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NONDEGENERATE INVARIANT BILINEAR
FORMS ON NONASSOCIATIVE ALGEBRAS

M. BORDEMANN

Abstract. A bilinear form f on a nonassociative algebra A is said to be invariant
i[F(ab, c) = f(a,bc) for all a,b,c [CA. Finite-dimensional complex semisimple Lie
algebras (with their Killing form) and certain associative algebras (with a trace)
carry such a structure. We discuss the ideal structure of A if f is nondegenerate
and introduce the notion of T "éxtension of an arbitrary algebra B (i.e. by its
dual space B9 where the natural pairing gives rise to a nondegenerate invariant
symmetric bilinear form on A := B [BI~! The T “éxtension involves the third
scalar cohomology H3(B, K) if B is Lie and the second cyclic cohnomology HC?(B)
if B is associative in a natural way. Moreover, we show that every nilpotent finite-
dimensional algebra A over an algebraically closed field carrying a nondegenerate
invariant symmetric bilinear form is a suitable T S-éxtension. As a Corollary, we
prove that every complex Lie algebra carrying a nondegenerate invariant symmetric
bilinear form is always a special type of Manin pair in the sense of Drinfel’d but
not always isomorphic to a Manin triple. Examples involving the Heisenberg and
filiform Lie algebras (whose third scalar cohomology is computed) are discussed.

1. Introduction

The main subject of this article is the investigation of nonassociative (i.e. not
necessarily associative) algebras A over a field K that carry a nondegenerate in-
variant bilinear form f. Such a form has the following defining properties:

D) f(ab,c) = f(a,hc) [alb,c CA
and
2 f(a,b)=0ICA [akF0 and f(a,b)=0 @A [h¥O0.

We shall call the pair (A, f) a pseudo-metrised algebra (or metrised algebra if
T is symmetric) which should not be confused with any metric concepts of topology.
A well-known example is any finite-dimensional full matrix algebra with its trace
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form f(a,b) = trace (ab) or any finite-dimensional real or complex semisimple Lie
algebra with its Killing form f(a, b) = trace (ad(a)ad(b)).

The motivation for studying these algebras comes from the fact that metrised
Lie or associative algebras have shown up in several areas of mathematics and
physics:

1. Cartan’s criterion (i.e. the nondegeneracy of the Killing form) for the
semisimplicity of a finite-dimensional Lie algebra has been an important tool for
developing the structure theory of finite-dimensional semisimple Lie algebras over
a field of characteristic zero (see e.g. [30] or [28]). Hence it seems to be interesting
what kind of structure theorems can be derived from the more general conditions
(1) and (2).

2. Itis known that every nondegenerate (but possibly indefinite) scalar product
f on the Lie algebra G of a finite-dimensional real Lie group G can be extended to
a left-invariant (or right-invariant) pseudo-Riemannian metric on G (see e.g. [53]
or [49]). According to Arnol’d’s theory of generalized spinning tops (cf. [5, Ap-
pendix 2]) these metrics are interpreted as the tensor of inertia appearing in the
kinetic energy of the top. A totally symmetric top would then correspond to a
pseudo-Riemannian metric on G which is both left-invariant and right-
invariant. But this requirement restricts the choice of f, and the crucial condition
on T is exactly eqn (1) if G is connected. Hence (G, ) has to be metrised.

3. A more general situation appears if a reductive homogeneous space G/H to-
gether with a G-invariant pseudo-Riemannian metric Q is considered (cf. e.g. [38,
Ch. X, p. 200]). The metric Q is determined by an Adg(H)-invariant nondegener-
ate scalar product g on an Adg(H)-invariant vector space complement M to the
Lie algebra H of the closed Lie subgroup H in G. If each geodesic of Q emanating
at the point H of G/H has the form of a projected one-parameter-subgroup gen-
erated by an element of M then q has to satisfy further conditions (see [38, Ch. X,
p. 201, Thm. 3.3.(2)]) and (G/H, Q) is called naturally reductive. Now each
symmetric invariant nondegenerate bilinear form f on G whose restriction g to M
is nondegenerate induces such a naturally reductive structure on G/H (see [38,
p. 203, Thm. 3.5.]). However, if G acts almost e [edtively on G/H and the space
M generates G, the converse statement is also true, i.e. q induces a symmetric
invariant nondegenerate bilinear form £ on G as was shown by Kostant for the
compact case (cf. [43]) and Forger for the general case (cf. [22, p. 106, Thm. 2]).
Hence the structure theory of these spaces can again be reduced to the algebraic
problem of real metrised finite-dimensional Lie algebras (G, T).

4. In the theory of those completely integrable Hamiltonian systems (see
[5, p. 271] for definitions) that admit a Lax representation in a finite-dimensional
real Lie algebra G (see e.g. [17] or [11]) one often has an additional Lie structure
on the dual space G=bf G by means of a so-called r-matrix which is related to
the involutivity of the constructed integrals of motion. Given this situation, there
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also exists a Lie structure on the vector space direct sum A := G [G13uch that
G and G™are both subalgebras of A and the nondegenerate symmetric bilinear
form ¢ induced by the natural pairing of G and G™s invariant. The structure
(A, G,GEY) is called a Manin triple (see [17]). Again, (A, q) is a metrised Lie
algebra. A particular case of this with abelian G appeared in a paper by Kostant
and Sternberg on BRS cohomology (cf. [42], see also [46] and [39]).

5. Given a finite group G and a field K one can always construct a nondegener-
ate symmetric invariant bilinear form f on the group algebra A of G by declaring
f(g,g" to be 1 if gg-equals the unit element of G and 0 otherwise. Hence (A, f) is a
particular example of a symmetric Frobenius algebra, i.e. a finite-dimensional
metrised associative algebra with unit element. These algebras play an important
role in the theory of (modular) representations of finite groups, see [16] or [36] for
details.

6. Statistical models over 2-dimensional graphs of degree 3 and 4 whose
partition function is “almost topological”, i.e. invariant under a certain flip move
in the graph have recently been classified (cf. [13]). The classification uses the
observation that the statistical weights attached to the vertices and edges of the
graph represent the structure constants of a finite-dimensional complex metrised
associative algebra.

In view of this it is not astonishing that several articles on metrised Lie alge-
bras or Frobenius algebras have been published up to now: for the latter see the
book of Karpilovsky (cf. [36]) and references therein. Metrised Lie algebras have
been dealt with by Ruse (cf. [50]), Tsou and Walker (cf. [53], [54]), Zassenhaus
and Block (cf. [56], [9]), and Astrakhantsev (cf. [6], [7]). More recently, by the
independent work of Kac (cf. [34, p. 23, Exercise 2.10 and 2.11]), Favre and San-
tharoubane (cf. [20]), Medina and Revoy (cf. [47], [48]), and Hilgert, Hofmann and
Keith (cf. [24], [25], [37]) a major result, namely the so-called double extension
construction had been developed: the simplest case of this method consists of a
one-dimensional central extension followed by the semidirect addition of the scalar
multiples of an antisymmetric derivation. Moreover, starting with an abelian Lie
algebra of dimension zero or one one can construct every finite-dimensional solv-
able metrised Lie algebra by repeated application of this technique. The basic
information which is needed for this procedure is the second scalar cohomology
group H?(G, K) of the Lie algebra G constructed at each step.

Now, if the proof of a theorem on the structure of a metrised Lie algebra or
a Frobenius algebra is analysed it will often turn out that the Jacobi identity or
associativity is not needed. Therefore, it seems to be natural to look for a struc-
ture theory of pseudo-metrised algebras that do not a priori satisfy any prescribed
identity. This can for instance be used to get more information on metrised asso-
ciative algebras by transferring methods used for Lie algebras and vice versa. As a
further spin-o [Cahe gets theorems about other classes of nonasssociative algebras
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like Jordan or alternative algebras (see Schafer’s book [52] or Appendix A for
definitions).

Hence it is one of the purposes of the present paper to give a generalized review
of the orthogonal structure of ideals developed for metrised Lie and associative al-
gebras that is valid for arbitrary nonassociative algebras carrying a nondegenerate
(not necessarily symmetric) invariant bilinear form (Section 2).

The above-mentioned method of double extension helps to construct finite-
dimensional metrised Lie algebras from metrised Lie algebras of smaller dimension.
However, there are two principal disadvantages of this technique: at least for
the solvable Lie algebras it is a multistep procedure which can be very clumsy
when it comes to higher dimensions. Furthermore, there does not seem to be
any reasonable analogue of a double extension in other classes of algebras because
every doubly extended Lie algebra is a nontrivial semidirect sum which is not the
case for certain metrised associative algebras (compare the discussion following
Thm. 4.2).

Therefore, it is the second purpose of this paper to introduce a di[Lerent ex-
tension technique called T "éxtension (Section 3). This method is a one-step
procedure and applies to all known classes of nonassociative algebras. Now, the
main result of this paper is the proof of an important feature of this extension: all
finite-dimensional nilpotent metrised algebras in these classes can be constructed
by this method if the field is algebraically closed and of characteristic not two (see
Cor. 3.1 in Section 3). One starts with an arbitrary algebra B and constructs an
abelian extension by its dual space B~ The natural pairing on A = B CBI-Will
give rise to a nondegenerate symmetric invariant bilinear form on the extended
algebra A if a certain cyclic condition on the extension is satisfied. The case
where the extension is split had been discussed in the literature before (see [47],
[42], [17] for Lie algebras and Tachikawa for Frobenius algebras). However, split
T éxtensions alone do not exhaust all finite-dimensional nilpotent metrised alge-
bras as can be seen by counterexamples (cf. Example 4.2 or 4.3 in Section 4). The
basic information needed to construct these extensions is contained in the third
scalar conomology H3(B, K) of B if B is a Lie algebra and in the second cyclic co-
homology HC?(B) of B if B is an associative algebra. For certain Lie algebras we
compute this conomology and construct some T "éxtensions explicitly (Section 4).
In this way we get an example of a metrised Lie algebra of even dimension which
is no Manin triple. On the other hand every metrised Lie algebra can be shown
to be a certain Manin pair in the sense of Drinfel’d (cf. [18]).

The paper is organized as follows:

Section 2 contains information on the orthogonal structure of ideals (Prop. 2.1),
and some homomorphism statements (Prop. 2.3). Every antisymmetric invariant
bilinear form on an algebra A degenerates on the first derived ideal A? whence ev-
ery (anti)commutative pseudo-metrised algebra is metrisable (Prop. 2.4). Thm. 2.1
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shows that the notion of decomposition of any finite-dimensional pseudo-metrised
algebra (A, T) into a direct sum of indecomposable ideals and decomposition into
an orthogonal direct sum of f-indecomposable ideals is (up to annihilating abelian
ideals) the same. In Thm. 2.2 the above-mentioned double extension method for
Lie algebras is restated.

In Section 3 the method of T “éxtension is introduced (egs. (5)—(9) and
Lemma 3.1). Thm. 3.1(i) and (ii) shows that T "éxtension is compatible with
nilpotency, solvability, and all well-known classes of nonassociative algebras.
Every trivial T 'éxtension preserves in a certain way the above-mentioned
decomposition properties (Thm. 3.1(iii)). The basic recognition criterion for
T Séxtensions is the existence of a maximally isotropic ideal (Thm. 3.2). Then we
investigate the equivalence of T "éxtensions in the sense of cohomology (Prop. 3.1)
and discuss the case of Lie algebras (H3(G, K), see egs. (12) and (13)) and associa-
tive algebras (cyclic cohomology, see egs. (18) and (19)). By proving a Lemma on
the existence of maximally isotropic subspaces in a metrised vector space which
are invariant under the “transposition invariant” action of a nilpotent Lie alge-
bra (see Lemma 3.2) we are able to show the above-mentioned main result (see
Cor. 3.1) that every finite-dimensional nilpotent metrised algebra A “is” a suitable
T &xtension. A natural candidate for an isotropic ideal is constructed out of the
central descending and ascending series (see egn (20)).

In Section 4 we prove (Thm. 4.1) that every finite-dimensional metrised Lie
algebra over an algebraically closed field of characteristic zero is a Manin pair in
the sense of Drinfel'd (see [18]). A similar theorem can be derived for associative
algebras (Thm. 4.2). Example 4.1 shows that nonisomorphic Lie algebras could
have isometric T t-éxtensions which raises the question whether every T "-éxtension
can be rewritten as the T éxtension of a particularly “nice” algebra i.e. whose
structure and cohomology are computable and/or classifiable. The Heisenberg
and filiform Lie algebras (see Example 4.2 and 4.3) illustrate some features of the
T &xtension, notably that not every even-dimensional metrised Lie algebra over
an algebraically closed field of characteristic zero is isometric to some Manin triple,
in spite of the seemingly well-known fact that every semisimple such algebra is (see
Example 4.2 and Thm. 4.1(iv)).

