THE QUADRATIC CONTROL FOR LINEAR DISCRETE-TIME SYSTEMS WITH
INDEPENDENT RANDOM PERTURBATIONS IN HILBERT SPACES CONNECTED
WITH UNIFORM OBSERVABILITY

V. M. UNGUREANU

ABSTRACT. The optimal control problem for linear discrete-time, time-varying systems with state dependent noise and
quadratic control is considered. The asymptotic behavior of the solution of the related discrete-time Riccati equa-
tion is investigated. The existence of an optimal control, under stabilizability and uniform observability (respectively
detectability) conditions, for the given quadratic cost function is proved.

1. INTRODUCTION

We consider the quadratic control problem for linear, time-varying, discrete-time systems, with control and
independent random perturbations in real, separable Hilbert spaces. The existence of an optimal control is
connected with the asymptotic behavior of the solution of the discrete-time Riccati equation associated with
this problem. We will establish that, under stabilizability and uniform observability (respectively stabilizability
and detectability) conditions, this Riccati equation has a unique, uniformly positive (respectively nonnegative)
solution, which is bounded on N* and stabilizing for the considered stochastic system with control. Using this
result, we obtained the control, which minimize the given quadratic cost function. In 1974 J. Zabczyk treated (see
[11]) the same problem for time-homogeneous systems. In connection with this problem, he introduced a notion of
stochastic observability, which is equivalent, in the finite-dimensional case, with the one considered in this paper.
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He obtained similar results to those mentioned above, but the results which involved the uniform observability
are obtained only for finite dimensional Hilbert spaces. The case of time-varying systems in finite dimensions
has been investigated by T. Morozan (see [6]). In this paper we generalize the results of T. Morozan and J.
Zabczyk. We also establish that, in the stochastic case, the uniform observability cannot imply the detectability.
Consequently, the results obtained under detectability conditions (see the results obtained by J. Zabczyk in[11])
are different to those obtained using the uniform observability property (see Theorems 28, 29 in this paper or
Corollary 3.4 in [11], for finite dimensional case and time-homogenous stochastic systems). Moreover, we note
that the uniform observability property is easier to verify than the detectability condition. The results of this
paper are the discrete-time versions of those obtained in [9] for the continuous case.

2. NOTATIONS AND THE STATEMENT OF THE PROBLEM

Let H, V, U be separable, real Hilbert spaces and let us denote by L(H,V) the Banach space of all bounded
linear operators which transform H into V. If H =V we put L(H,V) = L(H). We write (-,-) for the inner
product and ||-|| for norms of elements and operators. If A € L(H) then A* is the adjoint operator of A. The
operator A € L(H) is said to be nonnegative and we write A > 0, if A is self-adjoint and (Az,z) > 0 for all
rzeH.

We denote by H the Banach subspace of L(H) formed by all self-adjoint operators, by K the cone of all
nonnegative operators on H and by I the identity operator on H. N is the set of all natural numbers and
N* =N — {0}.

The sequence {Ly, }nen+, Ly € L(H,V), is bounded on N* if = sup || Ly < oo.

neN*

Let (Q,F, P) be a probability space and & be a real or H- valued random variable on Q. We write F(§) for
mean value (expectation) of £&. We will use the notation B(H) for the Borel o-field of H. We recall that a mapping
n:(Q,F,P)— (H,B(H))is a H valued random variable if and only if, for arbitrary € H, (n,z) : (2, F,P) = R
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is a real random variable (see [1]). It is easy to see that if £, 7 : (Q,F, P) — (H,B(H)) are two random variables,
then (£,7n) is a real random variable.

Let &,,n € N be real independent random variables, which satisfy the conditions E(&,) = 0 and E [&,[> = b, <
oo and let F,,, n € N* be the 0— algebra generated by {&;,i < n—1}. We will denote by L2(H) = L?(Q, F,,, P, H)
the space of all equivalence class of H-valued random variables 7 (i.e. 7 is a measurable mapping from (2, F,,)
into (H, B(H))) such that E |n]|* < co.

In order to solve the quadratic control problem we need the following hypothesis:

H;: The sequences A, B, € L(H), D, € L(U,H), C, € L(H,V), K, € L(U) and b,, = E |§n|2 are bounded on
N* and

(1) K, >46I,6 >0, for all n € N™.
Assume that H; holds. Under the above notations, we consider the system with control
Tp =z, k € N¥,

denoted {A : D, B}, where the control v = {ug,ug+1,...} belongs to the class ﬁk,x, defined by the properties

that w,, n > k is an U-valued random variable, F,-measurable and supE ||u,||> < co.
n>k
To the system (2), we associate the following quadratic cost

(oo}
(3) Li(@,u) = B> _[[IChzal® + < Kntin, un >,
n=~k
where ,, is the solution of (2), for all n € N*,n > k and the control u = {ug, ug+1, ...} belongs to the class Uy 5,
formed by all infinite sequences u € Uy, , with the property Iy (z,u) < co.
We study the following problem: For every kK € N* and x € H, we look for an optimal control u, which belongs
to the class Uy, and minimizes the above quadratic cost. We will prove (Theorem 29) that, under stabilizability
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and either uniform observability or detectability conditions, there exists an optimal control, which minimize the
cost function (3).

