', Hom means the set of morphisms in the category of C-
algebras, and Lin means the set of linear mappings. So each h € J§(CP,V) = V®(J9) can be written
uniquely as h = EAEle,q ha ® Xa, where hy € V. Similarly, J5°(C?, V) =V ® C[[X4,...,X,]]
and, for h € J§°(CP,V), we have h = EAE% ha® X4, where hy € V.
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Proposition. The space of jets JI(CP,V) is isomorphic to the affine space V¥».a. Moreover,
there are isomorphisms of G-modules

JUCP, V) =V¥ra, and J§°(CP, V)=V
where the G-action on the products is the diagonal one.

Proof. The first statement follows from the definition of the structure of the affine variety on
J§(CP, V). The maps J§(CP, V)3 hi— (ha) s, , and JG°(CP,V) 3 hi— (ha) aeu, give the required
isomorphisms of G-modules. |

Note that for

A=(1,...,1,....p,...,p),
——

N——
r1 times rp times
where r1,...,7, > 0, and for a germ of a holomorphic map F' : C?,0 — V we have h = ji° F =

>4 4704 F(0) ® X4, where Al =r!...rp!. A similar formula is true for the g-jet ji F.

2.7. The problem of lifting. We consider the following problem. Let f : CP — Z be a rational
morphism which is regular on a Zariski-open subset U of CP. A rational morphism F : C? — V
which is regular on U is called a regular lift of f if mo F = f.

y
Ny

Similarly, let U be a connected classically open subset U of CP and let U — Z be a holomorphic
map, i.e., a morphism in the category of complex analytic sets. A holomorphic map F' : U — V is
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called a holomorphic lift of fif moFF = f. If f:CP,x — Z is a germ at x € CP of a holomorphic
map from CP to Z, a germ F : CP,z — V at x of a holomorphic map from CP to V is called a local
liftof fifmoF = f.

Let f € J3°(CP, Z) be a formal morphism. A formal morphism F € J§°(CP, V) is called a formal
lift of f if J§°(CP,w)o F = f.

The aim of this paper is to find conditions for the existence of all these lifts.

A germ f: CP,x — Z at € CP of a holomorphic map from CP to Z is called quasiregular if
f~1(Zy) meets any neighborhood of z.

By 2.3, if a germ [ is quasiregular, there is a choice of invariant coordinates y; such that for the
corresponding A the composition A o f does not vanish identically.

A formal morphism f : C[Z] — C[[X1,..., X}]] from CP to Z is called quasiregular if there is no
stratum S of Z of codimension > 1 such that f factors through a morphism C[S] — C[[X1, ..., X,]],
where S is the closure of S.

We claim that for a quasiregular formal morphism f and for any choice of invariant coordinates
yi, for the corresponding A we have f(A) # 0. By 2.3 the set of zeros of all A obtained from any
choice of invariant coordinates coincides with the Zariski-closed subset Z~ of Z. If our claim is
wrong, by Hilbert’s Nullstellensatz the formal morphism f vanishes on the ideal I(Zs¢) = \/I(Zx0)
of C[Wh,...,W,,] which defines Z~(. Consider the standard presentation of I(Zs¢) as an intersec-
tion of a finite set of prime ideals of C[Z] corresponding to the decomposition of Zs¢ into irreducible
components. Since C[[X7,...,X,]] is an integral domain, f vanishes on at least one of these prime
ideals. But each of these prime ideals defines a component of Z-y and such components are the
closures of strata of Z of codimension > 1. This contradicts our assumption.

Let K be a subgroup of G and let VX be a subspace of V of fixed points of the action of K on
V. Let H = Ng(K) be the normalizer of K in G consisting of all elements of G preserving V¥ and
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let W = H/K be the corresponding quotient group acting naturally on VX. By definition, m(V¥)
is the closure S of a stratum S of Z.

Consider the natural map « : VE /W — n(VE) = §. It is evidently bijective and regular since
the natural map V/W — V/G is regular and 7(VE) = S is a Zariski-closed subset of Z as the
projection 7 is a finite morphism. Then the morphism « is birational. Denote by Sy, the set of
all normal points of S, i.e., points z € S such that the local ring O, (S) is integrally closed. It is
known that Sy, is a Zariski-open subset of S and S C Syor since S is smooth. Since the affine
variety VX /W is normal, by Zariski’s main theorem, the restriction | 5, of K to Shor induces an
isomorphism between the algebraic varieties 7! (Sy0r) and Spor-

Assume that, for a holomorphic map f as above, f(U) is contained in Zso. Then f(U) is
contained in the closure S of a stratum S of Z of codimension > 1. Namely, let f(U) C Z~; 1 for
maximal 4. Then there exists 2 € U such that f(z) is a point of some stratum S of codimension i;
otherwise f(U) C Z-;. If a regular function h € C[Z] vanishes on S then ho f vanishes on an open
neighborhood of z in U and thus on the whole of U. So f(U) C S and there is a subgroup K of G
distinct from G such that f(U) C S = n(VE).

It is clear that if each morphism f of the above type (regular, holomorphic, or formal) from
C? to VE /W has a lift F' (regular, holomorphic, local, or formal), then the composition of f with
the morphism x has the corresponding lift to V' which is the composition of F' with the inclusion
VE -V,

Conversely, if f : C,» — Z is a germ of a holomorphic map at z € CP such that f(z) € Spor,
there is a unique germ of a holomorphic map f’: C?,x — V& /W such that ko f/ = f. Similarly,
let f: C[Z] — C[[Xy,...,X,]] be a formal morphism from CP to Z which can be extended to
the morphism O, (Z) — C[[X,... , X,]] for some z € Spor. There is a unique formal morphism
f': ClV/W] — C[[X,...,Xp]] such that J3°(CP?, k)(f’) = f. In both cases the lifting problem for
7:V — V/G reduces to the corresponding one for myx : VE — VE /W,
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Although these arguments give nothing if the above points f(x) or z do not belong to Spor, we
have the following theorem.

Theorem.

(1)

(2)

(3)

Let f be a holomorphic map from a classically open subset U of CP to Z = V/G, S a stratum
of mazimal codimension such that f(U) C S, and f : CP,x — Z be a germ of f at some
x € U. Let K be a subgroup of G such that n(VE) = S, and let W = Ng(K)/K. If the
germ f:CP.x — Z at x € U has a local lift to V, then the germ f': CP,x — VE /W of the
map defined by f is a quasiregular germ of a holomorphic map and this germ has a local lift
to VK,

VE——V
vVE/w ™ ™
CP,z - S ¢ 7==V/G

Let f be a formal morphism from CP to Z and let S be a stratum of the maximal codimension
such that f factors through a formal morphism f' from CP to S. If f has a formal lift to V,
then the formal morphism f' is quasiregular and has a formal lift to VE such that 7(VE) = S.
If F1 and Fs are holomorphic lifts of a holomorphic map f : U — Z, then there is a g € G
such that Fo = go Fy. The same is true for local lifts of germs of holomorphic maps, and
for lifts of formal morphisms.
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Proof. (1) Consider a local lift of f which is a germ of a holomorphic map F : U’" — V| where
U’ C U is an open subset. By assumption, F(U’) C 77(S) = UyeggV ™ and there is a point = € U’
such that the stabilizer Gp(,) = gKg~*. Then F(U’) C g(V¥) and F’ = g~' o F is a local lift of
f such that F'(U’) € VX. Then my« o F’ is a germ of a holomorphic map which by construction
coincides with the germ of f’. By definition, the germ f’ is quasiregular and F” is its local lift.

