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A DARBOUX PROPERTY OF 7;-APPROXIMATE PARTIAL
DERIVATIVES

R. CARRESE axD E. LAZAROW

ABSTRACT. Some Darboux property for functions of two variables is studied. In par-
ticular, it is shown that Zs-approximately continuous functions and Z;-approximate
partial derivatives of separately Zj-approximately continuous functions are Dar-
boux.

Let R(R?) denote the real line (the plane) and A/-the set of all positive integers.
All topological notations, except for the case where a topology 7 is specifically
mentioned, are given with respect to the natural topology on i or R2.

Let S1(S2) denote the o-field of sets of R(R?) having the Baire property. Z;(Z>)
will denote the o-ideal of sets of R(R?) of the first category.

Recall that 0 is an Z;-density point of a set A € &y if and only if, for each in-
creasing sequence of positive integers {1, }mear, there is a subsequence {1, }pen
such that

{z: Xn,,, an-1,1(®) £ 1} € Ty

where n - A = {nz : x € A} (see [8] and, for two variables, [2]).

A point g € R is said to be an Z;-density point of a € S if and only if 0 is an
Z1-density point of the set {x —xq: z € A}.

A point zg € R is said to be an Z;-dispersion point of A € S; if and only if zq
is an Z;-density point of R\ A.

For each A € S1, we denote

®y(A) = {z € R: x is an Z;-density point of A},
U, (A) ={x € R: z is an Z;-dispersion point of A}.

In [8] it was proved that 77, = {A € §;: A C ®1(A)} is a topology on the real
line. Every function which is continuous with respect to the 77, -topology is called
an Zi-approximately continuous function.

We say that xq is a deep Z;-density point of a set A if and only if there exists a
closed set FF C AU {xo} such that zo € ®1(F). In [9] it was proved that if f is an
T;-approximately continuous function then, for every open set U, if zg € f~1(U),
then g is a deep Z;-density point of the set f~1(U).

The following result will be useful (see [5]).

Received November 17, 1997.
2000 Mathematics Subject Classification. Primary 26B05; Secondary 26A21.



178 R. CARRESE aND E. LAZAROW

Lemma 1. Let G be an open subset of the real line; then 0 is an Z;-dispersion
point of G if and only if, for each n € N, there exist k € N and a real § > 0 such
that, for any h € (0,0) andi € {1,...,n}, there exist two numbers j,j’ € {1,...,k}

such that i1 . B
e (S +H ) (5 ) ) =0

on (- ) () ) =0

In [2], the definition of an Zp-density point of a set A € Sy was introduced.
The authors obtained analogous results as in [8], on the plane. They defined the
topology on the plane in the following way: 7Tz, = {A € So: A C P3(A)} where

Dy(A) = {(x,y) € R?: (2,9) is an To-density point of A}.

We shall denote by ®5 7 (A), for each A € Sy, the set of Zo-density points of the set
A with respect to the first quarter on the plane. For the remaining quarters, we
use the symbols @, T(A), &3 (A) and &, ~(A). By U5 (A), U, (A), ¥ (A)
and W5~ (A) we denote sets of Zo-dispersion points of the set A with respect to
each quarter on the plane, respectively [2]. Functions which are continuous with
respect to the 7z,-topology will be called Zy-approximately continuous.

In a similar way as Lemma 1 we may prove the following

Lemma 2. Let G be an open set on the plane; then (0,0) € V3T (G) if and
only if, for each n € N, there exist k € N and a real number 6 > 0 such that, for
any h € (0,60) and i,i" € {1,...,n}, there exist two numbers j,j’ € {1,...,k} such

that ‘ .
(5 ) (5 ) )

, e SR
(5 ) m () ) =e

The definition of a separately Z;-approximately continuous function was intro-
duced in the obvious manner in [10] and was considered in [10] and [1].

In [6], the definition of the Zj-approximative derivative of a function f of
one variable was introduced. Many properties of Z;-approximate derivatives and
T1-differentiable functions were considered there.

Definition 3 ([6]). Let f: ® — R have the Baire property in a neighbourhood
of xg. The upper I-approzimate limit of f at xo (Iy-limsup, ., f(z)) is the
greatest lower bound of the set {y : {x : f(x) > y} has xo as an I;-dispersion
point}. The lower I;-approzimate limit, the right-hand and left-hand upper and
lower Iy-approximate limits are defined similarly. If I-limsup,_ ., f(z) =
Iy -liminf .., f(x), their common value will be called the I -approxzimate limit
of f at o and denoted by T, -limsup, ., f(x).

