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ON THE COMPUTATION OF MINIMAL REDUCTION

E. BODA anp I. SUNAL

Let P := k[X,Y,Z] be a polynomial ring over an algebraic closed field k£ and
(Xm yn ZL Xeybze XAyezF)  k[X,Y, Z] an (X,Y, Z)-primary ideal in P, (m,
n, 1, a,b,c,d,e, f are integers). The ideal Q=(X™ Y™, Z!, X2Y*Zz¢ Xy°Zl) R
is (X,Y, Z) - R-primary ideal in the local ring R = k [X,Y, Z](I’y’z). In this short
note we give a formula for the calculation of Samuel multiplicity eo(Q, R) of the
ideal @ in R. Remark, that the multiplicity eo(Q, R) is the leading coefficient in
the Hilbert-Samuel polynomial P(n) = I[(R/Q™), where I(R/Q") is the length of
the R-module R/Q™. We use the notion of a reduction of ideal for the proof of
a main theorem. We say, that the ideal g is a reduction of the m-primary ideal ¢
in the local ring (A, m), if § C ¢ and for same integer n € N it holds g-¢"=¢"*!.
If G is the reduction of the ideal ¢ in A then we know that eg(q, 4) = (7; A) [5,
Theorem 1].
Let’s formulate the first statement of this note. For the monomial ideal
Q= (XmY" 7\, Xovtze XyeZF) - R we set
Ql = (Xmaynvzl) ! Ra
Qa= (X" +Y", X"+ 7', XY"Z%) - R,
Qs = (X" +Y", X"+ 7, Xyezl) . R,
Qu= (X" —Y", X™ - Xdvezl 7 — XY°Z°) - R,
Qs =(Y"—ZY" = XY'2¢, X™ — Xy°Z) - R,
(Xm -2z xm - xovtze y" — x4vez/) - R.
Further define
a1 = mnl,
as = nla + mlb + mne,
as = nld + mle +mnf,
ay = nld + mle + mnc+ n(af — ed) + m(bf — ce),
a5 = nld + mlb+ mnc + n(af — cd) + l(ae — bd),
ag = nla +mle + mnc+ m(bf — ce) + I(bd — ae)

Received May 12, 2005.
2000 Mathematics Subject Classification. Primary 13H15; Secondary 13A17.
Key words and phrases. Multiplicity, minimal reduction.



220 E. BODA anp I. SUNAL

and finally 9 = {ay, ag, as, ag, as, ag ).

Theorem 1. Let Q = (X™,Y", Z!, XYt Z¢ X4VeZf)- R be an (X,Y,Z) - R-
primary ideal in the local polynomial ring R = k [X,Y, Z}(Ly’z’) (where m > a > d,
n>b>e l>f>cuwlg.) Forallie€{1,2,3,4,5,6} we have:

If «; = minM then Q; is a reduction of Q.
Proof. Let ac; = min 9. Hence
a; < ag, o < as.
Further let
G1(Ty, Ty, T3, Ty, Ts) = T2 — X(ez—er)yblaz—ar) gelaz—au)  pnlapmlbpmne,
Go(Ty, Ty, Ts, Ty, T5) = T — X Uos—en)yelas—a) zflas—ea)  puldpmlepmnf
be the polynomials of R[Ty,Ts,T3,Ty,T5]. It is clear that
Gi(X™ Y™ Z', Xovbze, Xiyezl) = Go(X™, v,z Xyt ze, Xdyez/) = 0.

Let’s idetify G with G; - R[T1,Ts, T3, Ty, Ts)/m, so

Gi(Ty, T, Ts, Ty, Ts) = T2 (vesp. T — TPOTMP T if oy = ap),

G5(Ty, T, Ts, Ty, Ts) = T (resp. T — TPETIeTI ™ if o) = ag).

