CERTAIN RESULTS INVOLVING A CLASS OF FUNCTIONS ASSOCIATED WITH THE
HURWITZ ZETA FUNCTION

R. K. RAINA anxp P. K. CHHAJED

ABSTRACT. The purpose of this paper is to consider a new generalization of the Hurwitz zeta function. Generating
functions, Mellin transform, and a series identity are obtained for this generalized class of functions. Some of the results
are used to provide a further generalization of the Lambert transform. Relevance with various known results are depicted
invariably. Multivariable extensions are also pointed out briefly.

1. INTRODUCTION AND PRELIMINARIES

The generalized (Hurwitz’s) zeta function is defined by ([1], [2])
(1.1) ((s,0)=> (a+n)™"  (a#0,-1,-2,...; R(s) > 1),
n=0

so that when a = 1, we have

(1.2) (s, 1) =3 n* = ¢(s),
n=0
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where ((s) is the Riemann zeta function. The function ®(z,s,a) extends (1.1) further, and this generalized
Hurwitz-Lerch zeta function [1, p. 316], is defined by

(13) (I)(IE7S,G,) = Z(a_i_n)*sxn
n=0
(a#0,—-1,-2,..., |z| <1; R(s) > 1,when |z|=1).
Evidently, we have
(14) @(1757 1) — C(S),
(1.5) ®(1,s,a) = ((s,a).
The function ®(x, s,a) has the integral representation
1 o0
(1.6) O(z,s,0) = —/ " lem (1 — ze™") " 'dt.
L'(s) Jo

(R(a) > 0; either |z| <1, x # 1,and R(s) >0, or z =1, RN(s) > 1).
In the present paper we introduce a class of functions 07 (z, o, a,b) which is defined by

1 > =2
1. A — a—1_—at—bt 1— —t\—p
(1.7) O, (z,a,a,b) (@) /0 t“ e (1 —ze™*)"Hdt
(A>0, p>1, R(a) >0, R(b) >0; when R(b) =0,
then either |z| <1 (x #1), R(a) >0, or x =1, R(«a))

The various results obtained in this paper include series representation, Mellin transform, and generating
functions involving the above class of functions (1.7). Some of the results are used to consider a new generalization
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of the Lambert transform. Relevance with several new and known results are pointed out. Multivariable extensions
are also briefly indicated in the concluding section.
Special Cases of (1.7)

i) When A =p =1, x = 1, we have
I

6%(170‘70’3 b) = Cb(ava)
1 o ta—le—at—b/t
(1.8) = T /0 s dt,

(0<a<1, R(b) >0 b=0, R(a) >1)
where (p(,a) is the extended Hurwitz zeta function defined by [1, p. 308].

(ii) When A = p =1, b =0, we have

0i(z,a,a,0) = &(z,a,a)
1 e e} taflefat
. = t
(1.9) () /0 (1-— :Ee—t)d ’

(R(a) > 0; either |x| <1 (z #1),R(a) >00r z =1, R(a) > 1)
where ®(x, o, a) is the generalized zeta function defined by (1.6).

(iii) When A=pu =1, x = —1, a = 1, then

@%(*1,0[71,b) = (1 7217&)(:(0470’)
1 00 taflefatfb/t
1.10 - dt,
(1.10) I'(«x) /0 (I1+e?)
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where ((a, a) is the extended Hurwitz zeta function defined by [1, p. 309].

(iv) When b = 0, then

A
0, (z, @, a,0)

¢, (7, a,a)

1 00 taflefat
1.11 = dt
(1.11) INE)) /0 (1 —zet)n "

(w>1, R(a) >0; either || <1 (x#1), Rla) >0, or z =1, () > p)

which was studied recently by Goyal and Laddha [3].
The series representation of (1.11) is given by
(1.12) (2, c00) = Y (1)n

1% am|
“— (a+n)*n

(u>1,R(a) > 0,R(cx) > 0, |z] <1).

2.  SERIES REPRETENTATION AND MELLIN TRANSFORM

In this section we first find series representation and the Mellin transform of the class of functions @{7\ (z,,a,b)
(defined by (1.7)).
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Making use of (1.7), changing the order of integration and summation (under the prescribed conditions stated
with (1.7)), we have

@fl(m,a,a,b) = (1a) /000 te—lemat=bt" (1 — ze t)THdt
= (1a) /OOO t*te (1 — ge ) TH (i} (_nl;)!mt_km> dt
= (la i:o rz)'m /OO te—Am=lemat (] _ gpe=t)THdt.
This gives the series representation as
(2.1) 62(m,a7a, b) = F(la) mi?o Il = );Z;L)(_b)m@;i(x,a — Am, a)

(A>0, p=1, R(a) >0, R(b) >0, R(a) #vA (v€N), || <1).