3. PROPERTIES OF THE SOLUTIONS OF THE LINEAR DISCRETE TIME SYSTEMS

We consider the stochastic system {A, B} associated with (2)

(4) Tp+1 = Anxn a4 ganxn
xp =x, k€ N*,

where A, B, € L(H) for all n € N*, n > k and &, are introduced above.
The random evolution operator associated to (4) is the operator X (n, k), n > k > 0, where X (k, k) = I and

X(TL, k’) = (An—l + §n—1Bn—1) 550 (Ak aF kak),

for all n > k. If ,, = x,(k, x) is a solution of the system (4) with the initial condition z, = z, k € N*, then it is
unique and z,, = X (n, k)z.

Lemma 1. Under the above notations X (n,k),n > k,n,k € N* is a linear and bounded operator from L2(H)
into L2 (H), which has the following properties E || X (k, k)(€)||> = E ||¢]|* and

(5) B | X (n, D)EI® < (| An-1l* + b1 |Ba-s]*) - -
AN + b | Be 1) E €]
foralln >k >0 and £ € L2(H).

Proof. We use the induction to prove that X (n,k) is a bounded linear operator from L% (H) into L2(H) for
allp=n—k,peN.

For p = 0 we have n = k and the conclusion follows immediately. We assume that the statement of the lemma
holds for all n > k > 0 such that n — k = p and we will prove it for alln >k >0, n—k=p+ 1.
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Let n,k € N* such that n —k = p+ 1. If n € Li(H), then X(n,k)(n) = An—1(Y) + &—1Bp—1(Y), where
Y = X(n—1,k)(n) € L2_,(H) (by the induction hypothesis).

For every # € H we have (A4,_1(Y),z) = (Y, A;_,x). Since (Y, A%_,x) is a real F,,_i-measurable random
variable, then A,,_1(Y) is a H-valued, F,,_1-measurable random variable.

Analogously, we deduce that B,,_1(Y) is a H-valued, F,,_;-measurable random variable. Since F,_; C F,, it
is clear that A,—1(Y) + &,—1Bn—1(Y) is F,,-measurable. Hence X (n, k)(n) is F,- measurable.

Since &, is JFp-independent, then X(n,k)(n) and &, are independent for all n — k
= p+ 1. From the above considerations it follows that {&,_1, (Bn-1(Y), 4n—1(Y))}, {&n—1, (Bn-1(Y),Bn_1(Y))}
are independent. Thus

E|X(n, &) = EllAn—1(V)|* + buo1 B | Bpa (Y)|?
< (1An=1l* + bar | BaalP) E Y]

From the induction assumption we get (5) for all n € L?(H) and n > k > 0. Since X (n, k) is linear, we use (5)
to obtain the conclusion. The proof is finished.

O

Corollary 2. If A,, B, and b, are bounded on N* and we use the notations g,g,g introduced in the last
section, then

| X (n, k)|l <max{l, (ZZ _|_ﬁ[;§2)(n—k)/2}7

where | X (n, k)| = sup E || X(n,k)n|]* for alln >k > 0.
n€L} (H)

Remark 3. If z,, = X (n, k)z is the solution of (4), with the initial condition zy, = x,k € N*, then it follows
from Lemma 1 that F ||9an2 < 00, Ty, is Fp-measurable and x,,, &, (or equivalently, X (n, k)z, &, ) are independent
for all n > k > 0. It is obviously true that z,, is F-measurable for all n > k& > 0.
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If S € H and A,, B,, respectively b, = E |§n\2 < 00, n € N* are introduced as above, then we define the
operators Q,,T(n, k) : H — H

(6) Qn(S) = A% SA, +b,B:SB,,

T(n,k)(S) = Qr (Qr+1 (- .. (Qn=1(9)))), for all n — 1 > k and T'(k, k)(S) = S. It is clear that Q), and T'(n, k) are
linear and bounded operators (see [7] for the finite dimensional case).

Lemma 4. [13] Let X € L(H). If X(K) C K then || X|| = || X(I)||, where I is the identity operator, I € H.
The following proposition is known (see [10]), but I present the proof for the readers’ convenience.

Theorem 5. If X(n,k) is the random evolution operator associated to (4), then T(n,k)(K) C K (that is
T(n, k) satisfies the hypotheses of the above Lemma) and we have

(7) (T'(n, k)(S)z,y) = E(SX(n, k)z, X (n, k)y)
forall S € H and z,y € H.

Proof. Let S € H and x,y € H. Since §,_1 is F,_1— independent, we deduce by Lemma 1 that &, 1
and (AX(n —1,k)z, BX(n — 1,k)y) (respectively £2_| and (AX(n — 1,k)z, BX(n — 1,k)y)) are independent on
(Q,F,P) for all A, B € L(H). Using the relation X(n,k) = (An—1 + &—1Bn-1)X(n — 1,k), we get

E(SX(n,k)z,X(n, k)y) =E (A}_1SA, 1 X(n—1,k)z, X(n —1,k)y)
+ by E(B;_15B,_1X(n—1,k)z, X(n—1,k)y)

and

(8) E{(SX(n,k)xz, X(n,k)y) = E{(Qn-1(S)X(n—1,k)z, X(n — 1,k)y)
for all z,y € H. Let us consider the operator V(n,k) : H — H,

(9) (V(n, k)(S)z,y) = E(SX(n, k)z, X(n, k)y)
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for all S € H and z,y € H. It is easy to see that V' (n, k) is well defined because the right member of this equality
is a symmetric bilinear form, which also defines a unique linear, bounded and self-adjoint operator on H.

From (8) and (9) we obtain V(n,k)(S) = V(n — 1,k)Qn—1(S) if n —1 > k and V(k, k) = I, where I is the
identity operator from L(H). Now, it is easy to see that V(n, k) = T'(n, k) and it follows (7).