Let f: R? — R and (z0,y0) € R2. Put
[ y0) — f@o,y0)

r — X

and

Ulao o) (2) = for x € R,z # x0.
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Definition 4 ([6]). Let f: R2 — R be any function defined in some neighbour-
hood of (zo,v0) € R? and having there the Baire property in the direction of the ox
azis. We define the upper right I, -approzimate partial derivative of f at (xo,yo)
in the direction of ox as the corresponding extreme limit of Uy 4\ (2) as = tends
to xg from the right. The other extreme ZIi-approzimate partial derivatives in the
direction of ox are defined similarly. If all these derivatives are equal and finite,
we call their common value the T-approzimate partial derivative of f at (xo,yo)
and denote it by fr, »(xo, Yo)-

In a similar way we can define the partial Iy -approximate derivate in the direc-
tion of the oy axis.

The partial Z;-approximate derivatives are considered in [3] and [4].

Definition 5. Let f: 2 — R. We shall say that f has the Darbouz property
if and only if, for each open interval J C R2, f(J) is a connected set.

Definition 6 ([7]). A set D C R? is Darbouz if and only if

o for each x € D, there exists a closed interval I such that x € I and
int (1) C D,

e for two points x,y € D, there are k € N and Q1,Q>,...,Qk such that,
for each i € {1,...,k}, int (c1(Q;)) C Q; C D, cl(Q;) is a closed interval,
T€EQL,YEQL and Qi N Qi1 #0 fori=1,...,k—1.

Definition 7. Let f: 2 — R. We shall say that f is Darboux if and only if,
for every Darbouz set Q, f(Q) is a connected set.

Definition 8. Let f: R2 — R. We shall say that f is a connected function if
and only if, for every connected set A, f(A) is connected.

By [2], we have the following theorem.

Theorem 9. Let f: R2 — R be an Iy-approzimately continuous function. Then
f has the Darboux property.

Corollary 10. Every open interval is a connected set with respect to the
Tz, -topology.

Proposition 11. FEvery Darbour set is connected with respect to the
Tz, -topology.

Proof. Tt is enough to prove that each set Q C R2, such that cl(Q) is a closed
interval and int (cl(Q)) C @, is connected with respect to 7z7,. We put A =
int (c1(Q)) and assume that Q \ A # (. We observe that if (z,y) € Q \ 4, then
(z,y) € ®3T(A) or (z,y) € ®;7(A) or (z,y) € ®F(A). Therefore, for each
U € Tz, such that (z,y) €e U, UN A #{.

We suppose that there exist two sets Uy, Us € 7z, such that Q N Uy # 0,
QNUs #0, QNULNUz =0 and QN (U; UU,) = . Since A is 7z,-connected,
therefore A C U; or A C Uy. We assume that A C U;. Thus 0 # Uy, N A C
UxNU; N Q, a contradiction. Hence every Darboux set is 77,-connected. O
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Theorem 12. Let f: R2 — R? be an Ty-approzimately continuous function.
Then f is a Darbouz function.

Proposition 13. There exists a set A C R2 such that A is connected with re-
spect to the natural topology and A is mot connected with respect to the
Tz, -topology.

Proof. Tt is enough to show that there exist two disjoint nonempty sets A; and
Ag such that A, € 77,, Ay € 77,, and A; U A, is a connected set with respect to
the natural topology.

Let

A = {(x,y) eER?: —%az2 <y < %:ﬁ}

and
=W\ {(z,9) e R*: —2” <y <2?}H U{(0,0)}.
Then A, € 77, and A;UAs is a connected set with respect to the natural topology.
We shall show that Ay € Tz,. Since A\ {(0, 0)} is an open set we only prove that
(0,0) € ®5(As). Tt is obvious that (0,0) 5> T(Az) and (0,0) € &~ (As).
Let n € N. We put k=2 and 6 = 5-. Let 0 < h <9, (i1,i2) € {1,...,n} x
{1,...,n} and

i1—1, 291 —1 200 — 1 i9
h h h,—=h].
(x()vy()) € ( n ) m > X ( om ) n >

Then yo > 2i22;1h > (2ig — 1)h? > h% and 0 < xp < h. Thus yo > 22 and

(x0,Y0) € Az. Therefore there exists (j1,72) = (1,2) € {1,2} x {1,2} such that
() (B + ) )
Jestay et e

Hence, by Lemma 2, (0,0) € ®TT(A4;3). In a similar way we can prove that
(0,0) € @7~ (A2) and the proof of the proposition is completed. O

Proposition 14. There exists a function f: %2 — R such that f is Io-approxi-
mately continuous and is not a connected function.