(2) Let F be a formal lift of f to V. Let I(S) be the prime ideal of C[Z] defining S. Consider the
pullback 7*(I(S)) of I(S). By the definition of V& we have 771(S) = UyecgVX. By definition of a
formal lift the formal lift F' vanishes on 7*(I(S)) and then, by Hilbert’s Nullstellensatz, on the ideal
I(UgeagVE) = \/1(UgeggVE) of C[V] defining a Zariski-closed subset UyecgV X of V. Evidently
the ideal I(UyeqgV %) equals the intersection of prime ideals I(gV¥). Since C[[X1,..., X,]] is an
integral domain, there is a g € G such that the formal morphism F vanishes on I(gV¥) and then
Fog~!is a formal lift of f which factors through the formal morphism F” : C[VX] — C[[X1,..., X,]].
Thus the formal morphism f factors through the formal morphism f’ = J§°(CP, 7y« )(F’) from CP
to VE /W, F’ is a formal lift of f’, and, by assumption, the formal morphism f’ is quasiregular.

(3) First assume that the germ of f is quasiregular at = € U.

Let F} and F5 be holomorphic lifts of f. By assumption, there is a point y in a neighborhood
of x such that Fy(y) and Fi(y) are regular points of V. Since (7w o F1)(y) = (7 o F»)(y), there is
a unique g € G such that Fy(y) = (g o F1)(y). As the projection 7 is étale at Fy(y), the lift F
coincides with g o F} in a neighborhood of y and then on the whole of U.

Let K be the maximal subgroup of G such that f(U) C n(VX), let Ng(K) be the normalizer
of K in G, and W = Ng(K)/K. By the proof of (1) the germ f : C?,x — Z for x € U can be
considered as a quasiregular germ of a holomorphic map f’ : C?,2 — S = n(V¥) and there are
g1, g2 € G such that the germs g1oF} : CP,x — V and goo Fy : CP,z — V are local lifts of the above
germ f’ to VE. Then, for some g € H = Ng(K) we have g, o Fy = (gg1) o Fy in a neighborhood of
2 and then in the whole of U. Thus we have F; = (g;lggl)Fl.
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For local lifts the proof is the same. For lifts of formal morphisms the proof follows from 5.4
below. ]

The above theorem shows that the problem of lifting for local and formal lifts is reduced in some
sense to one for the quasiregular case.

Namely, let the conditions of Theorem 2.7(1) be satisfied. Since the morphism & is birational,
for each basic invariant 7 of C[VX], the composition x~! o 7 is a rational function on VX /W and,
in general, the function k~! o 7 o f is a meromorphic function on U. First we have to check that
this function is analytic near x. If f(x) € Spor this is always true, because k! is an isomorphism
near f(x). Then f has a local lift at z iff the germ f’ : C?, 2 — VX /W has a local lift to VX.

The analogous statement for formal lifts is true whenever the conditions of Theorem 2.7(2) are
satisfied.

2.8. An algebraic interpretation of the problem of lifting. The results of this section are not

used in the rest of the paper.

The above geometric problem of lifting has the following algebraic interpretation. For instance,
suppose that f : CP — Z is a regular morphism and F' is its regular lift. Consider the morphism
f* : C[Z] = C[V]¥ — C|CP] induced by f and the morphism F* : C[V] — C[CP] induced by F.
Since, by definition, C[Z] C C[V], the morphism F* is an extension of the morphism f* to C[V].

v C[v]
7 e
F , v
Ve /f 4 g F /{/
P —2z ClCP] < —ClZ]
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Similarly, consider a germ of a holomorphic morphism f : CP,0 — Z, O, where O = 7(0) and its
local lift F' : C?,0 — V,0. We have the morphisms f* : §z0 — Tcro and F* : Fvo — Scryo
induced by f and F' respectively. Since the projection 7 induces the inclusion §z 0 C §v,o, the
morphism F* is an extension of the morphism f* to §v,o.

Finally, let f : C[Z] — C[[X},...,X,]] be a formal morphism from C? to Z and let F': C[V] —
C[[X1,...,X,]] be its formal lift. Since the projection 7 induces the inclusion C[Z] C C[V] the lift
F is an extension of the morphism f to C[V].

2.9. Let 7 be a homogeneous G-invariant polynomial of degree d on V' and let 7° be the corresponding

symmetric d-linear form on V. For each germ F' : CP,0 — V of a holomorphic map and each system
of multi-indices (A1, ..., Aq) we put

T(Al,..,Adﬂjgﬁﬁ:::75(8A1PK0)P..,6AdPKO)).

By 2.4, T(Ay,...,Aqy) is a function on JI(CP, V) for ¢ > |A4],...,|A4|. From 2.2 and Proposition
2.6 it follows that the function

T(Ay,...,Aq) : JE(CP V) = Va4 5 C

is regular, G-invariant, and equal to a polarization of 7 up to a nonzero factor. It is also symmetric
in Al,...,Ad.

By Proposition 2.5, define a rational function T(Ay, ..., Aq) on J{(CP, Z) by the condition
T(Ay,...,Ag) =T(Ay,...,Ag) 0 JJ(CP, 7). By definition, we have

(1) TO,...,0)or=T(,...,0) =

Now extend the d-linear form 7° on V to a d-linear form ¥ on J§°(CP,V) =V ® C[[X1,...,X,]]
with values in C[[X7, ..., X,]] which is defined by the following condition. For i =1,...,d, v; € V,
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and F; € C[[X1,...,X,]]
T ®@F1,..., 04 @ Fy) :=1°(v1,...,vq) Fy -+ Fy.
For h € J3°(CP, V) =V ® C[[X1,...,X,]] and a system of multi-indices A;,..., A4 put
T(Ar, ..., Ag)(h) :=F(Da,h,...,04,h).

By definition, the function ¥(A4i,...,44) : J°(CP,V) — C[[Xy,...,X,]] is G-inva- riant and
symmetric in Ay, ..., Ag.

T(Aq,...,Aq)
_ >

JP(CP, V) ==V & C[[X1,..., X,]] Cl[Xy, ..., X,]]

T(A1,...,Aq)

Ja(cr,v) C
i]&l(@p/
T(A1,...,Aq)

J(CP, Z)

3. THE FUNCTIONS T(Al, ..., Ag) AND %(Al, o Ag)

3.1. The g-jet of the identity map on V in invariant coordinates. Let v : V' — V be the identity
map. Let vy € V) be a regular point of V and let y; be invariant coordinates in a neighborhood U
of vg in V introduced in 2.3. Then in U the map v is defined by a holomorphic function v(y;) with
values in V.
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Let I = (i1,...,45) be a (unordered) multi-index with iy,...,is € {1,...,n}. In particular, for
s =0 we put I := (). Then the ¢-jet of the identity map v at each point z € U is defined by the set
of partial derivatives O;v = % for |I| < g at z.