Let I =(G%,G3) - k[Th,T2,T5,Ts,T5]. Then for all possibility of the choice of
G;k the ideal I + (Tl, TQ, T3) . k[Tl, TQ, 1137 T4, T5] is (Tl, Tz, Tg, T4, T5)—primary.
Hence the ideal @Q; = (X™,Y™, Z!)- R is the reduction of Q by Proposition of
[2]. For the rest five cases we denote

GS — TfllaTémlegnnc _ Xa(a1—ocg)Yb(ozl—az)Zc(al—az) . Tim
G4 _ T57m . Z(as_az) . Téae—bd)T?fna—ae+bd—nd) ) de if ae > bd
Gs = Ty — Zles—an . pbdmac)pimb=bitac=me) e if ae < bd
GG _ TlnldemleT?:nnf _ Xd(al—ag)ye(al—a3)Zf(a1—o¢3) . T4as
G7 _ ng - Xa( azfozl)Yb( agfal)Zc( az—aiq) | TlrLlaTgnlegnnc if g >

GS _ T4(mn—nd—me) . Z(mlfag,)

. Tl(na—nd-i-bd—ae)T2(mb—me+ae—bd)Témn—na—mb) if oy > as
Go — Tl(na—nd-‘rbd—ae)TQ(mb—me-‘rae—bd)Témn—na—mb)
7 Zas,a‘lTimn—nd—me)
Gro = T metaebdipme _ gas—aa  plac=bd)pmb if ae > bd
Gy = T{memndrbd=ac)pnd _ gas—as  qlbd=ac)pna if ae < bd

@2 —«p

G12 _ T2(ae—bd)Téna—ae—i—bd—nd)TId _z . T5na
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Gi3 = Tl(aefbd)Tgnb _ gou—as T?Embfme%»aefbd)Tine
G14 _ Tl(bdfae)T?Embfbd%»aefme)TZne . Zaz_aﬁTgnb

G15 _ Tébdfae)TgLa _ goa—as T?Enafnderdfae)TiLd.

With the notions as in first part of the proof we concetrate the steps in the rest
parts in the following table

min M | G, Ji Q:
a2 G37G47G5 (G;,GZ), Qz:(Xm +Y77I’Xm _|_Zl7
resp. (G3,G3) XoYbz°) . R
Qg GG, G7, Gg (Gg, (;f;)7 Q?,:(Xm + Yn’ Xm it Zl7
resp. (Gg, G§) Xdyez/). R
Qy Gy, G0, G11 | (Gy,GYo)s Qui=(X" —Y" X" —XTyeZT,
resp. (G5, G1) | 2~ X°Y'7°) R
as | Giz,Gis | (Gia, Gis) Qs=(Y" — ZLY" — X°Y'Z°,
Xm - Xdyezl) . R
as | G, G5 | (Gly, Gi5) Qo=(X" —Z,X™ — X°Y"Z°,
Y® - X4vezl) . R
what completes the proof. 0

Let’s prove the main theorem of this note.

Theorem 2. Let Q = (X™, Y™, Z! X°Y?Z¢ X4veZ/)- R be an m =
(X,Y,Z) - R-primary ideal in the local polynomial ring R = k[X,Y,Z]
(wherem >a>d, n>b>e, 1> f>c wlg.). Then

(aj’y’z’)
eo(Q, R) = min M
Proof. We prove, that ey(Q;, R) = «; for all i€ {1,2,3,4,5,6}. For i =1
e0(Q1,R) = eo((X™, Y™, Z"-R,R) = mnl = oy
by [4, Chapter 7, Theorem 7]. For i = 2 we have

e0(Q2,R) = eo((X™ + Y™, X™ + Z', XY Z°) - R, R)
eo((Y™, 25, X%) - R, R) + eo((X™, Z',Y") - R, R)
+eo((Y™, X™ Z° - R, R)