Since @, (K) C K for all p € N* we deduce that T'(n, k)(K) C K. O

Remark 6. Since the set of all simple random variables (see [1]), which belongs to L?(H) is dense in L2 (H)
and {¢, X(n,k)z} are independent random variables for all £ € L?(H),x € H, it is not difficult to see that
E(T(n,k)(S)¢, &) = E(SX(n, k)¢, X (n,k)E) for all S € H and & € L2(H).

Lemma 7. The solution z; = x;(z,k;u) of (2) satisfies the equation

j—1

(10) zj(x, k;u) :X(j,k)x—i—ZX(j,i—i—l)Diui
i=k

for j > k4 1. Moreover, x; is F;— measurable and {;— independent.

Proof. Tt is not difficult to verify, by induction, that (10) holds.
Indeed, for j = k + 1, (10) is obviously true. Suppose that (10) holds for j = n, n > k and let us prove the
statement for j =n + 1.

n—1
Then x,, = X (n,k)x + Y, X(n,i+ 1)D;u; and we have

i=k
n—1
i=k

n
=X(n+1,k)z+ Y X(n+1,i+1)Du,.
i=k
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Hence (10) holds for j = n 4+ 1. The induction is complete. By the hypothesis, u; is F;-measurable. Using
Lemma 1, we deduce that X (j,¢+ 1)D;u;, i = k,...,j — 1 and X(j, k)z are F;-measurable. Consequently z; is
Fj-measurable. Since §; is F;— independent we see that x; and £; are independent. The proof is finished. O

4. UNIFORM EXPONENTIAL STABILITY, UNIFORM OBSERVABILITY
AND DETECTABILITY

4.1. Mean square stability

Definition 8. We say that the stochastic system {A, B} is uniformly exponentially stable iff there exist 5 > 1,
a € (0,1) and ny € N* such that we have

(11) E|X(n,k)z|? < ™ ||z||?
foralln >k >ng and z € H.

It is not difficult to see that if the stochastic system {4, B} is uniformly exponentially stable, then there exist
B8>1,a€(0,1) such that (11) holds for all n > k > 0.

Using the Theorem 5 and Lemma 4 we obtain the following result:

Proposition 9. [10] The following statements are equivalent:

a) the system (4) is uniformly exponentially stable;

b) there exist § > 1, a € (0,1) and ng € N* such that we have
(12) IT(n, k) (D)l = 1T (n, k)| < Ba™*
for all n > k > ng, where I is the identity operator on H.

Corollary 10. Assume that A, = A, B, = B, b, = b for all n € N* and H has a finite dimension.

The stochastic system {A, B} is uniformly exponentially stable if and only if the stochastic system {A*, B*} is
uniformly exponentially stable.
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Proof. By the above proposition it follows that the stochastic system {4, B} (respectively {A*, B*}) is uni-
formly exponentially stable if and only if there exist 5 > 1, a € (0,1) (respectively 51 > 1, a; € (0, 1)) such that

we have ||Q™(I)|| < Ba™ (respectively ’@”(I) ‘ < Bra}) for all n € N, where @, = Q is given by (6) (respectively
Q(S) = ASA* + bBSB*). Since TrQ"(I) = TrQ"(I) and, for all S € K, we have ||S|| < TrS < Tr (I)||S|| (I is
the identity operator on H and Tr(I) < co) it is clear that [|Q™(I)] < Ba” if and only if HQ”(I)H < Bral for all
n € N.

4.2. Uniform observability, detectability and stabilizability

We consider the discrete-time stochastic system {A, B; C} formed by the system (4) and the observation relation
zn = Cpy, where C,, € L(H, V), n € N* is a bounded sequence on N*.

Definition 11. [6, Definition 6] We say that {A, B;C'} is uniformly observable if there exist ng € N* and
p > 0 such that

k+ngo

(13) > E|CoX(n, k)z|® > p|z|®
n=k

for all Kk € N* and = € H.

If the stochastic perturbation is missing, that is B,, = 0 for all n € N*, we will use the notation {A, ;C'} for
the observed, deterministic system. We have the following definition of the deterministic uniform observability
(see [3] and [4]).

Definition 12. We say that {4, _;C} is uniformly observable iff there exist ng € N and p > 0 such that
k+no

Y ChAp—1An_s... Agz|? + ||Cr||> > p|l|® for all k € N* and = € H.
n=k+1

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



Remark 13. [3] It is known that, in the time-invariant case and for finite dimensional spaces, the deterministic
system {A, ;C} is uniformly observable iff rank(C*, A*C*, ..., (A*)" "' C*) = n, where n is dimension of H.
The following proposition is a consequence of the Theorem 5.

Proposition 14. The stochastic system {A, B;C} is uniformly observable if and only if there exist ng € N
and p > 0 such that, for all k € N*,

k+ng
(14) > T(n,k)(CCh) > pI,

n=~k

where I is the identic operator on H.

Conclusion 15. From the above proposition it follows that if the deterministic system {A, _;C} is uniformly
observable, then the stochastic system {A, B; C'} is uniformly observable.

Definition 16. The system {A, B, C'} is detectable if there exists a bounded on N* sequence P = {P, } hen~,
P, € L(U, H) such that the stochastic system {A + PC, B} is uniformly exponentially stable.

Definition 17. [6] The system (2) is stabilizable if there exists a bounded on N* sequence F' = {F), },en+, F, €
L(H,U) such that the stochastic system {A + DF, B} is uniformly exponentially stable.