Let e, be a basis of V, let u, be the corresponding coordinates, and let J = det (8?“) be the
Jacobian.

Lemma. Let I = (iy,...,is), where s > 0, be a multi-index. Then % = J?719;v is a reqular
map from U to V.
Proof. We prove this lemma by induction with respect to s. We use that
Ou,
yi

where J¢ € C[V] is the algebraic complement of the entry dy;/du, in the Jacobi matrix.
For s =1, JO;u =Y i_, Jle, is a regular map from U to V.

1
= —Jo,
J 2

Let I = (iy,...,is) with dyv being regular. Then for I’ = (iq,...,i541) we have

_ 0 51\'; 811)) o.J
Orv = 6yis+1 (JQS*l) J28+1 Z Js+1 ( Oty - (23 )8ua 81’0)

where ', Ji (JagaTlav) — (25— 1)%%) is a regular map from U to V. O

3.2. Let h = j¢F € JJ(CP,V), where F' : CP,0 — V is a germ of a holomorphic map such that
F(0) € Vo. Put F; := y; o F, where y; are the invariant coordinates on V. We need to express the
g-jet jAF in terms of the g-jet of the identity map v, i.e., we have to find the explicit formula for
each hq = 04F(0) with A € 2, 4 in terms of O F; and 8111 with |B|, || < |A|. We can extract this
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formula from the following expression (see the classical Faa di Bruno formula for p = 1 and [18] or
[19] for arbitrary p):

97 2 oFv
di(vo F) kz::]? Z (mOF)

reyin=1

5 d"F;,  d%F;,
SppanLLY

!
et tge=qg N 4k

where y; are arbitrary local coordinates in V. Note that the formula (2) is true whenever F :
C[V] — C[[X;y,...,X,]] is a formal morphism from C? to V' and F; = F(y;).
The formula (2) implies the following

Lemma. For each multi-index A= (ay,...,as) %0, where a1, ...,as€{1,...,p}, there is a well
defined function

Wyt (X,Y) = Y aas(Y) X,
1<|71<)A|

where X= (X1)1§|I|S‘A‘ and where the coefficients a4, ; are polynomials in Y= (yi,B)lgign,1§|B\§\A|7

such that for each germ of a holomorphic map F : CP,0 — V,v with v reqular and for the local
coordinates y; from above we have

OAF =Wy ((3111 oF)p, (6BFz‘)i,B>~
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For example,

0aF = (o F) 0, F;,

=1
8(a1,a2)F = Z (8(@]‘)@ o F) 8a1F1' aasz + Z(&v o F) 8(a1,a2)Fi,
i,j=1 i=1
and so on.

3.3. We consider T'(Ay,..., Ag) which is a regular function on Jd(CP, V), and T(Al, ..., Ag) which is
a rational function on J§(CP?, Z), both defined in 2.9.

Let z; be the regular function on Z fori =1,...,n, used in 2.3 for the construction of the invariant
coordinateson V. Let Ay,..., Ay #Pand Agyq1 == Ay =0. Put M :=2(|As|+---+|A4])—d'.
By Lemma 3.1, for any system of multi-indices I, ..., I such that 1 < || < |A4],...,1 < |[Ig]| <
|Ag| and Iyyq = -+- = Iy = 0, the expression Ay - T o (Opv,...,05,v) is a G-invariant and
regular function on V. Thus there is a unique rational function T'(Iy,...,I;) on Z such that
T(I,...,15)om =T(Opv,...,0;,0) and Ay - T(I4,...,14) is a regular function on Z.

Let g be the maximal order of the multi-indices A1,...,Aq. For k =1,...,d we may consider

the a, 1, of 3.2 as polynomials in Y = (y; B)1<i<n,1<|B|<q- Put
aAy,Apdy,dy (Y) =aa, (YY) --aa, 1, (Y).
Theorem. Let Al, 500 Ay 7é @, Ad/+1, e ,Ad =0 and Al, 200 ,Ad S Q[p7q. Then:
(1) The following is a rational function T(As,...,Aq) on JY(CP,Z):
T(A1,...,Ad) = > G Apdds ((aBzi)i,B) T(L,.... 1o, 0,...,0);

1<|Ip|<[Aq],

11T/ [<1A g
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(2) T(A1,...,Ag) 0 JU(CP,m) = T(Ay, ..., Aa);
(3) Anr-T(Ax,...,Aq) is a reqular function on J§(CP,Z).

T(A1,...,A
Jicr, vy — 2 v _.c

Ja(CP ) ==
~ T(A1,...,Aq)

—

J3(CP, Z)
Proof. (1) By Proposition 2.5, it suffices to check that the condition
T(Ay,...,Ag) ot =T(Ay,...,Aq)
is satisfied for the above expression of T (A1,...,A4). By Lemma 3.2, this follows from
T(Ay,...,Aq)(h) =
Z (aAlv---vAd’vllv-“vId/ ((33F¢)i,B) T0nv,...,0r,v,v,...,v)0 F) (0),

1|1 |1 AL,

1<y <Ay |

where h = j§ F' € J(CP,V).
(2) This statement follows from Proposition 2.5.
(3) This statement follows from (1) and Lemma 3.1. O

3.4. Let F € V @ C[[Xy,...,X,]] be a formal morphism from C? to V and F; = y;(F). Lemma 3.2
implies the following
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Lemma. For each multi-index A such that |A| > 1 and the invariant coordinates y; on V we
have

TN E) 04F = v (I BP) | (0E) )

)
I i,B

3.5. The function ‘E(Al ,...,Ag). Consider the presentation of Z as an irreducible Zariski-closed sub-

set of C™ defined in 2.1. Denote by I(Z) the prime ideal of the ring of polynomials C[W7, ..., W]
defining Z C C™. By 2.4, each formal morphism f € J§°(CP,Z) is defined by the equations
fW;) = f; for (j =1,...,m), where f; € C[[X1,...,X,]] and &(f;) =0 for each & € I(Z).

Let 4 be a regular function on Z which is the restriction to Z of a polynomial ¥ € C[W7q, ..., Wy,].
For each f € J§°(CP,Z) put (f) := ¥(f;). By definition we have ¥(f) = f(¢), where f is con-
sidered as a morphism C[Z] — C[[X7,...,X,]]. Then ¢(f) defines a unique function J§°(C?, Z) —
C[[X1,...,X,]] which is independent of the choice of the polynomial W.