= nla + mlb + mnc = as
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by [4, Chapter 7, Theorem 7]. The same argument is applicable for ¢ = 3. Now
the case i = 4. For the ideal Q4 we have

e0(Qq,R) = eo((X™ — Y™, X™ — Xdyezf 7! — X°YbZ¢) . R, R)
=eo(X™ —Y" XYx™ 1 _vezl) 297" — X°Y?) - R, R)
=eo((X™—Y", X% Z° - R,R)

+eo((X™—Y™ Xmd _yezl 7°).R,R)

+eo((X™m -y, X4 717¢ — X°Y?). R, R)

+eo((Xm -y, Xm—d _yezl 7!=¢ — XY . R, R)
=ndc+n(m —d)c+nd(l — ¢)

+eo((X™m -y xm=d _yezl zi=¢ _ X9V?) . R R)

by the argument above. Let’s obserbe the polynomial X™ —Y™. Let r = gcd(m, n),
m=m-r, n=nmn-r. As the filed k is algebraic closed there are ¢1,¢2,...,¢ € k
such that

Xm_yn — (XW>T _ (Yﬁ)r — H(Xm_ G - Yﬁ)
i=1

As
eo(JJ(X™ =i - Y™), x4 —yezl, 7'7¢ — X°Y") - R, R)
= eo((X™ =g - Y, X" —vyezl 77 — X°Y") - R, R),
=1

we can assume the integers m and n are not divisible. Then the surface given by
X™ — Y™ =0 have the following parametric representation

X ="
Y =™
Z = s.

Now the module k[s,t] is finite over k[t",t™,s] (as s and ¢ are integral
over k[t",t™,s]). Further s,t € k(t",t™,s) (as m and n are not divisible), so
k(t™,t™,s) = k(s,t). By Proposition 3 below then we have

eo((Xm —yn, xm—d _yezl zl=¢c — X*Y?). R R)
= eO((tn(m_d) - tm63f7 Sl_c - tna+mb) ’ k[S, t](s,t)a k[& t](s,t))
= eo((t7(s) — ¢ntmmDmme) Slme —gnat 0y ks 4] (g 4y, ks, )
=m-e- (l _ C) + 60((S'f o tn(m—d)—me,tna—i-mb _ sl—c)

- k[s, t](s’t), k[s, t](s,t))
=me - (I — ¢) + min{ f(na +mb), (I — ¢)(mn — nd — me)}
=me-(l—c)+ f-(na+ mb).



ON THE COMPUTATION OF MINIMAL REDUCTION 223

by [1, Theorem 3]. The unequality f(na+mb) < (I—c)(mn—nd—me) is equivalent
to nld + mle + mnc + n(af — cd) + m(bf — ce) < mnl and this is true because
oy = min M. So we have
€0(Q4,R) =ndc+ (m—d) -nc+nd-(l—c)+me-(l—c)+ f-(na+ mb)
= nld + mle + mnc+ n(af — cd) + m(bf — ce) = ay.
For ¢ = 5 we have
e0(Qs, R) = eo(Y" — ZL, Y™ — Xovbz¢, X™ — X4v°Zz/). R, R)
=eo(Y" =2 Y, XY R, R) +eo(Y" - 2, X2 —Y" " X% . R R)
+e((Y" = ZL Y vezl — X™ 9. R R)
+eo((Y" =2, X 2° =Yt vzl — X" %) . R,R)
=lbd+1d-(n—0)+1b-(m—d)
+eo((Y" =2, X Z¢ —y"=b yezl — X™ 9. R R).
Let’s observe the surface Y™ — Z! = 0. With the same argument as before we

may assume that ged(n,l) = 1, so the rational parametrisation of this surface is
given by

I
c~o~o¢~

X
Y
Z
Now (as the condition of Proposition 3 are satisfied) we have

eo((Y" =2 X0z -yt yezl — Xm ). R)

(( agne _ tl(n b) tleJrnf §m d) . k[s, t](sﬂ:))
= eo((te(s® — ¢V mne) et d — ) K[ ()
ne(m — d) + eo((s — tln=b)=ne tlﬁ”f — ™) ks, tl(s,t))
= nc(m — d) + min{a(le + nf), (m — d)(nl — b — nc)}
ne(m —d) + a(le + nf),