Appendix A contains a compilation of definitions and facts in the theory of
nonassociative algebras and bilinear forms mainly based on Schafer’s book [52]
and a few other sources and may be used as a dictionary for notations appearing
in the main sections.

The computation of H3(G, K) of the filiform Lie algebras is done in Appendix
B by applying the representation theory of sl(2, K).

This article is a somewhat extended version of parts of my Diplomarbeit [10].
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2. Invariant Bilinear Forms on Nonassociative Algebras

Let A be a (nonassociative) algebra over a field K (compare Appendix A for
definitions). A bilinear form f: A < A - K is called invariant (or associative)
i (it satisfies the following condition:

3) f(ab,c) = f(a,hc) [ajlb,c CA.

Any algebra A admits invariant bilinear forms (e.g. f = 0). However, there will be
restrictions on the structure of A if it admits a nondegenerate invariant bi-
linear form f. If this is the case we shall call A pseudo-metrisable and the pair
(A, ) a pseudo-metrised algebra. If in addition T is symmetric, we shall call
A metrisable and the pair (A, f) a metrised algebra following Astrakhantsev
(cf. [6]), Tsou and Walker (cf. [53]), and Ruse (cf. [50]).

For computational purposes it is often more convenient to have the following
analogous formula for invariant £ and three subspaces V ,W, and X of A:

(4) VW, X) = F(V, WX).

Thisisclear: iftherearev V1, w W, and X [X such that f(vw, X) (= f(v, wx))
is nonzero then both sides of the above relation equal K; if not they both vanish.

Some facts about the ideal structure of such algebras are contained in the fol-
lowing

Proposition 2.1. Let (A, f) be a pseudo-metrised algebra over a field K and
V an arbitrary vector subspace of A.
(i) Let I be an arbitrary ideal of A. Then "Hand | ~dre again ideals of A
satisfying 1(1 D% 0= ("DI.
@iy Z(v)=(NA)n (AV).
In particular, if T is (anti)symmetric or AV = V A (e.g. for (anti)com-
mutative A) one has

ZV)= YAV +VA)=(AV +VA) -
in which case Z(V) is an ideal if V is an ideal. In particular:
z= A=)
In what follows assume that A has finite dimension:

@iy C(V) = A"V +("WV)A= HANV HH (Vv HA)
(iv) C'(A)= "Cl(A) =Ci(A)" TN
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Proof. (i) Since 1A [Mit follows 0 = F(I1A, 1 5= f(I,A( 5) implying
A(l D' C10~"Because Al it follows 0 = F(Al, 1 5= f(A, 1(1 D) hence
1(1 5% 0. Therefore 0 = F(1(1 H;A) = £(1, (1 HA) whence (1 HA 1T Hs
treated in an analogous way.

(i) According to the definition of the annihilator, z CA(V) iCaV = 0 and
Vz =0. Thisis equivalent to f(zV,A) =0and f(A,Vz) =0i[#(z,VA) =0and
f(AV, z) = 0 which implies the first assertion. If f is (anti)symmetric right and left
orthogonal spaces coincide and the second assertion follows by the duality relation
(23). If VA=AV then z CA(V) iCzV =0 iCH(zV,A) =0 ifAEZ, VA) =0il]
z CHVA) iz CHYA+AV) and in an analogous manner i [zl C(Y A+AV) =
If V is an ideal then AV +V A is again an ideal and so is its left or right orthogonal
space by (i). The last assertion is the particular case V = A.

(i) Set W := "w'and J := (AW +WA) “-8ince WA AW + WA it follows
that 0 = f(WA,J) = f(W,AJd), hence: AJ L-Since AW [CAW + WA
one has 0 = f(AW,J) = f(A,WJ), hence: WJ =0 and thus: 0 = f(WJ,A) =
f(W,JA) implying JA W “'Both relations imply AJ + JA tdiving
J AW 5 Conversely: F(WA,C(W B)' = f(W, A(CW ) CFw,WwWHE0
implying that C(W 5-'C{W A) " Furthermore, we have f(W(C(W H)IA) =
(W, (C(W 5)A) which is contained in (W, W 5% 0 implying W (C(W 5)'=0,
hence 0 = (A, W(C(W D)) = (AW, C(W D) which gives C(W D'C@AW) -
From both relations it follows that C(W D-s contained in (AW) ™A (WA) =
(AW +WA) == J by eqn (23). Therefore, C(W D% J proving the first assertion
because W =2 (V) =2V by eqgn (25) since A is finite-dimensional. The second
assertion is proved in a completely analogous way starting with W := V Tdnd
J:= HAW +WA).

(iv) We shall use induction w.r.t. i: The case i = 0 is clear because of the
relation A = C°(A) = Mo'= @A) = 0= (Co(A)) = Assume that
C'(A) = S@€i(A)). It follows that C'*1(A) = A(C'(A)) + (C'(A))A by def-
inition, and this is equal to A(~(C;i(A))) + (Y(Ci(A)NA = HA((Ci(A))) +
(@i (A))A) Dby the inversion formula (25), and this is equal to =€ (C;(A))),
hence to "(€i+1(A)) by (iii). The second assertion is proved in an analogous
manner. 1

Some consequences can be drawn from this Proposition: Firstly, any solvable
nonzero pseudo-metrisable algebra of finite dimension must have a nonzero an-
nihilator, because the codimension of A2 equals dimZ by (ii). For example, the
two-dimensional nonabelian Lie algebra cannot be pseudo-metrisable. Secondly,
assertion (iv) shows that the central ascending series and the central descend-
ing series of any finite-dimensional pseudo-metrisable algebra are strongly related
which is important for nilpotent algebras.

The following Proposition contains further properties of pseudo-metrisable al-
gebras which are anticommutative (e.g. Lie algebras):
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Proposition 2.2. Let (A, f) be an anticommutative pseudo-metrised algebra
over a field K.

(i) If for two nonzero elements x and y of A and a 1-form g in A-the fol-
lowing equation xa = (g(a))y holds for all a Al then g must vanish.

(i) For each one-dimensional ideal 1 the ideal C(l) is equal to the annihilator
Z of A. In particular, | is contained in Z.

Proof. (i) Suppose there is an element b [“A satisfying g(b) & 0. Clearly, one
has the direct sum A = Ker g [CKb. For a [Ker g it follows that g(b)f(a,y) =
f(a, xb) = f(ax,b) = —F(xa,b) = —g(a)f(y,b) = 0. On the other hand, since A is
anticommutative: g(b)f(b,y) = f(b,xb) = —F (b, bx) = —F(bb, X) = 0. As g(b) was
assumed to be nonzero it follows that f(A, y) = 0 contradicting the nondegeneracy
of . Hence g must be zero.

(i) There is a nonzero element y [CAlsuch that | = Ky. Then for any x CCI(I)
there is a 1-form g [CA™3$uch that xa = g(a)y because | is an ideal. Using (i)
one infers that g = 0 which implies x 4. Conversely, since ZA = 0 [Lit is
clear that Z [CKI). Since each ideal I is contained in C(l) the Proposition is
proved. 1

A direct consequence of assertion (ii) of this Proposition is the fact that the
annihilator Z of any anticommutative nilpotent pseudo-metrisable algebra of finite
dimension = 2 must be at least two-dimensional, for otherwise Z = C;(A) would
be one-dimensional and consequently C1(A) = C(Co(A)) = C(Z) would be equal
to Z contradicting the nilpotency of A.

The following Proposition collects some facts about the transfer of invariant bi-
linear forms from one algebra to another one (consult Appendix A for definitions):

Proposition 2.3. Let A (resp. A" be an algebra over a field K and f (resp. g)
be an invariant bilinear form on A (resp. on AY. Let m: A -~ Abe a homomor-
phism of algebras.

(i) The pull-back m g of g is an invariant bilinear form on A.

(ii) Assume that m is surjective and that Ker m is contained in the kernel
of f. Then the projection f™ is an invariant bilinear form on A"

(iii) Let B be a subalgebra of A and assume that B n "B'= B n B "(this is
the case if for instance f is (anti)symmetric). Then B n B ™3 an ideal of
B. Let p: B - B/(B n B 5 Henote the canonical projection and fg the
restriction of ¥ to B x B. Then the projection (fg)P is a nondegenerate
invariant bilinear form on the factor algebra B/(B n B 5!

(iv) The bilinear form f [_gl(resp. f [g) on the direct sum A AV (resp.
the tensor product A [CAT) is invariant. Moreover, f CgXresp. f Cg)lis
nondegenerate if and only if f and g are nondegenerate.
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Proof. The proofs of (i), (ii), and (iv) are completely straight forward (using
Appendix A) and are left to the reader.

(iii) Since the canonical inclusion B - A is a homomorphism of algebras and g
is equal to the pull-back of f to B it follows from (i) that fg is invariant. B being a
subalgebra of A we have B2 [B] hence: 0 = f(BB, B D%+ (B, B(B H))'implying
B(B D-'BI*Analogously: ("B)B B! Hence: B(B n BB n B H-4nd
(Bn ™BYB (B n "BY). Byassumption: Bn 'B'=B n B ~whence B n B 4
an ideal of B. Clearly, fe(B,BnBDX=0=fg(Bn "B'B) =fsg(B nBLB)
hence Ker p = B n B g equal to the kernel of fg and consequently the projection
(f)P is well-defined and nondegenerate on the factor algebra B/(B nB D! [

Part (i) of Prop. 2.3 gives rise to the following definition: let (A, ) and (B, g)
two pseudo-metrised algebras. A linear map ®: A — B is said to be an isometry
or an isomorphism of pseudo-metrised algebras i C® is an isomorphism of
algebras and f = ¢!

The last assertion (iv) of the preceding Proposition can be used to construct
pseudo-metrisable algebras: For instance, observing that for each integer n = 1
the commutative associative algebra K(n,1) (resp. K(n)) defined by the quo-
tient of the polynomial algebra K[x] modulo the ideal (x") generated by x"
(resp. K[x]*/(x™) where K[x]* is the ideal generated by x) is metrised by set-
ting F(x', xJ) :=diwjn—1, (0<i,j =n—1and x°:=1) (resp. F(x',x) := dixj.n,
(1 =<i,J =n—1))one can form the tensor product A CKIn, 1) (resp. A CKIn))
with a finite-dimensional semisimple Lie algebra A whose Killing form is nondegen-
erate to get a metrised Lie algebra with a nilpotent radical A [K{n) CAILK{n, 1)
(resp. a metrisable nilpotent Lie algebra) of arbitrary length n. In particular, the
Lie algebra TA := A [KI2,1) which as a vector space is isomorphic to A [CAl
deserves special attention: if A is a finite-dimensional real Lie algebra belonging
to a Lie group G then T A will be the Lie algebra of its tangent bundle: indeed,
themap TL: TG - GxA:vy B (g, (TeLg) 1vg) (Where vq is a tangent vector
at g G, e is the unit element of G, and TeLgy is the tangent map of the left
multiplication map Lg at e) is a vector bundle isomorphism onto the semidirect
product G x A where A is the abelian normal subgroup and the subgroup G acts
on A by the adjoint (group) representation.

In the next Proposition we shall investigate the symmetry of invariant bilinear
forms. As it will turn out antisymmetric bilinear forms have quite a large kernel:

Proposition 2.4. Let A be an algebra over afield K and f an invariant bilinear
form on A.

(i) If f is antisymmetric it obeys the equation
2f(ab,c) =0 [alb,c CA.

(ii) Assume that the characteristic of K is dilerent from 2 and that A is
(anti)commutative and pseudometrisable. Then A is metrisable.
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Proof. (i) We use three times antisymmetry and invariance of f in interchanging
order:

f(ab,c) = —Ff(c,ab) = —f(ca,b) = f(b,ca) = f(bc,a) = —F(a, bc) = —F(ab, c).

(ii) Choose a nondegenerate invariant bilinear form f on A. We set f'(a,b) :=
f(b,a) for a,b CA. Clearly, ft is a nondegenerate bilinear form on A. Moreover,
ft is invariant: Indeed, observing that for a,b A we have ab = [aba with either
[A = 1 (A commutative) or [4 = —1 (A anticommutative) we get for all a,b, ¢ CA:

f(ab, c) = f(c,ab) = [Af(c, ba) = [AF(ch, a) = F(bc,a) = F'(a, bc).

It follows that the symmetric part f5 (resp. the antisymmetric part f;s) of
T defined by fs(a,h) := (1/2)(f(a,b) + Ft(a, b)) (resp. fas(a,b) := (1/2)(f(a,b) —
ft(a, b)) is a symmetric (resp. antisymmetric) invariant bilinear form on A and
clearly f = f5 + f,5. Because of assertion (i) of this Proposition we get the
relation

(B f(A A%) = f5(A A?).