Similarly, consider a rational function ¢ on Z such that ¢ = %, where 1 and 5 are regular
functions on Z and put ¥(f) := z;g;g whenever 1o(f) # 0. It is clear that ¢(f) is a function on
J§°(CP, Z) with values in the field C((X1,...,X,)) of fractions of the ring C[[X1, ..., X,]] which is
= ﬂ.

independent of the choice of the presentation

Let z; be the regular functions on Z used in 2.3 for the construction of the invariant coordinates
y; on V. Let f € J§°(CP, Z) be a quasiregular formal morphism from C? to Z such that A(f) #£0.
For Ay,..., Ay 7é Q], Ad/+1,...,Ad =0 and M = 2(|A1| + -4 |Ad|) —-d put

(A1, ..., Aq,0, ..., 0)(f) := Z (aAl,‘..,Ad/,Il,..‘,Id/((aBzi)i,B) 'T(Ih~~~7Id',@»~~a@))(f)~

1< |<1A,

1<y |S1A ]

By definition, T(Ay,...,Aq) is a function with values in the field C((X1,...,X,)) on the set
J§°(CP, Z) consisting of all f € J$°(CP, Z) such that A(f) # 0.
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Theorem. Let A,...,A¢ #0 and Agta,...,Ag=0 and M =2(|A1| + -~ + [A4]) —d'. Then
the function T(Aq,...,Aq) satisfies the following conditions:

(1) T(Ay,...,A5) 0 J(CP ) = F(Ay, ..., Ag), where T is from 2.9.
(2) Anr - F(Ag, ..., Aq), where Ay is regarded as a function on J§°(CP,Z), is a function on
J§°(CP, Z) with values in C[[X1, ..., Xp]].

T(Aq,...,A
Jeo(cr, vy —2Aem ) oy, X))
7
J3°(CP _ - -
o )i - T T 4w
Jeo(C, 2)

Proof. The proof follows from the definition of the function %(Al, ..., Ay) and Lemma 3.4. O
4. THE CONDITIONS OF LOCAL AND GLOBAL LIFTING

4.1. First we consider local lifts at regular points.

Proposition. Let f: CP,z — Z, 2z be a germ at x € CP of a holomorphic map with z regqular.
Then for each v € 7= 1(2) there is a unique local holomorphic lift F : CP,x — V,v of f.

Proof. By Proposition 2.1, the map 7 is étale on Vy. Thus for each point v € 77!(z) there is a
unique local holomorphic lift F': CP,z — Vy, v of f. O

4.2. Lifts of quasiregular holomorphic germs. Let X be an affine variety and let f be either a
rational morphism from CP to X or a holomorphic map defined on a classically open connected
subset U C CP to X. Consider the morphism j?f from C? or from U to J§(C?, X), which for z € U
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is given by j9f(z) = j¢f( +4z). The morphism j9f is rational and is regular wherever f is regular;
or holomorphic if f is holomorphic.

Let 0 : V — o(V) C C™ be the morphism defined by the system of basic generators o1, ..., op,.
Recall that (V) and Z = V/G are isomorphic as affine varieties and, for this presentation of Z, o
equals 7.

Denote by wy,...,w,, the standard coordinates in C™ and let I(Z) be the prime ideal of the
ring C[W71, ..., W,,] defining Z. Consider C[W7, ..., W,,] as a graded ring with a grading defined
by deg W; = dego; for j =1,...,m. Then I(Z) is a homogeneous ideal.

For 7 = o0; and a system Aj,..., Ag; of multi-indices denote by §j(A1, ..., Aq;) the rational
function T(Al, ..., Aqg;) from 2.9 on J§(C?, Z).

Recall that by 2.7 for a quasiregular germ f : C?,0 — Z of a holomorphic map there is a choice
of invariant coordinates such that for the corresponding function A we have Ao f # 0.

Theorem. Consider a quasiregular germ f: CP.0 — Z =V /G of a holomorphic map described
by wjo f=f; forj=1,...,m. Assume that, for some choice of the invariant coordinates such
that A o f #0, q is the minimal order of nonzero terms of the Taylor expansion ofﬁ of at0.

Then the lift F' of f at 0 exists if and only if for j = 1,...,m and for each system of multi-
indices Ay, ..., Aq, € Ay 4 the functions Sj(Ai,...,Aq;) o jif have holomorphic extensions to a
neighborhood of 0.

S(A1,...,A
sy 2t ¢
7z JS(C‘“m)i ~
.qf _ S(Al,.“,Ad)
cr,0 ! Jé(Cr, Z)
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Proof. Let F be a lift of f. Then by the definition of the function §j (A1,...,Aq,) for each ¢ > 0
we have

Si(Avy..., Agy) 0 JUf = S;(Ar,. .., Ag,) 0 j9F : C7,0 — C,

where the right hand side defines a holomorphic germ.
Conversely, let the assumptions of the theorem be satisfied. Let us now use a representative
f U — Z of the germ, where U is a connected open neighborhood of 0. Let ¢ be the minimal

order of nonzero terms of the Taylor expansion of Ao f at 0. For each j = 1,...,m consider the
function
(3) f]q(xat) = Z (5(141’,.,7Adj)0jqf)(l') tA1"'tAdja

A17~--7Adj Ele,q

where z € U and t = (ta) aen,, € C%».9. By assumption, the function f;—] is a polynomial in ¢ whose
m: CP x C¥ra — C™ is

.....

coefficients are holomorphic near 0. By definition, the map f? = ( f]g D=1
holomorphic near 0.

Since Z~q is a Zariski-closed subset of Z of codimension > 1, the inverse image f~1(Z~) is a
complex analytic subset of U of codimension > 1 and f~!(Zy) is a dense open subset of U.

Let, for y € U, f(y) be a regular point and let F, be a local lift of f defined in a neighborhood U,
of y, which exists by Proposition 4.1. For each ¢ consider the holomorphic map F}! : U, x C¥%a -V
given by:

(4) Fi(z,t) == Y 0aF,(z)ta.

AeUy 4
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By Theorem 3.3, we have
(0;0F)(x,)= 3> 8 (aAle(x), o Oa, Fy(x)> tay oo ta,

(]

(SJ(Ala o .,Ad].) quFy) (iC) tAl o 'tAd]- = qu(fE,t)

Therefore for each polynomial @ € I(Z) we have ®o f4 = 0 on U, x C¥# and thus also on U x C¥ra.
So f is a holomorphic map from U x C%»¢ to Z and Fiis a lift of f7.

For each germ of a holomorphic function ¢ € Fcr ,, denote by Tay? ¢ the sum of terms of
the Taylor expansion at = of ¢ of orders < ¢. For each germ ¢ = (¢;); of a holomorphic map
CP,x — C™, put Tayl ¢ := (TayZ ¢;);.

By assumption, there is a multi-index A € 2, ; such that Oa(Ao f)(0) = (Ao Tayd £)(0) # 0.
This implies that there is a point xg = (2o,1,...,%0,p) € CP such that (Ao Tay( f)(zo) # 0.

For

A=(1,...,1,....p,...,p),
—— ——
r1 times rp times

put )
tA(-T) = m (x1>T1 ...(acp)“’, t(x) o= (tA(x))AEQIP,q

where z = (21,...,2,) € CP.