Using Corollary 10 and the above definition we deduce the following:

Remark 18. In the time invariant case and for finite dimensional spaces, the system {4, B, C} is detectable
if and only if the stochastic system with control {A* : C*, B*} is stabilizable.

4.3. The stochastic observability doesn’t imply detectability

Let us consider the time invariant case, when A, = A, B,, = B, b, = b and C,, = C. We introduce the Riccati
equation

(15) R, = A(Rn11)
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associated to the system {4, B, C'}, where A: K — K,
A(S) = ASA* +bBSB* + 1 — ASC*(I + CSC*)"tCSA*.
It is not difficult to see [12, Lemma 3.1] that, since I + C'SC* is invertible, I + C*CS is invertible and C*(I +

CSC*)~l=(I+C*CS)~1C*.Moreover S(I + C*CS)~t> 0. Thus A(S) = bBSB* + 1+ AS(I + C*CS) 1 A*and
the mapping A is well defined.

Lemma 19. If the Riccati equation (15) has a bounded on N*, nonnegative solution then the algebraic Riccati
equation

(16) R = A(R)
has a nonnegative solution.

Proof. From Theorem 3.1 in [11] we deduce that
a) A is monotonic (that is A(S1) > A(Sz) for all S > S3,51, 5 € K.
b) if S, S (strongly) then A(S,) /" A(S) (strongly).

Therefore, if R, is a nonnegative, bounded on N* solution of (15), then there exists @ > 0 such as ol > R,, >
AP(Ry4p) > AP(0) > 0 for all n, p € N*. Then A"(0) / A (strongly) and it is clear that A is a solution of the
Riceati equation (16). O

Remark 20. Let us consider the finite dimensional case. Assume that the system {4, B, C'} is detectable.
Using Remark 18 we deduce that the stochastic system with control {A* : C*, B*} is stabilizable. Thus, it follows
by Proposition 25 that the Riccati equation (17), where we replace the operators A with A*, B with B*, C' with
I (I is the identic operator on H), and D with C* admits a nonnegative bounded on N* solution (that is the
Riccati equation (15)) has a nonnegative bounded on N* solution.

The following counter-example prove that the stochastic observability doesn’t imply detectability.
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Counter-example Let us consider H = R?, V = R (R? is the real 2-dimensional space), A, = A =

( (1) (2) >,CnC’( 1 1 ),bnzland B, =B = é 8 for all n eN*. Since rank(C*, A*C*) = 2, then

the deterministic system {A, ; C} (see Remark 13) is observable. Therefore (see Conclusion 15) the stochastic
system {4, B; C'} is uniformly observable. We will prove that the equation (16) has not a nonnegative solution
and consequently the equation (15) cannot have a nonnegative bounded on N* solution. Then, from Remark 20,
we deduce that the system {A, B, C'} cannot be detectable.

If we seek a solution K = ([ “' *2 ) of (16) which satisfies the condition xyx3 > 2%, £ > 0, then (16) is

T2 X3
equivalent with the following system

44
(371—}-332)(?2—1) = 11+1
—1
T +$2) <JL‘22 + 56‘34 ) = $22
4 Xz
e (3 -1) - 2
T2 xg—]. _ 3$3+1
(x2+x3)(?+ 1 ) = 1

We deduce (%)2 = (x1+1) (%) Then x3 = 3w3z; + 3x3 + o1 + 1 > 323 + 1, that is impossible. The
conclusion follows.

5. THE DISCRETE-TIME RICCATI EQUATION OF STOCHASTIC CONTROL

Throughout this section we suppose that H; holds. We define the transformation

Gn: K —K,Gn(S) = A%SD, (K, + D;SD,) 'D:SA,.
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It is easy to see that D} SD,, € K for all S € K and from (1) we have K,, + D} SD,,> K,,>0I. Thus K,, + D} SD,,
is invertible and (K, + D;kLSDn)*1 > 0. Therefore G,, is well defined. We consider the following Riccati equation

on K, connected with the quadratic cost (3).

Definition 21. A sequence R,, € K, n € N* such that (17) holds is said to be a solution of the Riccati
equation (17).

Definition 22. [6] A solution (R,)nen+ of (17) is said to be stabilizing for (2) if the stochastic system
{A+ DF, B} with

(18) Fn = 7(Kn + D:Rn+1Dn)71D;Rn+lAnan € N*
is uniformly exponentially stable.
Proposition 23. The Riccati equation (17) has at most one stabilizing and bounded on N* solution.

Proof. Let R, 1 and R, 2 be two stabilizing and bounded on IN* solutions of equation (17). We introduce the
systems

Tn41,4 = (An + DnFn,i)xn,i + ganxn,i
(19)
Tps =T € H

foralln > k, n, k € N*, where F,, ; = —(Kn—i—D;kLRnH,iDn)_lD;‘LRnH,iAn, i =1,2. Weseethat Q, = R, 1 — Ry 2
is the solution of the equation

(20) Qn = A;Qn—&-lAn = an:;Qn+an 4 A;R71+1,1DnFn,1
- F’:72D2Rn+l,2An-
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Since z,,; and &,, ¢ = 1,2 are independent random variables for all n € N* (see Lemma 1), it follows that

E(Qn+1%Tn+1,1, Tnt1,2)
= b,E (B;Qn+1Bntn1,Tn2)
+ E((An + DpFr2) Qnii1(An + DnFr1)@n 1, Tn 2)
= E(A;,Qni1AnTn1,2n2) + bnE (B} Qni1BnTn 1, Tn2)
+ E(F 3D} Qni1Ann1,Tn2) + E (A} Qni1DnFr 10,1, Tn 2)
+ E(F; 3D Qni1DnFp1Tn1,Tn2) -