Let N denote the kernel of fs. Since N = LA = A'ﬁ'ﬂenoting orthogonal
space w.r.t. f5) because of the symmetry of fs it follows from Prop. 2.3(iii) that
N is an ideal of A. As a particular case of ([)we get

f(AN nA?) =f5(A,N n A%) CTHA,N)=0
implying
(o NnA2=0

since T is nondegenerate. Clearly NA CAf nN = 0whence N [Z1 Now take any
vector subspace V of A such that A=V [(N [CA%). Clearly B :=V [Af is an
ideal of A for which the restriction of the canonical projection p: A - A/N is an
isomorphism of algebras. Again using Proposition 2.3(iii) for fs we can conclude
that fs restricted to B is nondegenerate. Now, choose a vector space base (ej)
of N and define g(ej,e;) := 6ij. Then g is a nondegenerate symmetric invariant
bilinear form on the abelian algebra N. Since it has been shown above that A is
the direct algebra sum A = B [Nlit is clear from Prop. 2.3(i) that the orthogonal
sum fs [glis a nondegenerate symmetric invariant bilinear form on A. Hence A
is metrisable. 1

The second part of this Proposition is applicable to the particular case of those
finite-dimensional Lie algebras A over a field of characteristic & 2 for which the
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adjoint and the coadjoint representation are equivalent: This means that
there is a linear isomorphism @ : A — AS3uch that for all a,b,c CA

(D ¢(ab)(c) = (ad(@)(@(0)))(c) := @(b)(ca).

Defining f(a,b) := @(b)(a) it follows that f is a nondegenerate bilinear form on
A which is invariant because of (0)J Hence (A, f) is pseudo-metrised. Conversely,
assuming that (A, f) is a pseudo-metrised finite-dimensional Lie algebra one can by
the same definition construct a linear isomorphism ¢: A — A™Raving property (D]
Hence pseudo-metrisability is an equivalent notion to the equivalence of adjoint
and coadjoint representation. Now, the above Proposition says that this is even
equivalent to the metrisability of A.

If an algebra is neither commutative nor anticommutative pseudo-metrisability
and metrisability are no longer equivalent as the following example will show:

Assume that char K 8 2. For some positive integer n let [{K") denote the
Grassmann algebra over the vector space K and let (e1, ... , en) be the standard
basis of K". Define the volume Q :=e;e, - - e, and the following bilinear form

I;TI ifr+s8n,

folei, -~ -€j.,€5, - €j.)Q =
' o 1 €i, ~ € €, " €j ifr+s=n.

Clearly Ty is invariant and nondegenerate because dim ["(K™) = n!//(ri(n—r)!) =
dim [™3"(K™). Now let n = 2 and suppose there is a symmetric invariant bilinear
form q on [(K"). Then forall 1 <1,ji,...,jn < n the following holds:

aei.ej, - €5ny) = Aej, - - €y, &) = (—=1)"2q(ej, - - €5, €j,, &)
= (_1)n_2q(ej2 e ejn—;L! ejlei) = (_1)n_1q(ej2 B 'ejn—l' eiejl)
= (—1)""'q(eigj,. €, - €jn_s) = (=1)"Ta(Ei, 65,5, €jny)-

If n is even then 0 = q(ei, €j,€j, - * - €j._.) = q(1, €i€j,€j, - - - €j,._,). In particular:
q(1, Q) = 0. But g being invariant we have 0 = q(ej, - - - &j,, Q) for r = 0 whence Q
lies in the kernel of q. Therefore, [{K") is pseudo-metrisable but not metrisable for
even n. Inorder to get a nilpotent example consider the radical R of the Grassmann
algebra [{K") which is spanned by all elements of positive degree. Its left and right
orthogonal space w.r.t. fy above is equal to the ideal KQ. By Proposition 2.3(iii)
the factor algebra A := [{K")/KQ is pseudo-metrisable w. r. t. the projection
of the restriction of f, to R. By the same reasoning as above applied to cosets
modulo K Q one can conclude that for even n the coset of e ---en—1 lies in the
radical of any symmetric invariant bilinear form on A. Hence A is not metrisable.
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Next, we shall discuss decomposability properties of a finite-dimensional
pseudo-metrised algebra (A, f): We call an ideal 1 of A f-nondegenerate i[]
I n 152 0. This is equivalent to I n ™= 0 which in turn holds iCA =
| CCOHTEA = 1| CH-Ycompare Appendix A). Clearly, I is f-nondegenerate i[]
I ™% nondegenerate i C_H-'is nondegenerate i The restriction of f to | x| is
nondegenerate i CThe restriction of f to |1 == I ™4 nondegenerate. Now, (A, f)
is called f-decomposable i[CA = 0 or A contains a nonzero f-nondegenerate
ideal I 8 A. Otherwise, (A, T) is called f-indecomposable. Suppose that (A, f)
decomposes into the direct sum | CIt+-df an f-nondegenerate ideal | and its
right orthogonal space 1 =—Since the restriction of ¥ to I < I is nondegenerate
we can try to find a nontrivial f-nondegenerate ideal J of 1. Because I (1 51
I n 1= @5 and I n 152 0 we see that J is an f-nondegenerate ideal of A
whose right orthogonal space J i 1 s again an f-nondegenerate ideal. Hence
A decomposes into the direct sum J I:]ﬁ:DProceeding in this way we end up
with a decomposition of A into a finite direct sum of f-nondegenerate ideals of A
which are all f-indecomposable. The following Theorem shows that this notion of
f-decomposition into f-indecomposables is almost equivalent to the more general
notion of decomposition of A into a direct sum of indecomposable ideals mentioned
in the Appendix (cf. Thm. 4.3):

Theorem 2.1. Let (A, T) be a finite-dimensional pseudo-metrised algebra over
a field K.

() Suppose that for two ideals 1 and J of A one has the (not necessarily
direct) decomposition A = 1 +J and, in addition: 1J =0 =JI . Then
A? = 12 [LJA (direct sum of ideals). Moreover, let A be f-indecomposable.
If A2 80 then either | = A andJ CZILI30orJ =Aand | CZ1 [J%
where Z denotes the annihilator of A. In particular, A is indecomposable.
If A2 = 0 then either A is one-dimensional (and hence indecomposable)
or A is two-dimensional and f is antisymmetric.

(ii) Let fYpe another nondegenerate invariant bilinear form on A. Moreover,

assume that there is a decomposition A = 1; C—1 [ JC—1 [T (resp. A =
Jy 1 3, =1 Jd) of A into a direct sum of f-indecomposable
(resp. T indecomposable) ideals where k, K, m, M are integers s. t. 0 <
k=K and 0 =m = M and the ideals I; (resp. J;j) are non-abelian for
l<i<Kk (resp. 1 =j < m) and abelian otherwise.
Then k = m and there is a permutation Hof the set {1,2,...,m} such
that the canonical projection pjo: A — ljorestricted to the ideal Jj is
an isomorphism of algebras. The permutation of {1,2,...,m} is uniquely
defined by the condition Jj nlj=& 0. Furthermore, one has Jj+Z = ljo+Z
and Jj2 = Ijszor all 1 = j < m. In particular, if A is perfect or has
vanishing annihilator it follows that m = M and the above decomposition
is unique up to permutations.
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If f and f"are symmetric and char K £ 2 then one also has the relation
K =M and all f-indecomposable (resp. f~indecomposable) abelian ideals
are one-dimensional.

(iii) Let A = Gy [} [GKN be a decomposition of A into a direct sum of
indecomposable ideals G, where N is a positive integer and 1 < r < N.
Then there is a nondegenerate invariant bilinear form g on A such that
each ideal G, is g-nondegenerate.

Proof. (i) Because of 1J = 0 = JI we conclude I [—A(J) and J [_A(l).
Moreover, Al = (I +J)I = 12 = I(1 +J) = IA and likewise: AJ = J? =
JA. Consequently, 12 and J? are ideals of A and, using Prop. 2.1(ii) we can
conclude that (%) = FAI +1A) = Z(1) = (Al + 1A) =2 (12) " Hence J 1
(1%) “dnd taking orthogonal spaces, we have 12 13} Likewise: 12 3%~
and of course: J2 I Hh15"Since A=1+J wegetl-dAJ-E ALE
0= FA'= Sh S3which implies 12 n J2 = 0. On the other hand, A? =
(1 +J3)(1 +J3) =12+ 32 whence A2 =12 [CJ4. Now let A be f-indecomposable
and A% 8 0. We shall show that Z [AF: Indeed, let Zy be a vector subspace
of Z such that Z = Zg (A n A?). Using Prop. 2.1(ii) we get A2 = z&=
Z4—'(A? + Z) and consequently 0 = Zo n A? = Zo n Zy ' (A2 +Z) = Zo n Z—!
because Zo [Z1 CZKAZ?. Hence Z, is a f-nondegenerate ideal of A being a vector
subspace of Z. Consequently: Zg = 0 hence: Z [CAF. Without loss of generality
we can now assume that 12 8 0. We shall show next that I n “FH=1n 15
Indeed, since obviously 17 [CTlwe get “H'[C1(1?) = z(1) = (1)~
Hence both ideals I n 1 —ahd I n “thre in Z(1) whence it follows that they are
contained in Z because I [ZKJ). Consequently: I n | “—Z1 CAF = 12 [J4.
Since 12 n I Y—7" 1= 0 and J? It follows that I n I ~—{—J? and
obviously I n I =F—JF n I. Likewise: 1 n " [_I? n 1. Conversely, J> 11—
and J2 [_'whence: 1 nJ2 COn1%dnd I nJ2 CIn "K' This proves
InI=21nJ2=1n "K' Because of 0 = I1=A'12 = I n 1 = 12 we have
A n15%12 = (1 nI1HCTA. Choose a vector subspace V of I such that
I =V C@n 15 TIA Clearly, I": =V [IAis an ideal of 1. But since 1J =
0 = JI we can conclude that 1"is an ideal of A. We shall show now that I is
f-nondegenerate which (together with 0 £ 12 [T} will imply that 1”= A hence
I = A: Indeed, let x CIPsuch that f(x,15 = 0. Obviously, f(x,1 n 1 5= 0,
hence: 0 = f(x, 1I°C@Mn 1| D)= f(x, 1) which implies that x COn ™' As was
shown above, it follows that x [CIh | =—But then x CIHh (I n 1 B% 0. Therefore
Il = AandJ [CA [CIf = A% In case A is abelian every f-nondegenerate
one-dimensional subspace of A will be a f-nondegenerate ideal of A. Therefore,
either there is such a subspace implying A to be one-dimensional or there is no
such subspace implying ¥ to be antisymmetric. In this last case, pick a nonzero
vector a in A. Since T is nondegenerate there is another nonzero vector b linearly
independent on a such that f(a,b) & 0. Since f(b,a) = —f(a,b) the restriction
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of f to the two-dimensional ideal B of A spanned by a and b is nondegenerate
implying that A = B.

(i) As was proved in (i) every nonabelian f-indecomposable (resp. f™~indecom-
posable) ideal in this decomposition is indecomposable. Therefore, the first part
of the assertion follows from the general decomposition Theorem 4.3 mentioned
in Appendix A. Moreover, since no nonzero symmetric bilinear form can be an-
tisymmetric if char K & 2 the second part of the assertion follows from (i) and
Theorem 4.3 because every f-indecomposable (resp. f~indecomposable) abelian
ideal must be one-dimensional, hence indecomposable.

(iii) Assume that for an integer n (0 < n < N) the first n ideals G, are
the nonabelian ideals in that decomposition. Consider the decomposition A =
I; [ CLJC [ of A into a direct sum of f-indecomposable ideals mentioned
in (ii). On the direct sum Zg := lx+1 1 1 of the abelian ideals choose a vector
space base (zi), (k+1<i<K™=dimZ + k) of Zy and define fy: Zg x Zy - K
to be the bilinear form fo(zi, zj) := &;j. Clearly, fo is a nondegenerate invariant
bilinear form on Zy where the one-dimensional ideals Kz; are fo-indecomposable
and indecomposable. Denote by f; the restriction of f to the direct sum I; 11,1
of the nonabelian ideals. It follows easily that the orthogonal sum h := f, T4
is a nondegenerate invariant bilinear form on A. Using (i) and the Decomposition
Theorem 4.3 we can infer that k = n and also KM= N since the indecomposable
abelian ideals Gn+1,...,Gn are one-dimensional as well as the indecomposable
abelian ideals Kzy+1, ..., Kz Denote by h; (1 < i < K the restriction of h
to the ideal I;. Clearly, each h; is a nondegenerate invariant bilinear form on I;.
Now we take the restrictions of the canonical projections p,ci Gy - l,o(compare
Thm. 4.3) which are isomorphisms of algebras and form the pulled-back bilinear
forms gr := pi£hr) on G,. According to Prop. 2.3(i) each g, is an invariant
bilinear form on G, which is nondegenerate since prois an isomorphism. The
orthogonal sum g :=g; [} [gd will then be a nondegenerate invariant bilinear
form on A such that each G, is g-nondegenerate. 1

We conclude this section with the method of double extension which gives rise
to an inductive classification of metrised Lie algebras over a field of characteristic
zero:

Theorem 2.2 (Double Extension). Let (A, f) be a finite-dimensional met-
rised Lie algebra over a field K. Let furthermore B be another finite-dimensional
Lie algebra over K and suppose that there is a Lie homomorphism ¢@: B - Derg(A)
which denotes the space of all f-antisymmetric derivations of A (i.e. the deriva-
tions d of A for which f(da,a" + f(a,da = 0 holds for all a,a” CA). Let B™!
denote the dual space of B. Denote by w: Ax A —. B™the bilinear antisymmetric
map (a,a) B (b B f(p(b)a,a)) and for b B and B B ~Henote by b - B the
coadjoint representation (i.e. (b-B)(bTY := —B(bbY). Take the vector space direct
sum Ag = B [CAl CBI-and define the following multiplication for b,b™ B,
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a,a”[A, and B, A"

(b +a+ B)("+ a™ BY := bb"+ g(b)a"— p(bYa + aa"+ w(a,ay + b - p-=b" B.