To find the Mellin transform of the function 92(% a, a,b), we have from the definition of the Mellin transform
[1, p. 10]:

m{O)(z,a,a,0)} = /bH@A(z a,a,b)db

oo

Oota 1 —at bt—>
—F / / Nt
0
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7 to— 1 7at w _
_ / — (/ b Lot kdb) dt,
0 0

- F(S) / taJr)\sflefat P
0

I(a) / (1 —ze t)H
Thus
(2.2) Mg {@2(3:,04,(1, b} = W@;(ﬂc, a+ s, a).

(A>0, p>1, R(s) >0, R(a) > 0; either |z| <1 (z # 1),
R(a) > =AR(s), or z =1, R(a) > 1 — AR(s))

For s =1 in (2.2), we at once have

I+ A)

—— 07 .
F(Oé) u(xaa"’_)Ha)

(2.3) /@f;(x,a,a,b)db =
0
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3. GENERATING RELATIONS

Using (2.1) and (1.12), we have

_ Wi (—nlz)' go (a +I; - 1) F(arzrak+—k?m) & (2, a -+ k= m, )tk
CFerS e e e
S (L
- mf: e i vy (- ) o
— r(la) mio e — A?:Z)( o O (z, 0 — Am,a — t)
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— -1
(3.1) Z (OH_: >®ﬁ($,a+k,a,b)tk

k=0

1 K T(a—2m) (-b)™
= T mz::O - @5 (v, a — Am,a —t)

(A>0, p>1, R(a) >0, R(b) >0, R(a) #vR(A) (v €N), [z] <1, [t] <la]).
If weput A\=p=1,2=11n (3.1), then in view of (1.7), we have

o0

(3.2) > (a H]j - 1) Gla+ k,a)t*
k=0

> T(a —m)(=b)™
_ S Te-mi)

D (o —mya 1),

m=0

where (p(z,a) is the extended Hurwitz zeta function defined by (1.8). The result [1, p. 321, Eqn. 7.220] corre-
sponds to (3.2), when b = 0.
On the other hand, when A = =1, b=01in (3.1), then in view of (1.9) we receive

(3.3) kzo (OH_:_ 1>©(x,a—|—k,a)tk = ®(z,a,a — t)

(a#1, [t <lal).

This result was given by Raina and Srivastava [6, p. 302].
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For A\=p=1,and z = —1 (3.1) in view of (1.10) and (1.11) gives

oo

2 fa+k-1),, 1 e
Z( k )Cb(a+k7a) - 1_217017”2::0(1_@)7717”! ‘P(—l,a—m,a_t),

k=0

Next, using (2.1) and (1.12), we have

N fa+2k—1 N o
1;) ( 2k >®u($7a + 2k, a, b)t

_ > fa+2k—1 2k0° ['(a+ 2k — dm)(=b)™ _,
,;( 2k )t Z T(a + 2k)m! % (z,a + 2k — Am, a)

1 & ()™ XT(a +2k Am) 22K
o F(Oz) Z m! z_: ( Z a+z a+2k Am)|
t2k

_ 1 & D — Am)(=b)™ & (v — Am)ag
- I'() Z m)! Z a+z o= )‘mz' Z 1)2k(2k)!

—(a—Am) —(a—Am)
t t
att a+1

m=0

g
I
o
i~
Il
o

1 = T(a—Am)(=b)" &
Z ( )( ) Z (N)

2(a+ z)o‘ Amgl

=0 1=0
er(a) i Ia— );Z”'L)(—b)m i (,u;ixi i {(a Fi )@ gy t)*(ozf)\m):|
m=0 : i—0 4
= 1 i F(a—/\m')( b)™ {q);(x,oz—/\m,a—t)+<I’Z(a:,o¢—)\m,a+t)},
2l () m!
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Thus

= 2k —1
(3.4) > (‘”2]’: >@,§(m,a+2k,a,b)t2’f
k=0
1 & T'(a—xm)(=b)™
= 3T (a) Z (o TZT)( ) [@Z(m,a—)\m,a—t)—&-(I)Z(x,a—)\m,a—i—t)],
m=0 ’

under the same conditions as stated with (3.1).
Setting A = p =1, z =1 in (3.4), then in view of (1.8) and (1.12), we have