From (20) we deduce that

E<Qn+1iﬂn+1,17xn+1,z>
=F <Qn$n,17$n,2> - F <A2Rn+1,anFn,1xn,1amn,2>

+ E <F;72D:Rn+1,2f4nxn,1a xn,2> + E <F;,2D;Qn+1Anxn,17 xn,2>
+ E <A;Qn+1DnFn,1mn,17 xn,2> + E <F;,2D:;Qn+1DnFn,1xn,17 xn,2> D

Now we obtain

E(Qn+1Tn+1,1; Tnt1,2)
=F <Qn$n,1a -Tn,2> - F <A;;Rn+1,2DnFn,1xn,1a xn,2>
+ B <F;72DZR7L+1,1Anxn,1a xn,2> +E <F;72D2Qn+1DnFn,1xn,lv xn,2> .
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Since
E(F; 3D} Qni1DnFp 1201, Tn2)
= E(F; 3D} Rny11DnFr1n1,@n2) — E(Fy oDy Ryt12DnFr 1201, Tn 2)
= —F <F;,2D2Rn+l,1An$n,l7 $n72> ) <F,’:,2KnFnJacml7 xn72>

+ E <A:;Rn+l,2DnFn7lxn,1; xn72> + E <F;72KnFn,1xn,1a Jjn,2> )

we get FE (Qn+1xn+171,xn+172> =F <ann,17$n,2> for all n Z k.
It is easy to see that for all n > k, x € H, we have

E(Qni1Tni1,1,Tnt1,2) = E{(Qrxr,1,Th2) = (Qr, T) .
Let M; >0, i = 1,2 be such as ||Rp+1.|| < M;, for all n € N. Thus,

0 < (Qk, )| < ||@niall E(lznraall n1.2])

< (M1 + M) y/ B @11 E [[2ns o]

From the hypothesis and from the Definition 17, it follows that the systems (19) are uniformly exponentially
stable and E ||z,11,]]° — 0,i=1,2.

As n — oo in the last inequality, we obtain (Qxz,z) = 0 for all z € H. Therefore Q) = 0 and Ry 1 = Ry 2 for
all £k € N*. The proof is complete. O

By Ug,m, M, k € N*, M > k we denote the set of all finite sequences ukM = {ug, Uk+1,- .. upr—1} of U-valued
and Fj-measurable random variables u;, i = k,..., M — 1 with the property E |Ju;|* < oc.
Let x,,,n < M be the solution of system (2) with the control u,iw . We introduce the performance

M-1
V(M k,z,uM)=E Z NCnanl® + < Kptin, un >].

n==k
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Let us consider the sequence R(M, M) =0 € K,
R(M,n) = Ay R(M,n+1)A,, +b,B:R(M,n + 1)B,
+ C,,Cpn — Gn(R(M,n + 1))
foralln < M — 1.
Lemma 24. The sequence R(M,n) € K for all0 <n < M and
0<R(M —1,n) < R(M,n) forall0 <n <M —1.

Proof. We will prove the first assertion by induction. For n = M, R(M,n) = 0 € K. Let us assume that
R(M,n)e K foralln e N*, k<n <M, ke N*.

We prove that R(M, k) € K. Let x,, be the solution of system (2) with the initial condition z; = = and with
the control uiw, introduced above. Using Lemma 7 we get, for all k <n < M — 1.

E(R(M,n+ 1)xpi1,Tni1)
= E(R(M,n+ 1)(Anxn + & Bnn + D), (An@y + §nBny + Dpuy,))
= E(A'R(M,n+ 1)A,xp,xn) + by (BrR(M,n + 1)B,xn, )
+ E(D;R(M,n+ 1)Anxn, un) + E(A; R(M,n + 1)Dpuy, xp)
+ E(D;R(M,n+ 1)Dpuy, uy) .
Further, we obtain by the definition of R(M, n)

E(R(M,n+ D)xpi1,Tnt1)
= E((R(M,n)Zn, Tn) — (Cr,CnTn, Tn) + (Gn(R(M,n + 1))Tn, Tn))
+2E (D R(M,n+ 1)Apnxn,un) + E (D} R(M,n + 1)Dpuy,, uy,) .
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If 2 = up + (Kn + DER(M,n + 1)Dy) " D R(M, 1 + 1) Apz,, we get
E <[Kn + D:R(M,n + 1)Dn]zn, Zn)
= E([K,+ D;R(M,n+ 1)Dy]un, un) + 2E (uy, DF R(M,n + 1)Apxn) + E{Go(R(M,n + 1))z, Tp) -
Thus we may write
E <R(M, n + 1)$n+17 xn+1>
= E(R(M,n)x,,z,) — E(C:Cpxy,xn) — E(Kpun,uy) + E (K + D) R(M,n+ 1)Dy,)zn, 2n)

Now, we consider the last equality for n = k,k + 1,..., M — 1 and, summing, we obtain
M-1
E(R(M, M)z, zy) = E(R(M, k)ay, ax) — V(M k,z,upf’) + E > ((Kn + DiR(M,n+ 1)Dn)zn, 2n) -
n=k

Since R(M, M) =0 and z;, = x we have:

M—1
(21) V(M k,z,u) = (R(M,k)z,2) + E > ((Kpn + DyR(M,n +1)Dp)2n, 2n)
n==k
Let z,, be the solution of system
(22) { ry = x€H ’

where F,, = —[K,, + D:R(M,n +1)D,,| *D} R(M,n + 1)A,, n < M — 1.
It is clear that 7, is also the solution of (2) with @, = F,,Z,, k <n < M — 1. From Lemma 1 it follows that
T, is F,-measurable, {Z,,&,} are independent and F ||5n||2 < 00, k <n < M — 1. Therefore, we deduce that
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aM = {U,,k <n < M —1} € Uy pr. If we denote
M-1
Sk (up!) = B Y (K + DiR(M,n+1)Dp) 2, 2n)
n=~k
it is clear that Sk,M(u{CW) > (0 and Sk,M(ﬂ{CW) = 0. Thus,
min V(M k,z,up’) = min {(R(M,k)z,z) + S ar(ut!)}

M M
uy’ €Uk, Mm uM €Uk m

= (R(M, k)z,x) + min S ar(up?).

uy’ €Uk, m

Since  min Sk ar(upl) = Sg (@) = 0 we deduce
’LLQ/IEUkYM

(R(M,k)z,2) = min V(M k,z,ud)>0.
quMGUk,M
We obtain R(M, k) > 0 and the induction is complete. Thus the sequence R(M,n) is well defined for all
0 <n < M and is called solution of the Riccati equation (17) with the final condition R(M,M) = 0.
Now, we obtain, for all 0 < k < M

(23) min V(M k,z,u}) = V(M, k,z,5) = (R(M, k)z,z) .
uM €Uk, m
Let ﬂkM_l = {Ug, Ut1,-.-,Upr—2}. It is clear that 62/1_1 € U, m—1 and
V(M —1,k,z, 0 ") < V(M, k,2,5").
Using the above inequality and (23), we get R(M, k) > R(M — 1,k) >0 for all M —1 > k > 0. O

Proposition 25. Suppose (2) is stabilizable. Then the Riccati equation (17) admits a nonnegative bounded
on N* solution.
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Proof. Since (2) is stabilizable it follows that there exists a bounded on N* sequence F = {F,},en+, Frn €
L(H,U) such that {A + DF, B} is uniformly exponentially stable. Then, there exist a € (0,1) and 8 > 1 such
that E ||z, (k, z)||> < Ba™ % ||z||*, for all n > k > 0 and z € H.

Let us counsider w = {u,, = F,x,,n > k}, where z,, is the solution of {A + DF, B} with the initial condition
zr = x . Since F,, is bounded on N*, it is not difficult to see that w € l?kyz. If ﬂﬂ/l ={u,,M —1>n >k}, we
have

M—-1 M-—1
V(M k2, 0) = B [[ICwaal® + (KnTin, @)l = E Y [|Conll® + (KnFotn, Fown)]
=k n==k

Z (@ + RF)E Joal? < 3 1 ol
n=k n=~k

for all M > k, where n = C? + KF? and L = sup ||L,|, L = C, K, F. For all M > k > 0, we get
neN*

V(M. k,z, ') <) Ba™* ||z)* = Al
n==k

Let R(M,n) be the solution of the Riccati equation (17) with the final condition R(M, M) = 0. Using (23),
we deduce that, for all M >k > 0

Azl > V(M k2, @) > (R(M, k), z) .
From Lemma 24 and the last inequality, it follows
0<R(M —1,k) < R(M,k) < \I
forall M —1>k > 0.
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Thus, there exists R(k) € L(H) such that 0 < R(M,k) < R(k) < M for M € N*, M > k > 0 and
R(M, k) B R( ), in the strong operator topology.

We denote L= Mlim (< Gu(R(M,n+ 1)z, z > — < Go(R(n+ 1))z, z >), Py, = Ky + DiR(M,n+ 1)D
and P, = K,, + D} R(n + 1)D,,. From the definition of G,, we get

L= lim (<PA}1nD:;R(M,n +1)Apz, DER(M,n + 1)Angc> — (P7'D:R(nP) Apz, DL R(n + 1)A >)
M —o00 ’

= A}iinoo(«PAg}n—P;l) D;;R(n+1)Anx,D;R(n+1)Anx>+<PA;}nD; [R(M,n+1)—R(n+1)] Apz yMn>)

where we denote ypr,, = D) [R(M,n+ 1) + R(n + 1)] A,z. Thus,

21 < lim (|| Pizk | 103 [R(M, 7 + 1) = Rn+ 1) Au| - 1D} [R(M,n + 1) + R(n + 1)] Ana|

+ <(P;4}n - P,;l) D:R(n + 1)A,z, D:R(n + 1)Anaj>) .
We put

= lim H

M —o0

[ROM,n+1) — R(n+ 1)] Anz| - | DX [R(M,n + 1) + R(n + 1)] Az

and

Ly = Jim_ <(Pg4}n - P,;l) DXR(n+1)Ana, DER(n + 1)Anx> :

Since Pprn > Ky, > 61, § > 0 we deduce that HPI‘?"H < % for all M > n+ 1 > k. From the strong convergence
of {R(M,n+ 1)} meN+, M>n+1 t0 Ry4q it follows Ly = 0.
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We see that HPA},lnx — Pn‘le < HPA}}n

| Priny — Poyll, where y = Py 'z, Since Iv}linoo | Prny — Pryll = 0

we get N}im HP]\}lnI — Pnfle =0.
Now, it is clear that Ly = 0. Hence L = 0 and

Jim (G (R(OM, n+ 1))z, 2) = (Gu(R(n + 1)z,2)

From the definition of R(M,n) and the above result, we deduce that R(n) is a solution of (17). The proof is
complete. 0

The next result is the infinite dimensional version of Proposition 9 in [7], where we replace the Markov
perturbations with independent random perturbations.