Moreover, define the following symmetric bilinear form fg on Ag:

0
Q)

(iii)

fa(b+a+p,b™+a"+ B := B +B'b) + f(a,a).

The pair (Ag, fg) is a metrised Lie algebra over K and is called the dou-
ble extension of A by (B, ¢).

Suppose that K is of characteristic di Lerent from 2 and assume that the in-
tersection of the ideal A% with the centre Z of A (i.e. the annihilator of A)
is nonzero. Then there is a one-dimensional isotropic ideal I (i.e. I 11
contained in Z and an element b A such that A = Kb CIFahd (A, f) is
isomorphic to the double extension (A5, f5) of the metrised factor algebra
(ATFY by B where A™:= 1 TA , £ is the projection to AMof the restric-
tion of £ to 1 =>¢1 =(f. Prop. 2.3(iii)), and B := Kb. In particular, this
applies to every nonabelian solvable Lie algebra.

Suppose that the characteristic of K is equal to 0. Let Ag denote the
largest semisimple ideal of A and A; its orthogonal space. Then (A, T)
is given by the orthogonal direct sum (Ag [CAl,fo 1) where o (f1)
denotes the restriction of f to Ag %< Ag (A1 % A;). Moreover, A; does not
contain any nonzero semisimple ideal and the radical R of A is contained
in A;.

Let L be a Levi subalgebra of A; (cf. [30, p. 91]). Denote by f- the re-
striction of f to L x L and let p_ denote the canonical projection A; —
Ai/R £1]

Then the orthogonal space R (. r. t. f1) of R is contained in R. More-
over, (A, T;) is isomorphic to the double extension (A, f-'+ p-FL) of
the solvable metrised factor algebra (A5 fY by L where AP:= R/R &nd
fHdenotes the projection to AMof the restriction of f; to R x R.

Proof. For a detailed proof the reader is referred to the papers of Medina,
Revoy; Keith; Hofmann, Keith; Favre, Santharoubane (cf. [47], [48], [37], [25],
[20]). In (i), the proof of the Jacobi identity for the multiplication in Ag and
the invariance of fg is lengthy, but straight forward. In (ii) and (iii) the action
of the algebra B is the induced adjoint representation of b (resp. the elements
of L) on APwhich is well-defined since 1 ~anhd I (resp. R and R D-hre ideals of
A and therefore invariant under the adjoint action of all the elements in A. If for
solvable A the intersection A% n Z was zero one would have A = A? [Zlaccording
to Prop. 2.1(ii). But then it would clearly follow that A = A2A? which would
contradict the solvability of A. For (iii) note that every semisimple ideal of A is
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f-nondegenerate since its intersection with its orthogonal space is semisimple and
abelian hence zero. Hence A = Ay [CA]l and every nonzero semisimple ideal of
Az would be one of A and hence contained in Ap. Using the Levi-Mal'cev-Harish-
Chandra Theorem on A; and putting the semisimple part Lo of R Sifto a suitable
Levi subalgebra of A; one easily sees that Lo is a semisimple ideal of A;. Hence
it must vanish because of the above assumption which implies: R 1Rl 1

Observe that part (ii) of this Theorem can be used to build up any finite-
dimensional metrised solvable Lie algebra by successive double extensions with
one-dimensional algebras starting from the zero or the one-dimensional Lie alge-
bra. Therefore, an inductive classification of these Lie algebras in characteristic
zero is thereby achieved. However, in prime characteristic not every metrised Lie
algebra is isomorphic to some double extension (compare [10, Satz 4.3.25]) for a
counterexample in characteristic five).

Notes and Further results

Section 2 and Appendix A of this paper are short versions of Chapter 1 and
Chapter 2, Sections 2.1, 2.2, and 2.5, of my Diplomarbeit [10].

Most of the statements of Prop. 2.1 are classical results for (Lie) algebras with
a symmetric nondegenerate invariant bilinear form, compare e. g. [30, p. 71], [35,
p. 30-31], or [52, p. 24-25], and are also contained in the following articles on
metrised Lie algebras: [6], [7], [20], [25], [37], [47], [48], [53] and [54]. The
mutual orthogonality of the central ascending and the central descending series
(Prop. 2.1(iv)) had been proved for finite-dimensional metrised Lie algebras in
[47, p. 159], and [37, p. 32], see also [25, p. 28], where in addition the mutual
orthogonality of the derived series (D"A)n=o and a series (K"A)n=o, inductively
defined by K°A := 0, K"A := {a [CA | a(D""!A) [KI""1A} has been stated.
The assertion (iii) of Prop. 2.3 also appears in [20], [25], [37], [47], and [48] for
Lie algebras. If B is an ideal of A containing B “Keith calls A a bi-extension
of B/B "tf. [37, p. 56], or [25, p. 30]). The use of tensor products of metrised
Lie algebra and metrised commutative associative algebras to construct metrised
Lie algebras with radicals of large nilindex is also due to Hofmann and Keith
(cf. [25, p. 23]). Assertion (i) of Prop. 2.4 was motivated by a similar Lie algebraic
statement of Koszul (cf. [44, p. 95], proof of Lemme 11.1., see also [21, p. 44,
Lemma 2.8]). The orthogonal decomposition of finite-dimensional metrised real
Lie algebras was systematically investigated by V. V. Astrakhantsev in [6], and
assertions (i) and (ii) of Thm. 2.1 are generalizations of his Theorem 1 and Theo-
rem 4 in [6]. Similar decomposition statements had been proved in [53, Thm. 8.1],
and in [9, Lemma 2.1]. L. J. Santharoubane had let me know that V. G. Kac had
given his students two exercises (cf. [34, p. 23, Exercise 2.10 and 2.11]) around 1980
where the double extension with a one-dimensional derivation algebra has been de-
fined and the fact that every finite-dimensional solvable metrised Lie algebra can
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be constructed thereby has been mentioned. G. Favre and L. J. Santharoubane
had worked this out in [20] and got a classification of low-dimensional nilpotent
metrised Lie algebras. Independently, A. Medina and P. Revoy in [47] and [48]
and Hofmann and Keith in [37], [24], and [25] have also developed the double
extension technigue and have taken into account a Levi algebra of a metrised Lie
algebra which requires double extension by a higher dimensional derivation al-
gebra. The fact that the radical of a finite-dimensional metrised Lie algebra in
characteristic zero will contain its orthogonal space if all of its semisimple ideals
vanish has been proved in [25, Lemma 2.8].

For a finite-dimensional metrised algebra (A,q) the space of all invariant
bilinear forms is isomorphic to its commutant K(A) (see Appendix A for the
definition) by mapping @ [CKI(A) to (a,b) B q(oa,b), see Section 2.3 of [10] for
details. This has also been noted by Kaplansky (cf. [35, p. 30, Ex. 15(a)]); and for
Lie algebras by Medina and Revoy (cf. [48, Lemme 3.1]), and by Tsou and Walker
(cf. [53, Section 9], where estimates for the dimension of K(A) are given).

Given a faithful representation p of a finite-dimensional Lie or associative alge-
bra A in a finite-dimensional vector space one can construct a trace form defined
by (a,b) B trace(p(a)p(b)) which is symmetric and invariant because of the cyclic
properties of the trace and the Jacobi or associative identity (see also [10, Sec-
tion 2.4]). For associative algebras such a trace form can only be nondegenerate if
its radical vanishes since p(n) is nilpotent if n is contained in the radical. For Lie
algebras in characteristic zero it is a classical result that the radical is central if a
trace form is nondegenerate. This is also true for finite-dimensional Lie algebras
in characteristic p > 3 as has been shown by Zassenhaus (cf. [56] and [9]).

Finite-dimensional Hopf algebras (with an antipode) carry a nondegener-
ate (not necessarily symmetric) invariant bilinear form (cf. [45]). A particular
case of this is Berkson’s result [8] that the restricted universal enveloping al-
gebra of a finite-dimensional restricted Lie algebra over a field of characteristic
p > 0 (cf. [30, p. 190] for definitions) is pseudo-metrised. On the other hand, the
(infinite-dimensional) universal enveloping algebra of a finite-dimensional metrised
Lie algebra over a field of characteristic zero is metrised (cf. [12]).

Finite-dimensional metrised Lie algebras whose bilinear form is in addition in-
variant under all of its derivations have been investigated in [19] and [10, Chap-
ter 4]. There exist nonsemisimple Lie algebras with this property (see [10, p. 150,
Satz 4.3.25] for an example in characteristic five, and the article [4] by Angelopou-
los and Benayadi for an example in characteristic zero).

3. The Method of T &=kéxtension

In this Section we shall introduce a new technique of constructing metrisable
algebras out of arbitrary ones. This method which we shall call T "=&xtension is
closely related to the double extension technique mentioned at the end of the last
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section (cf. Thm. 2.2). However, in contrast to the double extension the method
to be described applies not only to Lie algebras, but to arbitrary nonassociative
algebras and is a one-step rather than a multi-step extension.

Let A be an arbitrary nonassociative algebra over a field K and consider its
dual space A. Define the following dual left and right multiplications for an
a LA

(5) L) AL A a O (R(@)d: a"3 a(@'d) := (L"G)a)@y,
(6) RA): AL A a0 (L(@)'d: a3 a(aa) := (RYA)a)@y.
We shall often make the abbreviation L&)a =: a- a and RY&)a =: a - a. Note
the exchange of left and right multiplication in this dualisation. For Lie algebras
we have L&) = ad"(h) = —R(&) which is the well-known coadjoint represen-

tation mentioned in the last section after Prop. 2.4. Consider now an arbitrary
bilinear map w (which will be specified later)

@) w:AxA . AH@ay 0 w a)

and define the following multiplication on the vector space direct sum A CAl-for
all a,a” CAland a, a” A

(8) @+a)-(@+a) :=aa+w(@ay+a-a+a-a”

Clearly, the subspace A™df A CATHs an abelian ideal of A CATand A is isomorphic
to the factor algebra (A CADYA™ Moreover, consider the following symmetric
bilinear form ga on A [CAl-defined for all a,a~ A and a, a” CA™!

9 ga(a+ a,a™ a := a@") + a'fa).

We then have the following simple

Lemma 3.1. Let A, A5w, and ga as above. Then the pair (A CAYa) is a
metrised algebra if and only if w is cyclic in the following sense:

w(a, b)(c) = w(c, a)(b) = w(b,c)(a) for all a,b,c CA.

Proof. The symmetric bilinear form ga is nondegenerate: For if at+ ais or-
thogonal on all elements of A CA}-then in particular a(@” = 0 for all a CA“and
a'fa) = 0 for all a A which implies a”= 0 and a™= 0. Now let a,b,c A and
a,B,y CAS'Then:

ga((@+a)-(b+p).c+y)=ga(@b+w(hb)+a-p+a-bc+y)

= y(ab) +w(a,b)(c) + (a- B)(c) + (a-b)(c)
= a(bc) + B(ca) + y(ab) + w(a, b)(c).
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On the other hand:

ga(@+a,(b+pB)-(c+y)) =ga(@+a,bc+w(b,c)+b-y+p-c)
= a(be) +w(b,c)(@) + (b-y)(@) + (B - c)(a)
= a(bc) + B(ca) + y(ab) + w(b, c)(a).