= fa+2k—1
(35) 2 < ok )Q’(a P
= o 2 T o )Gl ma o).
m=0

The result [1, p. 32, Eqn. (7.223)] corresponds to (3.5) when a =1, b= 0.
If we put A=p=1and x = —1 in (3.4), then in view of (1.10) and (1.11), we have

(3.6) 3 <O‘ 2k = 1) G (a + 2k, a)t?*

2k
k=0

o 1‘\ b)m(1_217(1+m)
= 1_21 a Z

2T (a) oy ¢ a—mya—t) + (e —m,a+1t)].

m:O
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Similarly we can establish the relation:

2 (a4 2k S
. 2 1
(3.7) ,;:0 <2k+1>@u(x,a+ k+1,a,b)t

o0

I'law — Am)(=b)™ " o
Z ( m')( ) ' [(I)/t(x7a_>‘m7a_t) _(I)H(x’a_)\m’a+t)] ’
=0

under the same condition as stated with (3.1).
Now we turn again to (2.1), and find a generating function which involves additional parameters. We have

Z()(G)(Z()f) @)‘(x 0+¢o—v+n,a b) n
- LS (Qr?eﬂf_ﬁmi§;@b)m¢:<w7 946 vtn—ma)
= 0)n(0)t™ 0+ v+n— > 2k
- Z() ((algf)—wnn'z = m! Zk' +k9+¥’ vn—Xm

_ N L0 +¢—v—Am)(=b)" (0)n(P)n(0 + ¢ — v = Am)nt"
N kz Z 'O+ ¢ —v)m!(a+ k)Ite—v=am Z (V)0 + ¢ —v)n(a+ k) n!

_ Z PF9+§0*U7/\m)()( b)mxk F<9@9+gpv)\m t/a—l—k:)

-~ (9+<p—v(a+k;)9+‘P v=Amp k] 382\ v,04+p—v

3
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n

In( A
. 0 — b
(3.8) ,;:O @) =0, (2,0 + ¢ —v+n,a, )

oo

F9+<p—v—)\m)( ) ( b)mxk: 0,0,0+p—v— /\m,
- (0+<p—v 2 (a4 k)0+e—v=2mm! '3F2(1’§+WWU t/a+k)

m,k=0

RO+ @) > R(v) >0, RO+ ¢ —v) £7A(r €N), |t/a| < 1).

Substituting A = g =1, z =1 in (3.8), then in view of (1.9) we have

- (0)»”((,0) " - 9+SD_’U ( b)m 6,p,0 v— m,
) DO+p—vEna)m= (@ + k)ore—v—mm] 3F2<v(5+;¢v t/a+k>
n=0 m,k=0

(RO + @) > R(v) >0, |t/a| <1).
For \=v=1,b=0, (3.8) in view of (1.10) yields

iM d(z, 0+g0—v+na tn ixikzﬂ (6% t/a—i—k)

(V)n —~ (a+ k)P+o—v

which is due to Raina and Srivastava [6, p. 302].
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Again using (2.1), we can express

1 & D(a—Am)(=b)™
A _ *
0,(7,a,a,b) = T(a) mzzo - @ (z,a — Am, a)
L L ST W S (@
I'(e) = m! —(a+n—1)"2m(n—1)!
Appealing to the series identity of Srivastva [5] (see also [1, p. 316, Eqn. 7.176])
o0 q [ee)
ST fk) =D Fflagk+j) (geN),
k=1 j=1 k=0

then (3.9) gives

0Nz, o, a,b) = 1 i (o = Am)(=b)™ Zi (Wng+j—1 gnati—l

m=0 j=1n=0

L1 R TR I (ageg e
- T(o) z,:o ml 2_:1 arly : ngti—1)*""

m= j=1n=0T'(ng + j) (a + =5 )

which yields
1 = ['(a — Am)(—b)mg*m— < a+j— 1) i
)Nz, a,b) = — o 2%, 00— Am, —— | 277
ul ) I'(«) mz::o; m! C q
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For b =0, (3.9) reduces to the identity

_ a+j3—1 "
3.9 Nz, a,a,0) = ¢~ o (zq,a, ) /-,
(3.9) ol ) J; p p
which when z = p = 1 reduces to the following known identity ([5], see also [1, p. 317])

q )
—@ a+j—1
(3.10) @ﬁ(l,a7a,0) =((o,a) =¢q ZC (a, q) .
j=1

4. SENERALIZED LAMBERT TRANSFORM

Suppose f(t) (Yt € [0,00)) is a continuous function such that

(4.1) F®)=0(")  (t— o),
then, the Lambert transform of f(t) is defined by
& t
(42) F(s) =10} = [ 0 (R(s) > 0).
0
In the papers [3], [4] and [6], various generalizations of the transform (4.2) were given.