Proof. Let Ay, As be defined in the same way as in Proposition 13. Let f: %2 —
R be a continuous function at each (x,y) € R\ {(0,0)} such that f(A4;) = {1} and
f(A2) = {0}. Since (0,0) € ®2(A2) we have that f is Z-approximately continuous
on R2. By f(A; U Ay) = {0,1}, we know that f is not connected. O

Lemma 15. Let [a,b] C R and let Ay, As be two nonempty sets having the
Baire property such that [a,b] = Ay U As. Then A1 N ((a,b) \ ¥1(As2)) # 0 or
Az N ((a,b) \ W1(Ar)) # 0.

Proof. First we assume that A; N A ¢ Z;. Then, by [8], (a,b) N A1 N A3 N

®1(A; N Az) # 0 and we choose g € (a,b) N A1 N Az N ®1(A4A; N As). Then
o € A1 n ((a, b) \ \Ifl(AQ))
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Now, let 41 N Ay € Z;. We put By = (A; \ (A1 N A43)) N (a,b) and By =
Az N (a,b). Then, by [8], U1(B1) = ¥2(A;) and ¥y (Bs) = ¥y(As). We suppose
that By C \Ill(BQ) and By C \Ifl(Bl) Then By C (I)(Bl) and By C ‘I)(BQ)
Hence B, Bs are open sets with respect to the 77, -topology, B1 U By = (a,b) and
By N By = (. This is impossible since (a, ) is a connected set the with respect to
the 7z, -topology [8]. Thus By N ((a,b)\ ¥1(Bs)) # @ or BoN((a,b)\ ¥1(B1)) # 0,
and A1 N ((a,b) \ ¥(Az) # 0 or Ay N ((a,b) \ U(Ay)) # 0. O

Lemma 16. Let f,g: R — R be Iy -approzimately continuous functions. If 0 is
not an I -dispersion point of a set A € Sy then there exists a sequence {yYn }nen C
A such that lim, 0o Y = 0, lim,, 00 f(yn) = f(0) and lim, . g(yn) = g(0).

Proof. We may assume that 0 is not a right-side Z;-dispersion point of the set
A € 8. By Lemma 1, there exists n € N such that, for any k¥ € N and a real
d > 0, there exist h = h(k,d) € (0,6) and i = i(h) € {1,...,n} such that, for each
jed{l,.... k},

((ifl)kJrj—l ifl)kJrjh
nk nk

Let p € N. We put C, = {y : |f(y) — f(0)| < 5} and B, = {y : |9(y) —9(0)| < ; }.
Since f and g are Z;-approximately continuous, 0 is a deep Z;-density point of
Cp N By,. Therefore, by Lemma 1, there exist k&1 € A and 6; > 0 such that, for
any i € {1,...,n} and h € (0,47), there exists j = j(i,h) € {1,...,k1} such that

((i —Dki+j—-1 (i—Dk +j

h,
nky nki

Let §p = min(%,él). We put h = h(ky,0p), ¢ = i(h) and j = j(i, h). Then we may
choose

n >0A¢I

h) Cc CpN By,

Dk j—1 (i— 1)k +]
y,,e((Z hitj-1, )1+hOﬁAccgm&r

nky ’ nky
Thus 0 <y < L [£(5y) — £(0)] < & and |g(yy) — g(0)] < 1.
Hence lim, . yp = 0, lim,_.o f(yp) = f(0) and lim,_. g(y,) = ¢(0). d

Theorem 17. Let f: %2 — R be a separately I,-approzimately continuous
function. If f is Ii-approzimately differentiable with respect to x at every point,
then fr, o+ s a Darbouz function.