Proposition 26. If the system {A, B,C} is detectable, then every nonnegative bounded solution of (17) is
stabilizing.

Proof. Let us consider the bounded on N* sequence P = {P, }nen+, P € L(V, H) such that the stochastic
system {A+ PC, B} is uniformly exponentially stable. Let R,, be a nonnegative, bounded on N* solution of (17).
We will prove, according Definition 22, that the stochastic system {A + DF, B}, where F is given by (18), is

uniformly exponentially stable. If the control sequence u € Uy, , is defined as in the previous proposition, we get
E (R, xy,xn) = (Rpx,z) — V(n, k,z,up)

and V (n, k, z,7}) < (Rpa,z) < M ||z||*, where M > 0 is the positive constant such as R, < MI for all n € N*.
Consequently lim V(n, k,z,u}) < M ||z||°. The system {A + DF, B} can be written

n—oo

T, = x€H

with v, = (D, F,, — P,Cy)x,. Using (1), and H; we obtain successively
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2D? ~
E|va)? < T(SEHMQ +2P2E||Cpan|® and  E|vpll® < 6(E (Knlin, Gn) + E || Crpan|?),

where k = max{%,ﬂgz} and L = sup ||Ly| for L = D, P. Hence
neN*

ZEHVn” </<ahm V(n k,x Uk)<Mng|| M = kM.
We denote by Y(n,k) resPectlvely X(n, k), the random evolution operators associated with the systems

— ~ n—1
{A+ DF, B} and {A+ PC, B}. It is not difficult to see that X (n,k)z = X(n,k)z+ > X(n,p+1v,,n>k+1.
p=k

Let f(m k) be the operator defined by the Theorem 5, for the uniformly exponentially stable system {A +

. 2
PC,B}, and let 8 > 1 and a € (0, 1) be such that E HX(n, k)acH < Ba™F for all n > k > 0. Taking expectations

we have )

p—

n—1
E||X(n, k)z|’ < 2B H)?(n,k)xHQ 428 | Yo e H)?(n,p+ 1)1
=

SQEH)?(n,k)x‘F—&—Q?Sd 2 Za 2 < np+1)([)1/p,1/p>
p=k

n—k
_ a2z —1 p—n+tl || ~
< 2[fa” 'f||x||2+ﬁza |2 ,p + 1) B 7]
S

n—1
< 2B al + —2— 3 a 2
p=k

1—az

oFirst ®Prev ®Next ®last ®Go Back ®Full Screen ®Close ®Quit



Now it is not difficult to deduce that

o0

S T kD)= S E|[Xm, k|l < 25(1ia +

n=k+1 n=k+1

i
(1—ab)?

) 2]

By the proof of Theorem 13 in [8], it follows the uniform exponential stability of the system {A + DF, B}. The
proof is complete. 0

Theorem 27. Assume that the system {A, B; C'} is uniformly observable. If R, is a nonnegative, bounded on
N* solution of (17), then:

a) there exists m > 0 such that R, > mlI, for alln € N* (R, is uniformly positive on N* ).
b) R, is stabilizing for (2).

Proof. The main idea is the one of [6]. Let R, be a nonnegative, bounded on N* solution of (17) and let
X (n,k) be the random evolution operator associated to the stochastic system {A + DF, B} with F,, given by
(18). Let ng and p be the numbers introduced by the Definition 11. We consider the operator T, € H given by

n+ng

(Thz,z) = Z <E HCj)N((j, n)axH2 s E<Kij)?(j,n)x,Fj)?(j, n)x>) .

j=n

We will prove that inf{(T,z,z),n eN*, |z| =1} > 0.
Assume, by contradiction, that inf{(T,z,z),n EN* | z|| = 1} = 0. Then for every ¢ > 0 there exist n. €
N* z. € H, |lze|| = 1 such that (T},, e, ) < €. Let us denote &5 = X (j, ne)ze, uf = F;@5. From (1) it follows

Nne+no
(24) € > <Tn€x67x5> > OF Z HU§||2 :

J=mne
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ne+mno 2

On the other hand, ¢ > (T}, _x.,z.) > >, E

J="e
From Lemma 7, we deduce that for all j > n. + 1 we have

HCJX(J} Ne)Te

j—1
X(j,ne)re = X (j,ne)Te + Z X(j,i+1)Djus.
So, we obtain
ne+no " 2 )
e> S E HCJ-X(j, ne)ee|| + E||Cn.ze]|
jmnet1
ne+no j—1 z 1
> Y B|CiX(ne)ee +C; Yy X(i+ )Diuf| + 5B |Co. el
Jj=ne+1 1=ne
1 e 2 2
23 Y. E|C;X(j,ne)zc|® + E||Cr x|
Jj=ne+1
_ metno =1 2
20 > X(j,i+1)Dyus
Jj=nes+1 1=Ng

From H; and Corollary 2, it follows that
E | X(n, k)n|* < max{1, (4* + bB*)""*}E |||
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for all n > k and n € L2(H). Since D; is bounded on N* we can use the above results and (24) to deduce

2

j—1 ne+ng
E Z X (4,0 4+ 1)Dus || < noD?pun, Z Elu|]® < ce,
1=nNg i=MNe

~ ~ o~ ~ N2
where fi,, = max{1, (A* +bB*)"}, D = sup ||D,|| and ¢ = n0D5HnO'
neN*

ne+no P
Now we have ¢ > 2( > E|Cn X(j, ne)we||? — 2C%ngce) and, from Definition 11, we obtain & > 1p—

Jj=ne
2C%ngee).
We get a contradiction because € > 0 is arbitrary. Hence there exists m > 0 such that
(25) (Tow, ) > m |||

for all n € N* and & € H. We have (see the proof of Lemma 24)
E <Rn0+n+1)~((no +n+1,n)z,X(ng+n+1, n)x> — (Rpx,z) = — (Tho, ) .