This proves the Lemma. 1

Now, for cyclic w we shall call the metrised algebra (A [CASYa) the
T t=éxtension of A (by w) and denote the algebra A LAy T,LA or, more simply,
by T FA if it is clear from the context how the map w looks like. In the special case
where A is a finite-dimensional Lie algebra and w vanishes one easily sees that T "A
is nothing but the double extension of the zero algebra by A with the zero map as
homomorphism @: A — 0 (compare Thm. 2.2). If A is a real finite-dimensional Lie
algebra belonging to a Lie group G then T "A will be the Lie algebra of the cotan-
gent bundle T '8 of G: indeed, themap T™E: T'8 . GxANag B (g, 0g°Telg)
(where ag is a one-form in the cotangent space of G at g [CQ, e is the unit ele-
ment of G, and Telg is the tangent map of the left multiplication map Ly at e)
is a vector bundle isomorphism onto the semidirect product G < A~Where A-s
the abelian normal subgroup and the subgroup G acts on A™by the coadjoint
(group) representation. This diCerential geometric fact motivates the notation
“T Léxtension”.

If A is infinite-dimensional then the dimension of its dual space A™Will always
be strictly larger than the dimension of A (cf. e.g. [29, p. 68, Thm. 1]). In order
to get T "éxtensions of A having “smaller dimensions” one could replace the full
dual space A&bf A by any subspace A”of Athat is stable under all dual left
and right multiplications (cf. egs. (5) and (6)) and is total in the sense that for
each nonzero a A there is an a [CA"such that a(a) 8 0 (cf. [29, p. 68-69]).
Moreover, the map w should take its values in A" For instance, this applies to any
nonassociative algebra A that is Z-graded in the sense that it is equal to a direct
sum LA\ of finite-dimensional subspaces A; of A such that AjA; AL, for
all i,j Czt If AHs identified with the space of all linear maps in A-that vanish
on the direct sum of all Aj, j & i, then the subspace A”:= LA Will clearly
be total and invariant by all dual left and right multiplications and has the same
dimension as A. Prominent examples of Z-graded algebras are the well-known
Kac-Moody-Lie algebras (cf. [34]).

We shall show in the following Theorem how certain properties of an algebra A
are transferred to a T "-éxtension of A:

Theorem 3.1. Let A be a nonassociative algebra over a field K.

(i) If A is solvable (nilpotent) of length k [N (nilindex k [CN) then for
each bilinear cyclic map w: A x A - Althe T éxtension T,/A will be
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solvable (nilpotent) of length r [N (nilindex r CNl) where k<r <k +1
k=sr=s2k-1).

(ii) Suppose A has one of the following properties: nilpotent of nilindex k [N,
commutative, anticommutative, associative, alternative, Lie or Jordan.
Then the trivial T "=éxtension TSA has the same property.

(i) If A is decomposable so is the trivial T =éxtension TJA. If A is finite-
dimensional, indecomposable and nonabelian so is the trivial T "=éxtension
TJA.

Proof. (i) Suppose first that A is solvable of length k. Since the derived series
D"(T.A) of T.LA modulo the ideal A™s isomorphic to the derived series D" (A)
of A it follows that DX(T,JA) A~ This implies D***(TJA) = 0 because A™
is abelian, and T,JA is solvable of length k or k + 1. Suppose now that A is
nilpotent of nilindex k. Since the central descending series C"(T,JA) of T A
modulo the ideal A™s isomorphic to the central descending series C"(A) of A
it follows that CK(TJA) A" Let xy,...,xk—1 CTLA and set x; = a; + q;
forall 1 =i < k—1with a; CA and a; A Now, if ST(xX) denotes right
or left multiplication with x [T,)A and a A, B A then it follows that
(ST(Xx1) - -ST(xk=1)B)(@) = (S"(A1) - - - S(hk—1)b)(a) because A™s abelian, and
this in turn is equal to B(S(ax—1)---S(ai1)a) CBKCX(A)) = 0. This proves that
C=1(TLA) vanishes, and T,[A is nilpotent of nilindex at least k and at most
2k — 1.

(i) Suppose that A is nilpotent of nilindex k. Adopting the notations of the
proof of part (i) we see that for xx = ax + ax [CTFA one has

ST(x1) ST (Xk—1)Xk = S(a1) - - S(ak—1)ax

k1
+  SN@&1) - S"&i—1)ST (0)S(@i+1) - - S(ak—1)ax
i=1

+Sa1) -+ S H(h—1) o

because w vanishes. The first summand on the r. h. s. of this equation vanishes
because it is contained in CK(A) = 0. All the other summands are of the type
a B aj(S(by) - S(bk—1)a) with (by,...,bk—1) denoting a permutation of the set
{ai,...,aj—1,aj+1,...,ax}. Again, they vanish because CK(A) = 0.

The verification of the above algebra identities in TJA is completely straight for-
ward and is left to the reader (see also [10, p. 85-87]). As an example we shall
give a proof for the Jordan identity under the assumption that the commutativity
has already been shown. Let a,b,c CAand o, CA~’

(@+0)-(b+PB))-((a+a)-(@+a))—(@a+a)-((b+P) ((a+a) (a+0a))
= (ab)(aa) —a(b(aa)) + (aa) - (- B) —a- ((aa) - B)
+(@a)-(b-a)—((@)h)-a+2@b)-(a-a)—2a-(b-(a-a))
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The first two summands vanish because of the Jordan identity in A. If the sum of
the third and the forth summand is applied to ¢ one gets

] | ] |
B a((aa)c) — (aa)(ac) = —P (ac)(aa) —a(c(aa)) =0

because of the Jordan identity in A. If the sum of the last four summands is
applied to c one gets

a((L(b)L(aa) — L((aa)b) + 2L (a)L(ab) — 2L (a)L(b)L(a))(c)) = O

because of a linearized version of the Jordan identity in A (cf. [52, p. 92, egn 4.5]).
This proves the Jordan identity in T,JA.

(iii) Suppose that 0 8 A = 1 [Idwhere I and J are two nonzero ideals of A.
Let 1™{J3 5 denote the subspace of all linear forms in A=that vanish on J (I).
Clearly, 1 ~and J ~¢an canonically be identified with the dual spaces of I and J.
Because of 1J =0=J1 we have (1 - 1D{J3) =151 =0=151J) = 1~ 1))
and (3 - 1H{A) = 15AI) CTOA) =0=150) CHIA) = (151 I)(A). This and
a completely analogous reasoning for J~teplacing 1 “imply that the subspaces
TH =1 [I'tand TH ;= J It are ideals of T'A := TJA such that T'A is
given by the orthogonal direct sum T "F CT1J. Here the symmetric bilinear form
ga (cf. egqn (9)) restricted to T " is equal to g, and T Q?where a similar
statement holds for J replacing 1. This proves the first assertion of (iii).

Conversely, suppose that A is finite-dimensional, indecomposable and non-
abelian. Assume that T'A := TJA decomposes into the direct sum 1~ [IFof
two nonzero ideals 1Pand J%of T A, According to Thm. 2.1 we can assume that
T "A is ga-decomposable, i.e. 17= J™—Denote by pa (pac) the canonical pro-
jection TTA = A LA A (TTA ~ AD! Let I and J denote the subspaces
palPand padTof A, respectively. Since pa is a homomorphism of algebras and
135= 0 = JY"it follows that I and J are ideals of A which annihilate each other,
i.e. 1J =0=JI and whose (not necessarily direct) sum I + J is equal to A.

As a first step we show that the subspaces | +1-and J+Jof T '/A are ideals of T A
annihilating each other, i.e. (1 +15- (3 +JY=0=(J +JY (1 +19: Indeed, let

i [Itand j I Then it follows that (pai)- A% (pai+pari)-AFE i ALTTHAH
because A™s an abelian ideal. Likewise, A™'(pai) CI%¥n A5 This entails

(o 1-AY AN CI3h A%nd 3 - ARA ARI T AH

after a completely analogous reasoning for J replacing 1. Now this relation and
the fact that I and J are ideals of A imply that I - (T "&)+ (T "A)- 1 CIF+(hAY
and J - (TA) + (TFA) - J CIH (I AH! hence (I + 15 and (J + JY are ideals
of T 'A. Moreover:

0=1i-j=(pai)(pad) + (pai) - (pach) + (Paci) - (PAJ) + (PAH) - (PALH)
=0+ (pai) - (pach) + (pach) - (pa)) +0
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because Ats abelian and pa(i - j) = 0. But according to (D)Jthe first remaining
summand on the r.h.s. of this equation lies in 1“h ARWhereas the second remaining
summand on the r.h.s. of this equation is contained in J“n A%'Since 151 JP=0
they have to vanish separately. Therefore:

(pal) - J = (PaD)(Pa) + (Pal) - (Par) =0 +0.
Analogously, 0 = j - (pai) and (paj) -i =0 =1 (paj). Hence it follows that
(mo I 0B 1 =0=0 1"+ 18 .

Now this relation and the fact that 1J =0 = JI and 197= 0 = 34 entail that
the ideals (1 + 15 and (J + J9 annihilate each other.
By Thm. 2.1(i) it follows that (1 + 152 n (J +J52 = 0. In particular:

(O 120 J% =0, hence: A2 =12 [J4.

In a second step we show the existence of ideals I; and J; of A such that A = 1; [LI41
and | I 13 and J [CJ3 [J%: Clearly, | [IThA? [I4. Let V be a vector
space complement to I n A2 in I, i.e. | =1 n A? /1 Define

I, ;=12 [\

Since 1; T4 it is an ideal of 1 and because of I1J = 0 = JI it is an ideal of A.
Obviously, J [JTIn (1 +J?%) [CJ%. Let W be a vector space complement in J to
Jn(1+J%,ie.dJ=Jn (1 +J% [W. Define

J,:=J%? W

A similar reasoning as above entails that J; is an ideal of A contained in J. Since
the spaces A%, V, and W are contained in 1, + J; by definition it follows that
A=1+J CId+ Jq, hence I, +J; = A. Let x be an element of the intersection
I;nJdy. Thenx =i+v =j+wwherei CIf, v [V, j CJP, and w CW. But
clearly, the element w = i — j + v lies both in W and in J n (I + J?) and must
vanish by definition of W. Moreover, the element v = j — i clearly lies both in V
and in 1 n A2 and must vanish by definition of V. Furthermore, since 12 and J?
have zero intersection we must have i = 0 = j which implies I; n J; = 0 showing

A=1; LIl

Now, since A is indecomposable one of these ideals, say Ji, must be zero. But
then A = 1y = I, hence T'A = | A= 17+ AT because pal"= A =1 =
pal. This implies JPE@AOCIH/1P= (T FA)/1P= (A 1571 PEAFAATH 15,
and J”must be abelian being a homomorphic image of the abelian ideal A™?
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Because of 1™ JP= 0 = JU 1Ythe ideal J"lies in the annihilator Z(T *A) of
T "A. Since (T "A)? is equal to A2 [{(A- AT+ A™A) a simple computation of the
orthogonal space of this (cf. Prop. 2.1(ii)) shows that Z(T "A) = Z(A) [(A?%)a""
the latter space denoting the space of one-forms in A™that vanish on A%. But
since A is indecomposable and nonabelian its annihilator Z(A) is contained in
A?: take any vector space complement S to A2 + Z(A) in A, take any vector
space complement Zg to Z(A) n A? in Z(A), define 1, := A? [S]and A is equal
to the direct sum of ideals 1, [CZ}. Since A is nonabelian and indecomposable
Zo = 0. But then ga(Z(A), (A?)2") = (A2)2"M(Z(A)) [(A?)2""(A?) =0, and
Z(TTA) is isotropic. But so is J™being contained in Z(T "A), hence J”must
be zero because it is assumed to be nondegenerate. It follows that T A = Iis
indecomposable. 1

The upper bound 2k — 1 for the nilindex of the T "éxtension in Thm. 3.1(i) does
actually occur: see e.g. Example 4.3 in the next section. Moreover, note that both
statements of Thm. 3.1(iii) are wrong if the T "-éxtension is nontrivial, i.e. w £ 0:
for instance, Example 4.2 in Section 4 is a counterexample.

The following criterion is central in recognizing T éxtensions:

Theorem 3.2. Let (A, f) be a metrised algebra of finite dimension n over a
field K of characteristic not equal to two. Then (A, f) will be isometric to a
T téxtension (T,\B, gg) if and only if n is even and A contains an isotropic ideal
I (i.e. I CIH-bf dimension n/2. In this case: B £-A¥1. Note that any isotropic
n/2-dimensional subspace I of A is an ideal of A if and only if it is abelian,
ie. 12=0.

Proof. “ [”_S%ince dimB = dim Bt is clear that dim T, B is even. Moreover,
it is clear from the definition of the multiplication (cf. eqn (8) and the bilinear
form gg (cf. egqn (9)) that B s an isotropic ideal of half the dimension of T,\B.