By definition, we have F(y,t(z —y)) = Tayj Fyy(x) and then f(y,t(z —y)) = (0 0 Tay] F,)(z).
On the other hand, since o; is homogeneous, for a fixed y we have Tay] f; = Tayj(o; o Fy;) =
Tayj (o; o Tay] Fy;). Thus, we have

(5) Tayy fi(y,t(z — y)) = Tay} f;(2).
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By assumption, the function gj(A17 ..., Aq;) 0 j1f has a holomorphic extension to a neighborhood
of 0 and we may suppose that the point y belongs to this neighborhood. Letting y — 0 in (5) we
get Tay{ £7(0,t(x)) = Tay{ f;(x). Then we have (A o £9)(0,¢(x)) = A(Tay§ f)(z) # 0 and, for the
point o € CP chosen above, we have (Ao f9)(0,t(z0)) # 0, i.e., f2(0,(x0)) is a regular point of Z.

Now we will construct a local lift of f. Consider a local holomorphic lift £'7 of f7 near (0,¢(zo))
in U x C*r.« which exists by Proposition 4.1. We can choose y near 0 so that f(y) € Zy, so there
exists a local holomorphic lift F,, of f near y, and still (A o f9)(y, t(x)) # 0. Consider the map 17
defined by formula (4). Both F)! and F'? are local lifts of f7 at (y,t(z)). By Theorem 2.7, there
exists g € G such that FJ = gF'? near (y,t(xo)).

Since FJ(xz,t) is linear in ¢ € C™», also F(x,t) is linear in ¢ and thus is defined for all ¢. Put
t1 := (t1,4)a, where t; g = 1 and t1,4 = 0 for A # (). Then near 0 € C? we have by 2.9(1),

0j(Fi(@,t1) = fi(z.t) = (8,0,...,0) 0 jf ) (@) = £;(@),
ie, F9( ,tp)is alocal lift of f at 0. O

Remark. Consider the grading of the ring C[Z] = C[V]¢ induced by the natural grading of the
polynomial ring C[V] and denote by r the order of the homogeneous function A. Let f:CP.0—Z
be a germ of a holomorphic map satisfying for some positive integer ¢ and for each j = 1,...,m
the following conditions:

(1) The function §j (Ai1,...,Aqg,) 0 jf has a holomorphic extension to a neighborhood of 0 for
each system of multi-indices Ay, ..., Agq; € 2, 4 such that, (gj(Al, s Agy) ojq_lf) (0)=0
for all Ay,..., Aq; € ™Apq-1;

(2) Tayg"(A(f)) # 0.

Then f has a local lift at 0.
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Actually, since Tay(?(A(f)) = Tayp?(A(Tayd f)), the proof of Theorem 4.2 is valid for this g.

4.3. The conditions for lifting of first order. Next we use the notion of rational tensor fields on
affine varieties (see [7]).
For each 0 < s < d consider the rational symmetric tensor field 7, of type (2) on Z defined as

follows:
n

Te 1= Z T((il),...,(is),(b,...,@ dzi, ® - ®dz;,

11,0585 =1

where f((zl), ey (26),0, . (Z)) is a partial case of the function T(I1,...,I;) defined in 3.3.
Consider the pull back 7*7, of 75. By definition, we have

n
T, = Z T(Viyyeey Uiy Uy, 0)dy;; @ - @dy;, = T(dv,...,dv,v,...,0)
i1 yeenis=1
and then 74, = 7, T(dv,...,dv,v,...,v), where dv occurs precisely s times. Since the projection 7
is étale on Vj and by the above formula for 7*7, the tensor field 7*7, is independent of the choice
of the invariant coordinates y;, the tensor field 74 is independent of the choice of the invariant
coordinates as well. Note that 71 = édT induces a regular differential 1-form on Z.
By Lemma 3.2, for each germ f: CP?,0 — Z of a holomorphic map we have

o= Y (T((al),...,(as),(z),...,(z)) oj1f> dte, ® - ® dia,.

Denote by o} s, where (1<s< dj)7 the tensor field 7, for 7 = ;. Then the conditions for lifting of
Theorem 4.2 for each j = 1,...,mand Ay, ..., Ay, € A1 are equivalent to the following statement:
For each 1 < s; < d; the pull back f*o;, is a holomorphic germ of a symmetric covariant tensor
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field on CP. We call these conditions the conditions of first order. For s = 1 these conditions are
satisfied automatically.

Note that the conditions of the remark at the end of 4.2 for ¢ = 1 use the conditions of first
order only. For example, it suffices to consider only these conditions if we need to have lifts which
are linear maps from C? to V.

4.4. Global holomorphic lifts. The following theorem shows that the problem of global holomorphic
lifting can be described topologically.

Theorem. Let U C CP be a classically open connected subset of CP and let f : U — Z =V/G
be a holomorphic map such that f=*(Zy) # 0. Then a holomorphic lift F : U — V exists iff the
image of the fundamental group 7 (f~1(Zy)) under f is contained in the image of the fundamental
group 71 (Vy) under the projection .

Proof. Since by Proposition 4.1, the local holomorphic lift of f exists for each x € f~(Zy), the
condition of the theorem is equivalent to the existence of a holomorphic lift for the restriction of
fto f7X(Zy). Actually, let F be such a lift. Since f~1(Zp) is an open dense subset of U and 7 is
a finite morphism, the lift F is bounded on bounded subsets of U N f~1(Z;). Then by Riemann’s
extension theorem F has a holomorphic extension to U which is a holomorphic lift of f. O

4.5. We indicate that the problem of the existence of a global regular lift reduces to the one for a
holomorphic lift.

Theorem. Let U C CP be a Zariski-open subset of CP and let f : CP — Z = V/G be a rational
morphism which is reqular in U and such that f=*(Zy) # 0.
If a global holomorphic lift of f on U exists then it is reqular.

Proof. The proof follows from Lemma 5.1(1) of [7]. O
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4.6. Global regular lifts. Now we indicate conditions for the existence of a global regular lift.

Theorem. Let [ : CP — Z = V/G be a regular morphism such that f(CP)N Zy # O. Then f
has a regular lift iff there is an integer ¢ > 0 such that, for each j =1,...m and each multi-index
A=(ar,...,aq), the mapping S;(A4,...,A) o jif is constant.

Proof. Let u; be linear coordinates in V and let F' = (Fy, ..., F,) be the expression of a regular
lift of f in these coordinates. Suppose ¢ is the maximal degree of the polynomials F;. Then for each
A= (a1,...,aq) themap S;(A,..., A)oj¢F is constant. Theorem 3.3 implies that gj(A, o A)ogif
is constant as well.

Let the condition of the theorem be satisfied. Let = € CP be a point such that f(z) € Zy. Then
there is a local lift F' of f at z. By Theorem 4.2, the condition of the theorem implies that ¢;(04F)
is constant for each A = (a1,...,a4) and each j. But this means that 94 F' is constant also and,
therefore, F' is a polynomial map of degree < ¢ in a neighborhood of . Thus F has a polynomial
extension to the whole of CP and this extension is a lift of f. O

4.7. We consider a special case when the existence of a local lift implies the existence of a global lift.

Theorem. Let f = (f;) : CP — C™ be a regular morphism from CP to Z =V /G such that each
function f; is homogeneous of degree rd; for some positive integer r. Then a global regular lift of f
exists iff f has a local holomorphic lift at 0 € CP.