From the last equality and from the hypothesis (R, is bounded on N*, that is there exists M > m such that
R, < MI), we have

(26) m|jz|® < (Taz, @) < (Ruz,@) < M |z|*.
Now, we obtain from (25)

E <Rn0+n+1)z(n0 +n+1,n)z,X(no+n+1, n)a:> — (Rpw,z) < —m ||z||?
< -—-m/M(R,z,z).
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Thus FE <Rn0+n+1)~((n0 +n+ l,n)x,)?(no +n+ 1,n)x> < q(Rpx,z) for all n € N* and « € H, where ¢ =
1-m/M,q € (0,1). _

Let T'(n, k) be the operator introduced by Theorem 5 for the random evolution operator X (n, k). The previous
inequality is equivalent with

T(no+n+1,n) (Rngtn+t1) < qR,.
Since T(n, k) is monotone (that is T'(n, k)(P) < T'(n, k)(R) for P < R, n > k) we deduce
T(n, k) (T(no +n+1,n) (Rn0+n+1)) < qT(n, k)(Ry)
and
T(no +n+1,k)Rugsnt1 < ¢T(n, k)(Rn)

for all n > k.
Let n > k be arbitrary. Then there exists ¢, € N such that n — k = (ng + 1)c+r and 0 < r < ng. We obtain
by induction:

T(n,k)(Rn) < ¢°T(r + k. K)(Ry).
~ - 2
From (26) and Theorem 5 we get mT'(n,k)(I) < Mq° || X (r + k, k)‘

I
Using Corollary 2, we put G = M0 Inax {(A%2 + bB2)"} and we get
=T ="no

mT(n, k)(I) < ¢°GI.
We take a = ¢'/(mo+1) | 3 = g=n0/(m0+1)(G /m) > 1 and it follows
T(n, k)(I) < Ba" "1,

From Theorem 5 we deduce )
E||X(n, bz < pam= ol
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for all z € H and 0 < k < n, k,n €N*. Therefore R,, is stabilizing for (2). The proof is complete. O

Now, we can state the main result of this section.

Theorem 28. Assume that:

1) System (2) is stabilizable;
2) System {A, B;C'} is either uniformly observable or detectable;

Then the Riccati equation (17) admits a unique nonnegative, bounded on N* and stabilizing solution.

Proof. From the Proposition 25 and the assumption 1) we deduce that (17) admits a nonnegative, bounded on
N* solution. Now, we use the above theorem or Proposition 26 and 2) to deduce that this solution is stabilizing.
A stabilizing and bounded on IN* solution of the Riccati equation is unique, by Proposition 23. The proof is
complete. O

The above theorem is proved in [6] for the discrete time stochastic systems in finite dimensional spaces. The
continuous case for stochastic systems on infinite dimensional spaces is treated in [9].

6. QUADRATIC CONTROL
The theorem below gives a solution to the control problem (2), (3).

Theorem 29. Assume Hy holds. If the hypotheses of the Theorem 28 hold, then

min [y (z,u) = Iy(z,u) = (Rpx, x) ,
u€Uy

where Ry,n € N* is the solution of (17), u = {4, = FpZn, n > k > 0}, F, is gwen by (18) and %, is the
solution of the stochastic system {A+ DF, B}, F = {F, }nen~-
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Proof. Let x,, be the solution of system (2) and R,, be the unique solution of (17). Arguing as in the proof of
Lemma 24 we have

n—1
E (Rytn,wn) = (Rex,7) — B> _[|Cimi]| + (Kiug, us)]
i=k
(27) -
+E Z ((Ki + Di Riy1D;) (u; — Fyxs) , (u; — Fiw;))
i=k

Let u = {u, = F,Zpn,n > k > 0}, where F, is given by (18) and Z,, is the solution of the stochastic system
{A+ DF;B}. 1t is easy to see that & € Uy_,. Then (27) becomes
n—1
(28) B (Rufn, Tn) = (Rew,x) — B Y [ICE||” + (Kiths, @),
i=k
Since R,, is bounded on N* (there exists M > 0 such that (R,z,z) < M ||z|* for all z € H and n € N*) and
stabilizing, we get
E (R,Tp,Tn) < ME || Ty = 0

As n — oo in (28) and by using the Monotone Convergence Theorem, it follows (Rpx,z) = Ii(z,u) and
consequently u € Uy . Thus

min Iy (z,u) < Ix(x,u) = (Riz, ) .

U,GULT,
Let R(M,k) be the solution of (17) with R(M,M) = 0. If u € Uy, it is clear that the sequence w) =
{uk, W41, ..., upr—1} belongs to Uy pr. From Lemma 24 we have:

(R(M, )z, z) < V(M,k‘,a:,ﬂ%) < Ix(z,u),
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for all M > k. As M — oo, it follows
(Rrx,x) < Ix(w,u)
for all w € Uy, ;. The conclusion follows. O]
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