“[“Let I be an n/2-dimensional isotropic subspace of A. Since diml +
dim1 5= n it follows that I = 1 =f I is an ideal of A then 12 = 1(1 %X 0 by
Prop. 2.1(i) and | is abelian. Conversely, if 1 =0 then q(1,1A) =q(12,A)=0=
q(A, 1%2) = q(Al, 1) showing that 1A + Al [CI1—= | which implies that | is an
ideal of A. Suppose that I is an ideal of A, let B denote the factor algebra A/
and p: A -~ B the canonical projection. Now, since the characteristic K is not
equal to 2 we can choose an isotropic complementary vector subspace Bg to I in
A, i.e. A= By [IT'hnd BJ = By (compare [33, p. 386]). Denote by po (resp. p1)
the projection A — Bg (resp. A — 1) along | (resp. along Bg). Moreover, let £H
denote the linear map 1 —~ B%1i 3 (pa B f(i,a)). It is well-defined because of
f(1,1) = 0. Since f is nondegenerate, | == I, and dim 1 = n/2 = dim B it follows
that f™is a linear isomorphism. Furthermore, f~has the following intertwining
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property: Let a,a”[CAland i [CIthen

fiai)(pa) = f(ai,a") = f(a5ai) = (@4, i) = f(i,a'd)
= f'{)(p(aa)) = (1) ((pa)(pa)) = (L (ha)f(i))(pa’)
= ((pa) - F(1))(pa’).

Hence, after a completely analogous computation one has the following
f¢ai) = (pa) - £(4) and f'(ia) = £'() - (pa) @lCA, i [

We define the following bilinear map w: B x B - B":(pbg, pb5) B F (b1 (bob))
where by and b§'are in Bg. This is well-defined since the restriction of the projection
p to Bg is a linear isomorphism. Now, let m denote the following linear map
A - B [BF'b +i B pbo+ Fi) where by [CBp and i [CI1 Since p restricted
to By and f™are linear isomorphisms the map m is also a linear isomorphism.
Moreover, m is an isomorphism of the metrised algebra (A, f) to the T "-éxtension
(T.B,gs): Indeed, let by, b’ and i, i Cthen

m%(l)(bobg) + p1(bobg) + boi™ ib(‘)jlzI

p(Po(bob5)) + F (1 (boby) + boi ™+ ibj)

= p(bobg) + w(bo, bg) + (pbo) - F (Y + F(i) - (pbg)

= (pho)(pbg) + w(bo, bg) + (pbo) - F Y + F(i) - (pbg)
= (pho + F(i)) - (pbg'+ F'(1Y)

= (m(bo + 1)) - (M(bg'+ i)

m((bo + i)(bg™+ i)

where we made use of the definition of w, the intertwining properties of 5 the
fact that p is a homomorphism, and the definition (8) of the product in T B. In
addition we have:

(m'ak)(bo + i, bg'+ i) = gg (pbo + F(H), pbg™+ F(i)
= £(i)(pbg) + (1) (pho)
= f(i,by) + £(i"bo)
=f(bo +i,by+i"

where the fact that By could be chosen to be isotropic entered in the last equation.
Hence: m'gk = f which implies that gg is an invariant symmetric bilinear form on
T..B (cf. Prop. 2.3(i) and (ii)) or that w is cyclic. Therefore (A, f) and (T,\B,qs)
are isomorphic as metrised algebras and the Theorem is proved. 1

The proof of this Theorem shows that the bilinear map w depends on the
choice of the isotropic subspace Bg of A complementary to the ideal 1. Therefore



NONDEGENERATE INVARIANT BILINEAR FORMS 175

there may be di [erent T "-éxtensions describing the “same” metrised algebra. This
situation can be dealt with in the following way:

Let B; and B, be two algebras over a field K and let w;: B; x B; — B{-and
wy: B, x B, - Bl-two bilinear maps in the corresponding dual spaces. The
T éxtension T, B; of By is said to be equivalent to the T -éxtension T, B, i[]
B1 = B := B and i [there exists an isomorphism of algebras ®: T,\B; - T, B>
which is the identity on the ideal B ~&nd which induces the identity on the factor
algebra T, B:/B~+= B = T,..B>/B"~"The two T éxtensions T, B; and T,;B>
are said to be isometrically equivalent i[ihey are equivalent and @ is an
isometry. This situation can be depicted in the following commutative diagram:

Tz, B

N

B* P B —0

PR

T B

Here the two horizontal maps are the zero maps. i; and i, denote the canonical
injections of B™into T,.B1 and T, B>, respectively, whereas p; and p, denote
the canonical projections of T, B, and T,._B> onto B, respectively.

Proposition 3.1. Let B be an algebra over a field of characteristic not equal
to 2. Furthermore, let w, and w, be two bilinear maps B xB - B
(i) Ty, Ba is equivalent to T,-B, (cf. diagram (10)) if and only if there is a
linear map z: B — B™3uch that for all b, b™ A

(D wy (b, b — w2 (b, bY = b (z(6Y) + (z(6Y) - b — z(bbY.

If this is the case then the symmetric part zg of z which is defined by
zs(b)(0Y = 3(z(b)(®Y + z(b(b)) for all b,b” B will induce a symmet-
ric invariant bilinear form on B, i.e.: zs(bbY(OD = zs(b)(bBT for all
b, b5 ™ Bl

(i) T, B1 is isometrically equivalent to T,,-B; if and only if there is a linear
map z: B - B3uch that eqn (Ddholds for all b,b® R and in addition
the symmetric part zg of z vanishes.

Proof. (i) The equivalence between T\,EBl and TWEBZ holds if and only if there
is a homomorphism of algebras ®: T, -B1 - T,-B; satisfying ®(b +B) = b +
®o1(b) + B for all b CB and B [CB™where ®,; is the component of ® that
maps B to BN indeed, ® must be the identity on B~hnd we must have b =
p(b) = p(d(b)) = Pd13(b) where ®1; is the component of ® that maps B to B.
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Let z denote @,;. Clearly, @ is a linear isomorphism for arbitrary z. Then for all
b,bY Bl and B, B~ BIe have

O((b+ B) - (0" BY) = bb" wi (b, b +z(bb) +b - B+ B - b"
where the multiplication was formed in Tﬁl- On the other hand:

(@0 +B)) - (PO BY) = (b +2z(b) +B) - 0"+ z(0) + B
= bb™H wz (b, bY + b+ (b)) + (2(0)) b+ b- BB - b

where the multiplication was formed in T\,EBZ. Hence ® is a homomorphism of
algebras if and only if eqn (Dcholds. Now, both w; and w; are cyclic maps. Hence
the right hand side of eqn (Dhas to be cyclic. Splitting z into its antisymmetric
part z, defined by za(b)(b) := 3(z(b)(bY — z(bY(b)) for all b,b™” B and its
symmetric part zs as defined above, i.e. z = z; + z5, we see that the right hand
side of eqn (Dkvaluated on b™ R has the following form:

Za(bY(b"8) + za(b) (0'D"™) + za(D™J(bb") + z5 (0(0™B) + Z5 (W) (WD) — 25 (BbH(b)

Observing that the sum of the terms involving z, is already cyclic and subtracting
from this the same sum of terms after the cylic permutation (b,b5b™ 3 (b5b™'b)
we get the result

2z5(b) (00 — 2z5(bH (™ = 0,

which proves the invariance of the symmetric bilinear form induced by zs.
(i) Let the isomorphism ® be defined as in (i). Then we have for all b, bR
and B, PR

ds (®(b+ B), P+ BY) = as (b +z(b) + B, b+ z(b + B
= z(b)(b +z(b)(b) + B(bY + Bb)
=z(b)(d") +z(b)(b) + s (b + B, b+ B

from which it is clear that @ is an isometry i[CzL = 0. 1

The apparent cohomological appeal of this Proposition is no coincidence as will
become clear in the following two examples:

3.1 Lie Algebras

Let (B,[, ]) be a Lie algebra over a field K of characteristic di Lerent from 2.
Let V be a vector space over K such that there is a linear map p of B into the
space of linear endomorphisms of V satisfying p([b, bP) = p(b)p(bY — p(bYp(b) for
all b,b®A. p is called a representation of B and V is called a B-module. For
each nonnegative integer k let CK(B,V) denote the space of alternating k-linear
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maps B x --- x B into V where C°(B, V) is defined to be equal to V. Denote by
C(B, V) the direct sum of all the spaces C¥(B,V) (0 < k < o0). The coboundary
operator §: C(B,V) - C(B,V) is defined for f [CCK(B,V ) and b, b1, ... , bk
as follows:

1 ~
11) (6F) (Do, ba, ... ,by) := _ (=1)'p(0)(F(bo, ... ,bi,... b))

+  (=D)™F(bi,bj],bo, ... iy Dy by

i<j

where the hat ~ over a symbol means that it should be omitted. It is known that
32 = 0. Call any k-form £ [CQX(B,V) a k-cocycle i[C3f = 0 and denote the
subspace of k-cocycles by Z¥(B, V). The k-th cohomology group HX(B,V) is
defined to be the factor space ZX(B,V )/8CK~1(B,V) for k = 1 and Z°(B, V) for
k=0.

In particular, the dual space B™bf B is a B-module with respect to the coad-
joint action of B. Consider a bilinear map w: B x B - B™and the corresponding
T Eéxtension T,LB of B. It is known that the multiplication (8) of T\ B is anticom-
mutative and satisfies the Jacobi identity if and only if w is antisymmetric and a
2-cocycle, i.e. w [ZP(B, BY(cf. [14, p. 121]). Now, the additional fact that w has
to be cyclic means that the trilinear form w™tefined by w(h, b5'b™ := w(b, bY (b
should be alternating. Considering the field K as a trivial B-module we can write
wHICO3(B, K). Using the special case j = n— 1 in [27, Lemma 1], we can infer
that wis a 3-cocycle, i.e. w2 IA%(B, K), if and only if w is a 2-cocycle. Con-
versely, since every 3-cocycle in Z3(B, K) induces a 2-cocycle w in Z?(B, BY'by
the prescription w(b, b5 = (b™3 wh, b5b™) we can conclude that the set of all
T t=éxtensions of the Lie algebra B is isomorphic to the space Z3(B, K)
of scalar 3-cocycles of B. Next, we shall consider the notion of equivalence
of T t-éxtensions: We observe that the map z in Proposition 3.1 is in C*(B,B "’
and that the di[erknce of two equivalent 2-cocycles w; and w, is nothing but 6z
(cf. egn (11)). Denote by Fs(B) the vector space of all symmetric invariant bilin-
ear forms on B and for each g CEL(B) let 5: g B 8g: (b, b5b™ 3 g([b, b, by be
the Cartan map Fs(B) - Z3(B, K). According to Proposition 3.1 the symmet-
ric part of z must induce a symmetric invariant bilinear form on B whereas the
antisymmetric part may be arbitrary. Identifying C1(B, B 5'canonically with the
vector space of bilinear forms on B we see that z must be contained in the direct
sum C2?(B,K) [CFd(B). Therefore we have the following corollaries to Proposi-
tion 3.1:

| _ 1 Z%B.K)
12 lence cl L By= ’
(12)  {equivalence classes of T “-xtensions of B} 5C2(B, K) + 6F<(B)
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and

3
(13) {isometric equivalence classes of T =éxtensions of B} £ 6C2((BB’ ||<<))

= H3(B,K)

3.2 Associative Algebras

Let B be an associative algebra over a field K of characteristic not equal to 2.
Let V be a vector space over K such that there are two linear maps A and p of
B into the space of linear endomorphisms of V satisfying A(bb = A(b)A(bY and
p(bb = p(bYp(b) for all b, bP B A and p are called a left and right multiplication
of B in V and V is called a B-bimodule. For each nonnegative integer k let
CHK(B, V) denote the space of k-linear maps B - --xB into V where CH°(B, V)
is defined to be equal to V. Denote by CH(B, V) the direct sum of all the spaces
CHK(B,V) (0 < k < o0). The Hochschild coboundary operator §: CH (B, V) into
CH(B, V) is defined as follows: Let f CCQHK(B,V) and bg, by, ..., b CH.

(14)  (@F)(bo, b1, ... bk-1)

= Abo)(F (b, ... ,bk—1)) + (1) Lpi) (F(bo, . .. , bk—1))
N EN—
+ (=)™ (bo, ... ,bibit1,... bk—1)

i=0

It is known that > = 0. Call any k-cochain f [GHK(B,V) a Hochschild
k-cocycle i [Caf = 0 and denote the subspace of k-cocycles by ZHK(B,V). The
k-th Hochschild cohomology group HHX(B,V) is defined to be the factor
space ZHX(B,V)/8CHK1(B,V) for k =1 and ZH°(B, V) for k = 0.

In particular, the dual space B~bf B is a B-bimodule with respect to the
multiplications A(b) := L(b) and p(b) := R (b) for all b (cf. egs (5) and (6)).
Consider a bilinear map w: B < B - B™dnd the corresponding T '-éxtension T, B
of B. It is known that the multiplication (8) of T,[B is associative if and only if
w is a Hochschild 2-cocycle, i.e. w [CAH?(B, B9 (cf. [26, p. 65-67]). Now, the
additional fact that w has to be cyclic means that the trilinear form w™Hefined by
wb, b5b™ := w(b, bY(b™ should be invariant under cyclic permutations.