Proof. Consider the action of the group C* on Z induced by the action of the homothety group
on V. This action induces a homotopy equivalence between the open subset f~1(Z;) and the open
subset f~!(Zy)N B, where B is an open ball in C? centered at 0. Then the statement of the theorem
follows from Theorems 4.4 and 4.5. (]
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5. FORMAL LIFTS

In this section we find the conditions for lifts of quasiregular formal morphisms from CP to Z.
Note first that Proposition 4.1 about the existence of lifts at regular points also holds for formal
morphisms.

Let o1,...,0m, be the basic generators of C[V]¥, dego; = d; for j = 1,...,m, and o : V —
o(V) C C™ the corresponding morphism. Consider some invariant coordinates y; on V and the
corresponding function A on Z. Recall that we consider Z as a Zariski-closed subset (V) of C™
defined by the ideal I(Z) of the ring C[W71, ..., W,,] and, for this presentation of Z, the projection
7 equals the map 0 : V — o(V) C C™.

5.1. The functions P,(7) and ISq(T). For a homogeneous G-invariant polynomial 7 on V', consider

the function P,(1) : J§°(CP,V) — C[(ta)a] ® C[[X1,...,X,]] and the function ?q(r) on the set
of quasiregular formal morphisms f € J§°(CP, Z) such that A(f) # 0 with values in C[(t4)a] ®
C((X1,...,Xp)), where (ta)a = (ta)aen,, and C[(ta)4] is the ring of polynomials in (t4)4 with

complex coefficients, defined as follows:

Py(r)(F):= > T(A1,...,Ad)(F)ta, ...ta,
Py(r)(f) = D F(Av Ad(f) tay o tay,

where F'e J§°(CP, V), fe J°(CP, Z), and where T(A4, ..., Aq) and T(Ay, ..., Ag) are the functions
defined in 2.9 and 3.5. B _

The following lemma follows from the definitions of P,(7), P,(7), T(Ax,...,Aq), and Theorem
3.5.
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Lemma.
(1) We have

) = ﬁq(T) 0 JGO(CP,m) : JG°(CP, V) — C[(ta)a]  C[[ X1, - -, Xp]]-

Pq(T)
Jgo(Cr, V) Cl(ta)al ® C[[X1, ..., Xp]]
Jgo(cp’ﬂ)l Py (r)
J§e(CP, Z)

(2) If 71,72 € C[V]S are homogeneous polynomials of the same degree, then Py(ty + 75) =
Py(m1) + Py(m2); B o

(3) Let 11,72 € C[V]Y be homogeneous polynomials. Then we have Py(T172) = Py(11)Py(72).

(4) Let f be a polynomial in the graded variables Ty, ..., T, of degrees dy, ... ,d, which is homo-
geneous with respect to this grading, and let 11, ..., 7, € C[V]F be homogeneous polynomials
of degrees dq,...,d.. Then we have

Py(f(r1eom)) = F(Palr)s s Polm)

By(f(rieeesm)) = F(Bar), o Po(m) )
5.2. For ¢ = (01,...,05) and a formal morphism F : C[V] — C[[Xq,...,X,]] from C? to V put
U(F) = (F(Jl)v' o aF(Jm))

Lemma. Let F : C[V] — C[[Xy,...,X,]] be a formal morphism from CP to V. If o(F) = 0,
then F vanishes on the set of all reqular functions on V' with zero constant terms; or, F =0 as an
element of V@ C[[X1,...,Xp]].
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Proof. Let (e;) be a basis of V and w; the corresponding coordinates. It is sufficient to prove
that F(u;) = 0. Since the group G is finite the ring C[V] is integral over its subalgebra C[V]€.
Then for each i = 1,...,n there is a polynomial p(z) = =V + Z;V:1 an—jzN 77, whose coefficients
an—_; belong to C[V]¥, such that p(u;) = 0. Consider the natural grading of the ring C[V]. Since
deg((u;)N) = N we may assume that degay_; = j. This implies that the coefficients ay_; as
polynomials in ¢; have no constant terms. Then we have

0=F(p(w;)) = Flu)N + > Flan_;)F(u;)N .

=1

Since o(F) = 0, this equation implies F(u;)" = 0 and therefore F(u;) = 0. O

5.3. The conditions for formal lifts. For F' € J§°(CP,V) consider P,(7)(F') as a polynomial in

(ta)a with coefficients in C[[X1,...,X}]]. Denote by P,(7)(F')o(t) the polynomial in (£4)4 which
is obtained by the evaluation of the coefficients of the polynomial P, (7)(F') at X = (X1,...,Xp) =
0. Similarly, for f € Jg°(CP, Z) consider P,(7)(F) as a polynomial in (£4) with coefficients in
C((X1,...,X,)) and denote by ﬁq(’r)(f)o(t) the polynomial in ¢ which is obtained by the evaluation

of the coefficients of the polynomial ﬁq(T)(f) at X = (Xi,...,X,) = 0 whenever their values at
X =0 are defined.

For
A:(17"'717' 7p7 7p7
——
r1 times rp times
put
1
ta(X) = (X)) (X)), U(X) = (ta(X))aen, ,-
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For a formal power series ¢ € C[[X7, ..., X,]], denote by Tay? ¢ the sum of the terms of ¢ of orders
< gq. Denote by éj(Al, ..., Ag;) the function %(Al, ooy Agy) for T =0;.

Recall that by 2.7 for a quasiregular formal morphism f € J§°(CP, Z) there is a choice of invariant
coordinates such that for the corresponding function A we have f (A) # 0 which here we write also

as ﬁ(f) #0.

Theorem. Let f € J3°(CP, Z) be a quasiregular formal morphism given by the equations f(w;) =
fi € C[[X1,...,X,]] for j =1,...,m, where w; are the standard coordinate functions on C™ 2 Z.
Let y; be invariant coordinates on V' such that for the corresponding function A we have E(f) #0.
Assume q is the minimal order of nonzero terms of Z(f)

Then a formal lift F of f exists iff for j = 1,...,m and for each system of multi-indices

Ar,y ..., Ag; € Up g we have 6;(Ay, ..., Ag,)(f) € C[[X1,...,Xp]] and Tay? f; = Py(0;)(f)o(t(X)).
Proof. Let F' be a formal lift of f. Then, by Theorem 3.5, we have

Gj(A17~-~7Adj)(f) = Gj(Al,. ,AdJ)(F) S (C[[Xl,,XpH

Moreover, by Lemma 5.1, we have

Tay? f; = Tay?(o;(F)) = Py(o;)(F)o(t(X)) = Fy(o;)(f)o(t(X)).
Conversely, let the assumptions of the theorem be satisfied and let ¢ be the minimal order of
nonzero terms of A(f). By assumption, Tay?(A(f)) # 0. Then there is a point zo=(zo1,...,%0,p) €

CP such that Tay?(A(f))(zo) # 0.
For each j = 1,...,m consider the function

fta)a) = Pyo)(f) = D Si(An o, Ag)(f) ta, - ta,, -

Al,...,Adj €Ap g
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We may consider f7 = (fq) as a formal morphism C?r.« x CP, (t(x)),0) — C™, i.e., as a morphism
O((cm Fa(t(z0),0) — Ocmpqxcp (t(zo),0)- We prove that f7 = (f]) is a formal morphism C¥ra x
CP, (t(xo),0) — Z by the following arguments. Let & € I(Z) be a homogeneous polynomial. Then
® o0 =0 and, by Lemma 5.1, we have &(f) = ®(P(0;)(f)) = Py(® o 0;)(f) = 0.