Proof. By the assumption and by the result of [10], we have that f has the
Baire property. Therefore, by [3], fr,, has the Baire property, too.

First, we show that if I = [a,b] X [¢,d], then fr, »(I) is a connected set. If it
is not true, there exists zo € R and two nonempty sets A and B having the Baire
property, such that I = AUB and fz, ;(A) C (—00,20) and fz, ,(B) C (g, +00).

For y € [c,d], let H, = {(z,y) : = € [a,b]}. Since fz, .(z,y), as a function
of z, has Darboux property, [6], we have that fr, »(H,) is a connected set. Then
H, C Aor Hy C B. Hence there exist Ay, Ay such that A = [a,b] x A; and B =
[a,b] x As. By Lemma 15, we may assume that there exists a point yo € A; which
is not an Z;-dispersion point of As. Thus, by the above and the Z;-approximate
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continuity of the functions f(a,y) and f(b,y) as functions of y, we may choose a
sequence {yntnen C Az such that lim, oo Yn = Yo, limp—oo f(b,yn) = f(b,y0)
and limy,—« f(a,yn) = f(a,yo) (see Lemma 16). Since, for each n € N, f(x,yy) is
Z,-approximately differentiable as a function of z, by the mean-value property [6],
we have that there exists z, € (a,b) such that

f(bu yn) B f(avyn)
b—a

= fIl,x(vayn)~

Hence
f(b,y0) — f(a,yo)
b—a '
Applying the mean-value property to the function f(x,yo), we can find 2o € (a,b)

such that
f(ba Z/O) - f(a7y0)
b—a

lim fIl,a:(Z'ru yn) =
n—00

= fZl,w(Z07yO)~

Hence
lim fI1,m(Zna yn) = fI1,m(ZOa yO)'

Since {(zn, Yn) tnen C B, we have that {fz, »(2n, Yn) nen C f1, 2(B) C (20, 0)
and fr, »(%0,%0) > xo. This contradicts the fact that fz, .(z0,40) € f(4) C
(=00, zp).

To complete the proof, it suffices to show that, for each set ) such that
int (c1(Q)) € @ and cl(Q) is a closed interval, fr, »(Q) is a connected set. If
Q is an open interval then Q = Upenr|an,bn] X [cn,dn] where, for each n € N,
[@n, br] X [enydn] C [ant1,bn11] X [ent1,dnya]. Since fz, o([an, bn] X [cn, dy]) is a
connected set for each n € N, therefore f(Z1,7)(Q) is a connected set, too. If Q
is not an open interval, we may assume that there exists pg € @ \ int (Q)). Let
I = [a,b] X [¢,d] be an interval included in ¢l (Q), having py as a vertex. Say,
po = (a,d). We want to show that fr, ,(int (I) U {po}) is connected. Since int (I)
is an open interval, fr, »(int (1)) is connected. Thus the proof will be completed
if we show that fz, »(po) is a limit of a sequence of points of fz, ,(int (I)). Since
fz, +(z,d) has the Darboux property, there exists a sequence {x,}nen C (a,b)
such that lim,, o @, = a and lim, o f1, »(Tn,d) = f1, 2(a,d).

Let n € N. Then, by our assumption, there exists z,, € (a,b) \ {z,} such that

f(zn,d) — fan,d) for (@ d)| < 1

Zn — Tn 3n

We assume that z, > z,. On the other hand, by the Z;-approximate continuity
of f(zn,y) and f(z,,y) as functions of y, there exists y, € (¢, d) such that

Fnnd) = Fon )| < 5

|0 — 2|

and

7 d) = o)) < 5

| — 2nl.

Then we have
f(l'nvyn) - f(Znayn)

Ty — Zn

1
- fIl,:L’(xn7d> < E .
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By the mean-value theorem for Z;-approximate derivatives (see [6]), we can choose

a point ¢, € (z,, z,) such that f(z,,yn) — f(2n, Yn) = fr1,5(tn, Yn)(@n —25). Then
we have

1
|f1'1,:c(tn7yn) - fI1,x(xnad)| < E .

Hence we have the sequence {(t,, yn) }nen C int (I) satisfying for each n € N,

1
|f117$(tn7yn) - fIhw(xn;d” < E .

Therefore lim, .o f7, 2 (tn, Yn) = f1, 2(a, d). O
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