Unlike in the case of a Lie algebra the cohomological transition to scalar
k + 1-linear maps requires more eladts in the associative case: Define for each
integer k = 0:

C1
(15) cck@):= F:Bx..-xB - K (k+1 factors ) | f is k + 1-linear and
f(b1,bo, ..., by, bo) = (=1)%F(bo, b1, by, ..., b) B, ..., b B

The vector space CCK(B) is called the space of cyclic k-cochains (cf. e.g. [15,
p. 51 and p. 98, Prop. 1]). Observe that wHis a cyclic 2-cochain. There exists a
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coboundary operator &, on CC(B), the direct sum of all the CCX(B) (k = 0): let
f be a cyclic k-cochain and by, ... , bk, bxk+1 B

1
(16) Oaf)(bo, ... bk, bk+1) == (=1)'F(bo, ..., bibix1, ..., bk+1)

i=0
+ (—1) "1 (bya1bo, - -, bi).

It is known that 82 = 0. Each f [CQCK(B) satisfying 5xf = 0 is called a
cyclic k-cocycle, and the space of all cyclic k-cocycles is denoted by ZCX(B).
The k-th cyclic cohomology group HCK(B) is defined to be the factor space
ZCK(B)/5,CCK1(B) for k = 1 and ZC°(B) for k = 0. Now, each cyclic
k-cochain f in CCK(B) can be canonically regarded as a Hochschild k-cochain
fHI9CTaHKB,BY by setting FXb, ... ,bk)(Ok+1) := F(o1,... bk, br+1) for all
bi,...,bkes [CB. An easy computation gives ((6FD(bo,b1,... ,0k))(Ok+1) =
—(BaF) (0o, - .., bk, bk+1) showing that CC(B) is a subcomplex of CH(B,BY!
(cf. [15, p. 102]). In particular, w™lis a cyclic 2-cocycle if and only if w is a
Hochschild 2-cocycle. Hence we can conclude that the set of all T "-&xtensions
of the associative algebra B is isomorphic to the space ZC?(B) of all
cyclic 2-cocycles of B. Next, we shall consider the notion of equivalence of
T Eéxtensions: We observe that the map z in Proposition 3.1 is in CH'(B,B "’
and that the di[erknce of two equivalent 2-cocycles w; and w, is nothing but 6z
(cf. egn (14)). Denote by Fs(B) the vector space of all symmetric invariant bilin-
ear forms on B and for each g [CFEL(B) let 8, be the map Fs(B) — ZC?(B): g 3
g : (b,b5b™ B g(bbS'b™ which is the analogon of the Cartan map in the case of
a Lie algebra. This is well-defined because the invariance of g implies that 6,9 is
cyclic and that for bg, b1, bo, bz [CHI:

17) (31 (319)) (Do, b1, b2, b3)
= g((bob1)bz,b3) — g(bo(b1b2), b3) + g(bob1, b2b3) — g((bsbo)bs, b2)
=0.
According to Proposition 3.1 the symmetric part of z must induce a symmetric
invariant bilinear form on B whereas the antisymmetric part may be arbitrary.
Identifying C1(B, B D'canonically with the vector space of bilinear forms on B we
see that z must be contained in the direct sum CC*(B) CE(B) where by definition
the space of antisymmetric bilinear forms on B is equal to CC*(B). Therefore we
have the following corollaries to Proposition 3.1:

_ : 1 ZC?*(B)
1 I I fT= fB} =
(18)  {equivalence classes of T ~=éxtensions of B} 3\CCL(B) + 5,F<(B)

and

2
(19) {isometric equivalence classes of T "=éxtensions of B} £ 3 (;:CSI(BB))
A

= HC?(B).
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For general nonassociative algebras a cohomology theory based on equivalence
classes of abelian extensions had been formulated by M. Gerstenhaber in 1964
(cf. [23)]).

It should be emphasized that the above cohomological formulation applies to
isomorphy in the sense of diagram (10), i.e. the ideal B ™temains stable under
the isomorphism in question. However, the general situation is much more di =1
cult: for instance, it can happen that there exists an isometry between two trivial
T Eéxtensions TgA; and TJA, without A; being isomorphic to A, (see Exam-
ple 4.1 of the next section).

3.3 Nilpotent Metrised Algebras are T '=&xtensions

We shall now come to the main result of this paper, namely that very many
finite-dimensional metrisable algebras are in fact isometric to certain T “éxtensions.

The proof requires the following little Lemma on Lie algebras:

Lemma 3.2. Let (V,q) be a metrised vector space of finite dimension n over
an algebraically closed field K of characteristic not equal to 2. Let L be a Lie
algebra consisting of linear endomorphisms of V such that one of the following
two conditions is satisfied:

() L consists of nilpotent endomorphisms, and for each ¢ [Llits g-transpose
@™ (cf. Appendix A) is contained in L.
(ii) The characteristic of K is equal to 0, L is solvable, and each ¢ [ is
g-antisymmetric: ¢ = —¢.
Suppose W is an isotropic subspace of V (i.e. W M D-hich is stable under L
(i.e. oW for all ¢ CT).
Then W is contained in a maximally isotropic subspace Wmax of V which is also
stable under L, and dimWnax = [n/2] (i.e. the integer part of n/2). If n is even,
then Wmax = W.E=1 If n is odd, then Wmax L dimW = dimWpay = 1,

max* max?

and W, (W« for all ¢ L1

Proof. We shall use induction on n the case n = 0 being trivially satisfied.
Hence we can assume that n = 1. If condition a) holds then by Engel’s Theorem
(cf. [30, p. 36]) L is nilpotent and there exists a nonzero vector v [V] such that
ev = 0 for all ¢ 1. If condition b) holds then by Lie’s Theorem (cf. [30,
p. 50]) there exists a nonzero L-stable vector v [V (i.e. a one-form A CIO™3uch
that ov = A(@)v for all @ ). Therefore, under either condition it su [ced to
distinguish the following two cases:

Case 1: W & 0 or there is a nonzero L-stable vector v [\V1s. t. q(v,v) = 0.

Case 2: W =0 and for all nonzero L-stable vectors v [V one has q(v,Vv) & 0.

In the first case the one-dimensional subspace Kv is a nonzero isotropic L-stable
subspace, hence we can restrict our attention to W. Its orthogonal space W =
contains W by assumption and is also L-stable: Indeed, let ¢ [, w [W,
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and w W “—Then g(w, ow 5= q(¢*w,w 5= 0 because ¢ [ under either
condition a) or b), and because W is L-stable. Now, the factor space V ":= W /W

is again metrised by the projection q~'to V “of the restriction of q to W =< w =1
(cf. Prop. 2.3(iii) for abelian A). Denote by p the canonical projection W == v &
The Lie algebra L canonically acts on V Poy setting ¢"¥¢pw D= p(ew H-3ince w
and W are L-stable. Let I denote the vector space {¢ CLjow~—EW for all w1
W 53! Clearly, 1 is an ideal of L, and 1 = {¢ [COJe"= 0}. The factor algebra
L™= L/1 is clearly solvable if condition b) holds. If condition a) is satisfied then
for each @ [I there is a positive integer m such that ¢™ = 0. Obviously, this
implies ™ = 0, hence L™also consists of nilpotent endomorphisms of V& Let w1
and x e two arbitrary elements in W =—Then by definition of g~we have the
following equations for arbitrary ¢ [t

a¢(@Y" (pw Hhx = g pw S 4 px ) = q"lpw S h(ex )’
(0 =qw ¢xH! =g whRY!
= q'p(@™w ) bx = g(e™) pw ) x5

which shows at once (¢J* = (e*)Pfor all ¢ [I. This implies that the Lie
algebra Lsatisfies condition a) or b) if L satisfies a) or b), respectively. Since
dimV = dimW "= dimW = dimV —2dimW (compare eqn 26) we can use the
induction hypothesis to get a maximally isotropic L' stable subspace WL, in VF
Clearly, dimW/,, = [n/2] —dimW. Now, set Wmax := p~ WL, which is equal
to {w W Splv —FwW .}, hence Wmax W and WL £W ../W. For two
arbitrary elements w —ahd x “of Wyhax we have q(w 5% 5% gpw 5 gx H-Which
is equal to zero because W, is isotropic. Hence Wnax is isotropic, and, since
dimWpmax = dimW,,, + dimW = [n/2], it is maximally isotropic. Moreover,
for arbitrary ¢ [ and w1 W, we have p(ew 5~ opw H'TW L], which
implies w1 W, ,ax. It follows that Wpay is L-stable, maximally isotropic and
contains W which proves the first assertion of the Lemma in this case.

In the second case, pick a nonzero L-stable vector v M. If condition a) holds
then @v = 0 for all @ L1 If condition b) holds we have v = A(@)v for a certain
one-form A in L. But, since all ¢ [Llare g-antisymmetric we have

(ma A@)q(v,v) =q(ev,v) = —=q(v, ev) = =A@)a(v,V)

which implies A = 0 because the characteristic of K is not equal to 2 and q(v,v) & 0.
Hence A = 0 under either condition. Clearly, Kv is a g-nondegenerate L-stable
subspace of V, therefore V = Kv [{Hv) -dnd the orthogonal space (Kv) ~id also
L-stable (because either * [Ifor each ¢ Cor ¢* = —@). Now, if (Kv)==20
then V is one-dimensional, L = 0, and 0 is the only maximally isotropic subspace
of V implying that the Lemma trivially holds. If (Kv) =8 0 then by the Theorem
of Engel (condition a)) or Lie (condition b)) there is a nonzero L-stable vector w
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in (Kv) =By assumption, q(w,w) & 0, hence we get w = 0 for all ¢ [ using
the same argument we had used above for v. But then it follows that L vanishes
on the two-dimensional nondegenerate subspace Kv KW of V. Without loss of
generality, assume that q(\(/v) =1 = q(w,w) and set a := q(v,w). Then the
nonzero vector v + (—a + o2 — 1)w is isotropic and L-stable at the same time
which contradicts the assumption of case 2.

Therefore we have proved the existence of maximally isotropic L-stable subspaces
Wmax containing W in both cases. If the dimension of V is odd, say n = 2k + 1,
then k = [n/2] = dimWmax and k+1 = dimW,._! Now both spaces are L-stable,
hence there is an induced action ¢™of each ¢ [ on the one-dimensional factor
space V U= W, L. /Wmax. By the same reasoning used in Case 1 we can conclude
that V is metrised, and using egs. (Ddand ([I)Jwe see that the induced action
must be zero. But this means that W, Yis mapped to Wmax by L, and the Lemma
is proved. 1

The main result of this section is contained in the following corollary to the
Lemma:

Corollary 3.1. Let (A, q) be a metrised algebra of finite dimension n over an
algebraically closed field K of characteristic not equal to 2. Suppose that A satisfies
one of the following two conditions:

a) A is nilpotent.

b) A is a solvable Lie algebra, and the characteristic of K is equal to 0.
Given any isotropic ideal J of A (i.e. J [JI%)then A contains a maximally
isotropic ideal I of dimension [n/2] which contains J. Moreover, if n is even then
A is isometric to some T f=éxtension of the factor algebra A/I. If n is odd then
the ideal 1 =4 abelian and A is isometric to a nondegenerate ideal of codimension
one in some T "=éxtension of the factor algebra A/I.

Proof. Suppose that condition a) holds. Since A is nilpotent its multiplication
algebra LR(A) is an associative algebra consisting of nilpotent endomorphisms
(cf. Appendix A for definitions). Now the invariance of the symmetric bilinear
form q implies the following equations for all a, a5/a™ CA:

q(R(@%Ya, a™y = q(aa’a™ = g(a,aa™ = q(a, L(@Va™

which implies L(a)* = R(a) and, by the symmetry of q, R(a)* = L(a) for all
a [CA. Since LR(A) is generated by all left and right multiplications L(a) and
R(a each element ¢ of LR(A) can be written as a sum of products of the form
@ =S(a1) - S(ak) whereay, ... ,ax [CAand S denotes left or right multiplication.
It follows that the g-transpose @™ of @ is of the form

¢ =(S(a1) - S(ak))* = (S(ax))™ - (S(a))™.



NONDEGENERATE INVARIANT BILINEAR FORMS 183

But since the g-transpose of any left multiplication is a right multiplication and
vice versa we can conclude that ¢* [CTIR(A) whenever ¢ CIIR(A). If we consider
LR(A) as a Lie algebra w. r. t. the natural commutator [, 9] = @™ @' of linear
maps we can conclude that condition a) of the preceding Lemma is satisfied for
L = LR(A). Observing that a subspace W of A is LR(A)-stable if and only if it
is an ideal of A we see that J is an isotropic LR(A)-stable subspace of A. But
then Lemma 3.2 supplies us with a maximally isotropic LR(A)-stable subspace
I of A containing J. Hence | is a maximally isotropic ideal of dimension [n/2]
containing J.