By assumption, we have Tay? f; = ]Bq(oj)(f)o((tA(X))A) = f}((ta(X))a,0). Since the polyno-
mial A is homogeneous, we have

Tay? (A(f4((X),0))) (w0) = Tay"(A(Tay? f))(w0) = Tay"(A(f))(zo) # 0.
Thus, the formal morphism f7 = ( fq) 1,...m has a formal lift
F2:C%9 x CP, ((t(z0),0) — V,

which can be written as follows: F9 = 3, Fita, where A is a multi-index and Fj € V ®

Cl[X1, ..., Xp].
Since F'? is a formal lift of f9, for each j = 1,...,m we have
o (F1)= Y &;(F4,,--  F4, ) ta, . ta,
Ay Ady
= ) G5(An - Aa)(FY) (a1t (@0)) - (Fay, +tay, (20)),
A1y Ad; €p g
This implies that &;(F3 ,...,F3, ) = 0 whenever for some k£ = 1,...,d; we have |Ag| > ¢. In
J
particular, for a multi-index A such that |A| > ¢ and for each j = 1,...,m we have 0;(F3) = 0.

By Lemma 5.2, we have F'{ = 0 and, therefore, the formal lift F7 is a polynomlal in (ta)a with
coefficients in V ® C[[X1,...,X,]]. Put ¢; := (tA)A where t! = 1, and t{* = 0 for A # (). Denote by
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F(t1) the value of F'? as a polynomial in ¢ at ¢ = ¢;. Then we have
oj(F1(t1)) = f{(t) = &0, 0)(f) = fy,
ie., Fi(ty) is a formal lift of f. O
5.4. Theorem 5.3 implies the following
Corollary. The map ©*° : J§°(CP,V)/G — J§°(CP, Z) is injective.

Proof. Let f € J§°(CP, Z) be a formal morphism which has a lift to V.

First assume that the morphism f is quasiregular. Consider a formal morphism f? = ( ff)j
from C%ra x CP, (t(g),0) to Z constructed for f in the proof of Theorem 5.3 and one of its lifts
Fa:C%a x CP,(t(xg),0) — V. Since Fi(t(2¢),0) is a regular point of V, the lift F'? is unique up
to the action of some g € G. On the other hand, for each lift F' of f, F4 =", %8AF t4 is a lift
of f4. This implies that the lift F' of f is unique up to the action of some g € G.

For an arbitrary formal morphism f € J§°(CP,Z), there is a subgroup K of G such that we
can consider f as a quasiregular formal morphism to VX/(Ng(K)/K). Then one can prove our
statement using the same arguments as in the proof of Theorem 2.7. O

6. COMPLEX REFLECTION GROUPS

In this section we consider the case when G is a finite group generated by complex reflections.

6.1. Relative invariants. Recall some standard facts about finite complex reflection groups (see [15],
[16], and [17]).

First note that in this case the basic generators o1, ..., 0, are algebraically independent, m =

n =dimV, and then Z = C". Therefore we have a unique (up to permutation) choice of invariant
coordinates y; .
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Suppose 9 is the set of reflection hyperplanes of G and, for each H € $), denote by ey the
order of the cyclic subgroup Gy of G fixing H pointwise, by sy a generator of Gy, and by Iy a
linear functional with the kernel H. Then the Jacobian .J equals ] 5 g ~1 up to some nonzero
constant factor ¢ and one can take [[5cq 17 for A. We may choose the functionals /g such that
TS N 67

Denote by E¢g the set of the orders ey of the cyclic subgroups G fixing pointwise the reflection
hyperplanes and, for each e € Eg, set . := {H € Hley = e}. Then A, := [ 5 is G-invariant
polynomial. Denote by Ee the regular function on Z such that Ae o = Ae.

Consider the standard action of the group G on C[V] given by g- f = fog~! for every f € C[V]
and g € G.

Let x : G — C\ 0 be a character of G. A x-relative invariant is a polynomial f € C[V] such that
g-f=x(g)f for each g € G.

Theorem. Let G be a finite group generated by complex reflections and x a character of G
such that x(sg) = det_ks(sH) for some ks. Then the polynomial fy = [[gcq l];{ is a x-relative
invariant and the space of x-relative invariants equals the space (C[V]Gfx.

In particular, the polynomial J. =[] 5. l;,_l is a ye-relative invariant for a character y. such
that x.(sg) = detlfe(sH), when H € §,., and x.(sg) = 1, when H ¢ §.. Then the jacobian J is
a x-relative invariant for a character y such that x(sg) = det' ™ (sp).

6.2. The functions T'(Ay, ..., Ay) and T(4;,...,Ay) for complex reflection groups. For a com-

plex reflection group G one can improve the statement (3) of Theorem 3.3 and the statement (2)
of Theorem 3.5 as follows.

Theorem. Let 7 be a homogeneous G-invariant polynomial of degree d on V and let A1,...,Aq
be a system of multi-indices such that Ay1,...,A¢ # 0 and Agy1 = -+ = Ag = 0. Put M :=
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2(|A1] + -+ + |Ag]) — d and let, for each e € Eg, both p. and v, be positive integers such that
M = pee — v, where 0 < v, < e. Then

(1) Tlecr. Ey*“ETV(Al, ...y Ag) is a regular function on Z;

(2) Regard A, as a function on JGo(CP, Z). Then [[.cp, AM—ne (Ay,... Ag) is a function
on J§°(CP, Z) with values in C[[X1,...,X,]].

Proof. (1) Consider the G-invariant rational function T'(0r,v,...,0r,v) on V, where I, ..., I; be
a system of multi-indices such that 1 < |I1| < |A4],...,1 < [Ig| < |Ag| and Tgyq = -+ = I = 0.
It is easily checked that
JM - H Aé\/liuef)m
ecEqg
where y is a character defined by the condition x(sg) = det(sy) " for H € $.. Since by
Lemma 3.1, JM T(dy,v,...,0;1,v) is a regular function on V., JM T(9;,v,...,0r,v) is a x-relative in-
variant for the same character x and then by Theorem 6.1 we have JM T(9y,v,...,dr,v) € C[V]9f,.
Therefore [[.cp,, AM=re T(Iy,...,1;) is a G-invariant polynomial on V and (1) follows from the
definition of the function T(Iy, ..., I;) and Theorem 3.3(1).
One can prove (2) similarly using the definition of the function T(Ay,..., Ag) and Lemma 3.4. O

To apply the above results on lifting we need to find explicit expressions for the functions
Sj(Ay,...,Ag;) and 6;(Ay, ..., Ag;) for particular G-modules V. Although this problem is purely
technical the computations are rather complicated. Therefore we consider only simple examples.