We consider here a new generalization of (4.2) in the following form:

st)F e~b(st)”

(4. 6" (10} = LM 10} = [ S ro

A>0, u>1, R(s) >0, f(t) e A, R() > 0; when b =0,
either |[z| <1 (x#1), Rk+~v)>-1, orz=1, Rk+~v) >p-—1)
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where A denotes the class of functions f(¢) which are continuous for ¢ > 0, and satisfy the order estimates:

{ o(t7), ift — 04,

(4 TO=1 o). itt - oo

Obviously for b =0 and p = 1, (4.3) becomes

oo s k
(4.5) GLM{f(1)} = / (“) f(t)t,

est —l‘)“
(k>1, R(s) >0, f(t) € A; either |z] <1 (z #1),
R(y+k)>—-1orz=1, R(y+k)>p—1)

which was studied in [6].
Put f(t) = t* le=%! in (4.3), using (1.7), we have

(4.6) g*{ta—le—ast} _ Sk/ ta+k—1e—ast—b(st)*>‘(1 _ xe_St)_“dt
0

Ia+k)

= W@;\L(w,aJrk,aJru,b)

(A>0,up>1, R(a) >0, R(s) >0, N(O) > 0; when b =0,
then either |z| <1 (z #1), Rla+k+v) > -Lorz=1, Ra+k+y) >p-—1).

Inversion formula for the transform (4.3)
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On applying the Mellin transform [7, p. 46], (4.3) gives

om) = [ e ([Tt e e oy ) ds

o0 o0 _a
/ tkf(t) (/ el =t (1- sce_St)_“ds) dt.
0 0
In view of (1.7), this gives

(4.7) ¢(m) =T(k —m)O)(x,k — m, u,b) /OOO thtm=1f(t)dt,

provided that $(m) < k, and the existence and convergence conditions stated with (4.3) hold true.

By the Mellin inversion [7, p. 46] theorem, we obtain the following inversion formula for the integral transform
(7.3):

1 o+i00 1
[fE+0)+ ft—0)] = — / {T(k - m)@ﬁ(x, k—m,p,b)} t~"¢(m)dm,

2% J o _ioo

N | —

provided that y™ f(y) € L(0,00), f(y) is of bounded variation in the neighbourhood of the point y =¢, o > 1/2,
R(k —m) > 0, and ¢(m) is given by (4.7).
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5. CONCLUDING REMARKS

In this concluding section we find it worthwhile to mentlon briefly here a multivariable extension of the class of

apz) (

functions @,’)(m, «, a,b). This multivariable function @ X1, .-, %n;a;a,b) can be defined by

(X.pi) o _ 1 & (o — k) (=b)* = —(a—Xk) - (1) m, \Hi)m; Ty P
Oy (@1,..;Tn; 05 a,b) = T Z x Z (a+Q) };[1 )

k=0 mi,...,mp=0

A>0, p; > 1t =1,...,n), R(a) >0, éR()

R(a) #vA (v €N), max(|zz|)<1 Q= X:pzmz

7p7.

quivalently, the integral representation o T1,...,Tn;Q;a,b) is given by
E lently, the integral tati f@<A b) is given b

_ 17 A
@8#1) (x1,...,2p;05a,0) = o / po—1,—at—bt=* H (1 — e Pit)ridt

A>0,p;>1, R(p;) >0(i=1,...,n), R(a) >0, NB) >0

when b = 0, then either, e (|xl|) <1 (x; #1), R(a) >0,

orz;=10GE=1,...,n), Rla) > 121?;(”(/“))
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Corresponding to the above multivariable extension (5.1), we may also define a generalized Lambert transform
in the form

(st) k—b(st)*
(5.1) He{f ()} = / T iy,

A>0, g; =1, R(p;)) >0(i=1,...,n), éR(s) >0, f(t) e A, R(D) >0

when b = 0, either max (l=z:]) <1 ( #1) (i=1,...,n),R(Ek+vy) > -1,
)

orz;=10=1,...,n), R(a >max(uz—1))

1<i<n
These obvious extensions can be manipulated in several ways and various results can be obtained by following
the same procedures as mentioned above (see also [4]). We do not pursue further, and skip further details in this
regard.
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