I
o
o

a(le +nf) < (m—d)(nl —1b —nc)

(equivalent to nld + mlb + mnc + n(af — cd) + l(ae — bd) < mnl). So for the
multiplicity of Q5 it holds

eo(@s,R) =lbd+1d- (n—0b)+1b-(m—d)+nc-(m—d)+a-(le+nf)
= nld + mlb+ mnc + n(af — cd) + l(ae — bd) = as.
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We finish the proof with the last case i = 6.
e0(Qs, R) = eo((X™ —Z', X™ — X°Y*ze v — Xly°Zz/). R, R)
= eo((X™ - Z', XY - R,R)
+eo((X™ -2, X, X172/ —Y"~°). R, R)
+eo((X™ =2 YPZ¢ — X™ % Y®). R, R)
+eo((X™ -2 YPze — X™~e X127 —Y""°) . R,R)
= lae+la-(n—e)+le-(m—a)
+eo((X™ - ZLYPZe — X™ X9Z) —Y""¢). R, R).
Applying the former method (for the surface X™ — Z! = 0) we obtain
eo(Xm=2z ybze — xm= Xxdz/ _y"~=¢). R R)
co((s"t™e — 1= gl mT — g0y ks, 1], ks, (o)
eo((t74(s" — ¢0mm O mme) S — gn0) K5 1] (g 0y, ks, o)
me(n — e) + min{b(ld + mf), (n — e)(ml — la — mc)}
me(n —e) + b(ld +mf),
as b(ld+mf) < (n—e)(ml—la—me), so we have
eo(Qe, R) =lae+la-(n—e)+le-(m—a)+ me(n—e)+blld+mf)
= nla + mnc + mle + m(bf — ce) + l(bd — ae) = ag,

what completes the proof. O

Proposition 3. Let F(X,Y,Z), G(X,Y,Z), H(X,Y,Z) denote the polyno-
mials in the polynomial ring P = k[X,Y,Z] (k algebraic closed) such that the
ideal Q = (F\G,H)-P is(X,Y,Z)- P-primary, R=k[X,Y,Z](xy,z). Letthe
surface W in k3 given by: F(X,Y,Z) = 0 has rational parametrization

X =uy(s,t)
Y = us(s,t)
Z = us(s,t)

such that the module kl[uy,us,us] is finite over k[s,t] and u;(s,t) are polynomial
in k[s,t]. Assume in addition that surface W is birational isomorph to the plane
(t-m-k(uy,us,us) = k(s,t)). Then
eo(Q, R) = eo((G(u1, ug,uz), H(ui,us, uz)).k[s, t](s ), k[s,t](s,1))
Proof. Let’s construct following homomorphism of polynomial rings
¢: kXY, Z] — k[s,1]

X — uy(s,t)

Y — uy(s,t)

Z — ug(s,t)
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The kernel of ¢ is the ideal (F).k[X,Y, Z], so there is a monomorphism
kXY, Z]/(F) - k[X,Y, Z]. = kluy, ug, us] — kls, ]
and within also the local monomorphism of local rings
R/(F) R = k[ul, U2, U3](u1’u2’u3) — k‘[S, t](sg&)

Let’s apply the additive formula for multiplicity [3, Chapter 14]. By assumptions
the module k[u1,us, Us](uy uy,uq) 18 finite over [s,t](s 4 and [k(ui,ug,us) : k(s,t)]
= 1. So by Theorem 14.7 of cited book is

eo(Q- R/(F)-R.R/(F) - R)

= eo((G(u1,uz,u3), H(uy,uz,u3)) - k[s,t](s.4), ks, t](s,1))
As the ideal Q in R is a parameter ideal, we have
eo(Q, R) = eo(Q- R/(F)- R,R/(F) - R)
and thereby is the proof complete. O
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