6.3. First Example. Consider the simplest case when V' = C and G is the complex reflection group
generated by a generalized reflection z — exp(%)z for some fixed n > 2. There is one basic
invariant ¢ : z — 2" and Z = C. Consider, for example, the lifting problem for f € Fcr o, i.e.,
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the problem of solving the equation 2" = f in the ring §cr,0. Note that in this case f is either
quasiregular, or equals 0, and it suffices to assume that f is quasiregular.
Let y = 2™ be the invariant coordinate on V. It is clear that the symmetric n-linear form S

on V corresponding to o equals z7 - --z,. Consider the system of multi-indices Aq,..., A, where
A = (a%,...,aél),...,Ar =(af,...,ap )and Ay =---= A, =0. Put
f(:i..,aél,.“,a{...agr = S(ax‘hzv B 81471,2) = Zn_Tath T 8147'2’
By the general procedure we need to express f7, ., . . viay = z" and its partial derivatives
boal ,...af..ap
0da4y. We do this by the following recurrence relations.
1
f; = ﬁ oY,
—il _ gl 1
(6) yT f(;% Toeneieal T fa{.‘.a}zl “Jatar o
1 1 2
aj...aq = allq ai...aqg—1 (’I’L - 1) Aq,a1...aq—1"
which give the required formulas by induction with respect to ¢ = max{q,...,q}.
Thus, for the above system of multi-indices Ay, ..., A, we have

g(A17~"7A7L)quf:fz:%...al aj...ay

q1°

for f € J{(C, Z), and
(A1, A = £y oagag, ()
for f € J3°(CP, Z).
There is the following stronger form of Theorem 4.2 for the case under consideration.

Theorem. Let f : CP,0 — Z = V/G be a germ of a holomorphic map. Then f has a local lift
at 0 iff either f =0, or there is a system of indices (a1,. .., a,) such that the functions fy . oj"f
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_0J"f have holomorphic extensions to a neighborhood of 0 and (fgl o

n
and fal.“a“...,alu.a [ SN S N 78

J71)(0) £ 0.

Proof. We may suppose that f(0) = 0 and f # 0. Let FF : C» — V be a local lift of f
at 0. Since F # 0 there is a multi-index A = (ay,...,a,) such that 94F(0) # 0. Then the
functions f;l_“aT 0j"f = F" 194 F and aroarr a1 ©J"f = (0aF)" are holomorphic near 0 and

gl...ar ay...Qy Ojrf # 0’

.....

Suppose the conditions of the theorem are satisfied. By (6), the equality
(7) PR arariar © 37 = (fay. 0, 057 F)"

is satisfied in a neighborhood of 0 outside the complex analytic set f = 0. Thus it is satisfied near

0. By assumption, the germ f" , . . oj"fisinvertible and the germs f and f; , oj"f are

not invertible in the ring §cr ¢. Since this ring is factorial (see, for example, [3]), (7) implies that
L .a, 0Jj"f divides f in this ring. Then, by (7),

ai...a

® .

is a germ of a holomorphic function at 0 and a local lift of f at 0. By definition, F' is defined up to
multiplication by exp %
Note that for n = 2 we have, instead of (8), the following simpler formula for the local lift F:

1 op
aj...ay OJTf

F = —.
{L/fgl...a,,.,..‘,al...a,. OJTf

We leave it to the reader to formulate the corresponding results for formal and regular lifts.
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6.4. Second Example. Now we consider the dihedral groups. Since the computations in this case
are more complicated, we treat only the tensor fields which are used in the conditions of first order.
Let G = ®; (I > 3) be the dihedral group acting on the real Euclidean plane R?. We consider
the corresponding complexification of this action on V = C2.
Let v = (z,y) € C?. We put z := x +1iy, 2 := 2 — iy, and for each integer k > 0

%] k [E£t]-1 "
Rz* = =il j( ,):ckzjyzj and 1z%= -1 j( ) >mk2j1y2j+1.
>, > (5

In particular, we have Rz = x and Iz = y. It is easily checked that z¥ = Rz* 4+ iIz*F and
Z¢ =Rz*F —ilzk.

Choose the generators o1 and o9 of the ring C[V]®! as follows: oy =
oy =1Rz =5 +7).

By definition, y; = 01 and y2 = o9 are the invariant coordinates on V' which we will consider
also as the coordinates on the orbit space Z = V/G.

Denote by 01 s and o s the tensor fields 75 from 4.3 for 7 = 0, and 7 = 02, respectively. To write
the conditions of first order it suffices to calculate the tensor fields o1 2 and o9 s for s =2,...,1

It is easily checked that for the coordinates z and zZ on V we have

122 = L(2? + %) and

i 1, = s
J=—21z o] = —(z12a + 2221), o5=—=(z21--z1+21-2),
2 4 21
®) L (a1 9 -1 9
dv = — ( “tdy; — 2d —2'7d zd A).
v= - (B dyn — zdyz) o= + (=27 dyn + Zdya) o

One can put A := (I2)2 = 2lyl — 1292
Furthermore we denote by (dy;)?(dy2)? the symmetrized tensor product of p factors which are
equal to dy; and ¢ factors which are equal to dys.
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Using (9) we get

1 _
o1,s(dv, dv) = W (21713411 1dyf — 2lyody1dys + 2y1dyg>.

By the definition of 01 2, we have
1 1
O12 = X (2l Yo dy? — 2lyadyidys + 2y1dl/§>'

Similarly, using (9) we get

o2.s(dv,...,dv, v,... V)
—_———— ——

s times |l — s times
.S S
_ Ql(Izzl)s Z (i) ((_Ds—t/z\(l—l)tzl—t n (_1)tz(l—1)t%\l—t>dy§dy;7t _

t=0

C\tol—t [ S, -t (H(t—1) _ 1(t—1) t g s—t
+_(-1)2 (t)yl (B0 4 (1)) dyf dys )

Using the equality

/Z\l(t—l) + (_l)szl(t—l) _ (Rzl _ iIZl)t—l + (—1)S(Rzl + iIZl)t—l
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we get
o2,s(dv,....dv, v,...,v)
——— N——
s times |l — s times
—1)%° s\ _
(10) :él(Ill)s <( +(-1 de 12 t( )yll t
<= 1/t—1 INt—j—1 s+7 s—t
Z;ﬂ i (Rz) I27)7 (L + (1) )dyydy
7=0

Let s = 2r. Then (10) implies

= (—Al) <y2d Z 1)tol- t( >yl1—t

(=]
Ujl—zu— t u uU— T—
Y (-t 2<2u )A ys 2y dys f).

u=0

Let s = 2r + 1. Then (10) implies

2r+1
-1 . (2r+1
02,27 +1 = (ZA2 ( 2ty Z 1)t2! t< . )?J

[£] P
. Z(_l)ult72u <2u B 1) Au 1 t 2ud tdy27'+1 t>

u=1

I—t
1
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By 4.3 we can use the above tensor fields o; 2 and o2 s to write down the conditions of first order

for lifting for the dihedral groups ©;.

Remark. The conditions of lifting for the ©;-module C? could be reduced to those of the first

example 6.5. This follows from the following formulas:
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