If condition b) holds consider the Lie algebra ad(A) := {ad(a) := [a, ]la [CA}.
Because of q([a, a'J,a™ = —q([a"a],a™ = —q(a"[a, a"}) for all a, aa™ A we see
that all linear endomorphisms ad(a) are g-antisymmetric (i.e. ad(a)* = —ad(a))
for all a [CA. Since ad(A) is isomorphic to A modulo its centre and is therefore
solvable condition b) of the preceding Lemma is satisfied. Observing that a sub-
space W [CAlis an ideal of A if and only if it is ad(A)-stable we can use Lemma 3.2
to conclude that every isotropic ideal J is contained in a maximally isotropic ideal
of dimension [n/2].

If n is even then A is isometric to some T "~éxtension of A/l by Theorem 3.2.

If n is odd then dim1 == dim1 = 1 and @I =1 Iifor all ¢ [COR(A) (or ad(A))
according to Lemma 3.2. In particular, it follows that A(1 B+ (1 HA [T Hence
I A0 5+ (1 HA)-2 Z(1 D, the annihilator of 1 ~ih A (cf. Prop. 2.1(ii)).
This proves that | 4 abelian. Now, take any one-dimensional abelian algebra Kc
spanned by a nonzero vector c, define a nondegenerate symmetric bilinear form g
on Kc by gc(c,c) := 1, and form the orthogonal sum (AYqY := (A [Kt,q Cqd).
This is a metrised nilpotent algebra if condition a) holds and a metrised solv-
able Lie algebra if condition b) holds. Obviously, A is a nondegenerate ideal of
codimension one in AY Since 1 ™4 not isotropic and K is algebraically closed
there exists a vector d [I™sluch that q(d,d) = —1. Define e := ¢ + d and
I™:= 1 [Kd. Then I Hs an isotropic ideal of A™of dimension (n+1)/2: Indeed, since
gHe, e) = q(d, d)+qc(c,c) = —1+1 =0and qI,d+c) = q(I,d)+g"l,c) =0+0 =0
we have that I5is isotropic. Moreover, cA = 0 = Ac by definition of the orthogo-
nal sum, and dA CITICAH by what was proved above. This implies that 1 is an
ideal of AY By Theorem 3.2 we know that AUis isometric to some T t-éxtension
of the factor algebra A71% Observing that for each A [Kl,a A the linear map
®:AY L A/J:a+Ac O a— Ad+ 1 is a surjective homomorphism of algebras
(where again the relations dA CIICAH are used) with kernel 1 we can conclude
that A715is isomorphic to A/J. This proves the Corollary. 1

We shall now see that in every finite-dimensional nilpotent metrised algebra
(A, q) there is a very natural isotropic ideal J of A. Define:

 —
(20) J:= C'(A)nCi(A).
i=0
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Since A is finite-dimensional this sum is finite. Furthermore, we have that C'(A) —
= Ci(A) (cf. Prop. 2.1(iv)), hence C'(A)nC;(A) is isotropic for all 0 < i. Fori < j
we have C'(A) [CCI(A) [TI(A)nC;j(A) hence: (CI(A)nC;(A))~T(ai(a)-=2
Ci(A) CTI(A) n C'(A), and it follows that q(C'(A) n Ci(A),CI(A) n Cj(A)) =
0 for all 0 < i,j. Therefore J is an isotropic ideal of A. Let m denote the
nilindex of A and let m~be the integer part of (m + 1)/2. Using the relations
C'(A) Ch—i(A) CCh-i+1(A) (compare Appendix A) we can conclude that
CmE{A) CCh(A). This implies that CmE(A) is contained in J. Now, according
to the preceding Corollary there exists a maximally isotropic ideal I of A containing
J IZCZI“E(A). That means that the factor algebra A/J has nilindex at most m~
In other words, every finite-dimensional nilpotent metrised algebra over
an algebraically closed field of characteristic not two is isometric to (a
nondegenerate ideal of codimension one of) a T ~=éxtension of a nilpotent
algebra of nilindex roughly one half of the nilindex of A.

Notes

Except for the cohomological statements egs. (11)-(19), Lemma 3.2, and Corol-
lary 3.1, all results of this section are already contained in my Diplomarbeit (cf. [10,
Section 2.6]).
The dual left and right multiplications (egs. (5) and (6)) are well-known for asso-
ciative algebras (cf. [16, p. 413]). Trivial T "éxtensions (i.e. w = 0) of Lie algebras
have been constructed by Medina and Revoy in [47] and have later been used by
Kostant and Sternberg (cf. [42]) in their formulation of BRST quantization. They
also appear as a particular case of a Manin triple (see [17] or the next section
for a definition) where one of the isotropic subalgebras is abelian. The trivial
T Eéxtension of an associative algebra is used in a Proposition by H. Tachikawa
(cf. [36, p. 55, Prop. 1.13.]) that every finite-dimensional associative algebra with
unit is a homomorphic image of a finite-dimensional symmetric Frobenius algebra.
In the classification of finite-dimensional two-step nilpotent metrised Lie algebras
by Medina and Revoy (cf. [48]) a nontrivial T t-éxtension of an abelian Lie algebra
by an alternating three-form is constructed: thus it is a particular case of Corol-
lary 3.1. In her theory of proto-Lie-bigebras (cf. [41], [40]) Kosmann-Schwarzbach
investigates the splitting of an even-dimensional metrised Lie algebra A into the
direct vector space sum of two isotropic subspaces F and F —Which are not nec-
essarily subalgebras. Taking components of the Lie bracket in A w. r. t. F and
F “and considering F “&s the dual space of F the equivalent description consists
of four objects: a bracket p in (F ~{EIY! CE] a co-bracket y in (F CE) [CEl"a
3-form ¢ in F "EIHET'and a 3-form ¢ in F [CE1[Elsatisfying five compatibility
conditions (cf. [41, p. 9], and [40, p. 392], Definition, and [40, p. 393, Prop. 3],
and [46]). Nontrivial T "&xtensions can be viewed as a particular case of this con-
struction, namely @ = 0 and y = 0 which forces p to be a Lie bracket and @ to be
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a scalar 3-cocycle of this bracket. Furthermore, Keith’s notion of bi-extension (see
the notes for Section 2) of Lie algebras contains the T "-éxtension as the special
case B=B5 M :=B/BF=20.

The statement 3.1(iii) about decomposability properties of a trivial T ~éxtension
is a generalized version of a similar Theorem of Astrakhantsev (cf. [6, Theorem 5]):
he has considered the Lie algebra T A of the tangent bundle of a Lie group admit-
ting a metrised Lie algebra A (see also the discussion following Proposition 2.3 in
Section 2 for a definition). Since coadjoint and adjoint representation are equiva-
lent for metrised Lie algebras (cf. the discussion following Prop. 2.4 in Section 2)
TA is isometric to the trivial T -éxtension TS A.

I learned the notation HH (A, V) for Hochschild cohomology and HC(A) for cyclic
cohomology in a talk by C. Kassel, Strasbourg.

4. Applications to Lie and Associative Algebras. Examples

In this Section we shall discuss the important special cases of Lie and associa-
tive algebras where we use the filiform and Heisenberg Lie algebras as illustrative
(counter) examples.

Let (A,q) a metrised Lie algebra of finite dimension n over a field K. If it
contains an isotropic subalgebra B of dimension [n/2] then (A, B,q) is called a
Manin pair (cf. [18, p. 130]). If n is even and A contains two n/2-dimensional
isotropic subalgebras B; and B, such that A = B; [B} then (A,B1,B3,q) is
called a Manin triple (cf. [17, p. 902]).

Theorem 4.1. Let (A, q) be a metrised Lie algebra of finite dimension n over
an algebraically closed field K of characteristic zero.

(i) Then there exists a solvable subalgebra B of A such that (A,B,q) is a
Manin pair.

(ii) If the maximal semisimple ideal of A is zero then the algebra B in (i) can
be chosen to be a nilpotent subideal contained in the radical R of A.

(iii) If A is solvable then the algebra B in (i) can be chosen to be an abelian
ideal of A.

(iv) If A is semisimple and of even dimension there are two solvable isotropic
subalgebras B; and B, of A such that (A, By, B2, q) is a Manin triple.

Proof. Part (iii) had already been shown in the preceding Section (cf. Cor. 3.1b).
(ii) Let L be a Levi subalgebra of A. By the Double Extension Theorem (see
Thm. 2.2(iii)) we know that the orthogonal space R "of R is contained in R. Take
a maximally isotropic abelian ideal 1 in the solvable metrised Lie algebra R/R ™
(cf. (1)) and define B to be the inverse image of I in R under the canonical projec-
tion R — R/R "-8ince R ~id isotropic it follows that B is isotropic. Moreover, we
can conclude that dimB = dim 1 +dimR == [(dim(R/R D)/2] + dimR == [n/2]



186 M. BORDEMANN

because A = L [Rhnd dimL = dim R =—%8ince B/R "4 abelian and R 4 central
we can conclude that B is nilpotent.

(i) Again using the Double Extension Theorem we know that A decomposes
into an orthogonal direct sum A = Ag [CA] where Ap is the maximal semisimple
ideal of A and A; contains no nonzero semisimple ideals. Let ng and n; be the
dimensions of Ag and A;, respectively. Let B§'be a maximal solvable subalgebra
(a so-called Borel subalgebra) of Ag. B§’decomposes uniquely into H [Nlwhere
H is a Cartan subalgebra of Ag and N is the nilradical of B§' which may be
visualized as the nilpotent algebra spanned by all root vectors corresponding to
positive roots (cf. [28, p. 84]). By Thm. 2.1(ii) we can conclude that all the
simple ideals of Ag are mutually orthogonal under the restriction go of g to Ao.
Writing q(x,y) = Kil (¢x,y) where x,y [CA, Kil denotes the Killing form of Ag
and ¢ is a suitable linear endomorphism of Ag we can see that the invariance of
q entails that ¢ con]%s with all linear maps ad(x). By Schur’s Lemma we can
conclude that g =  AjKil; where the sum goes over the simple ideals of Ag, A;
are nonzero elements of K, and Kil; denotes the Killing form restricted to the ith
simple ideal. Hence it follows that q(N,N) = 0 = q(H, N) and the restriction of
q to H x< H is nondegenerate because the same is true for Kil replacing q (cf. [28,
p. 36]). If ro notes the dimension of H (the so-called rank of Ag) take any isotropic
[ro/2]-dimensional subspace V of H. Then By := V [Nl is a solvable isotropic
subalgebra of Ag (because [H,H] =0 and [H, N] [CNI) whose dimension is [ng/2]
since ng = 2dimN + rp. Now, if not both Ay and A; are odd-dimensional we can
simply take the direct sum of ideals Bo [B] where B; is the nilpotent isotropic
subalgebra of A; constructed in (ii) to get a solvable isotropic subalgebra of A
of dimension [n/2]. On the other hand, assume that both A, and A; are odd-
dimensional. Consider the orthogonal space By—tb By in Ag and the orthogonal
space B;~th By in A;. Then there is a nondegenerate vector by in H n BJ—ahd a
nondegenerate vector by in R n B;. Since Ag and A; are mutually orthogonal the
restriction of q to the two-dimensional vector space Kby [Kb; is nondegenerate.
Now take a nonzero isotropic vector b in this two-dimensional vector space. Being
orthogonal to both By and B; the vector subspace B := Kb [CBL B} of A
is isotropic. But [b, Bo] = [bo, Bo] [IH, Bo] B, and [b, B1] = [b1,B1] [CBh
(because B,~= Kb; [B], cf. Cor. 3.1b) and its proof). Hence B is a subalgebra
of A which is solvable since it is contained in the solvable subalgebra B§' [RI
of A.

(iv) As in (iii) pick a Cartan subalgebra H of A. Since A is even-dimensional H
is also even-dimensional. Choose an ordering on the set of all roots corresponding
to H. Again, let N* and N~ denote the nilpotent subalgebras spanned by all
the root vector; esponding to positive roots and negative roots, respectively.
Because q = Eaﬁéf‘(’ili (compare (iii)) N* and N~ are both isotropic and the
restriction of g to H < H is nondegenerate. It follows that there exist two isotropic
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subspaces H* and H™ of H such that H = H™ [CHI". Since H is abelian H* and
H ™ are both abelian subalgebras of A. Because [H,N*] [CNI* and [H,N~] [CNI"]
the vector spaces B; := H* [CNI" and B, := H™ NI are solvable subalgebras
of A. Since q(H,N™) =0 =g(H, N ™) they are both isotropic and span A because
A=N~" [H [NI'". 1

The next Theorem characterizes metrised associative algebras in a manner very
similar to the Double Extension Theorem (cf. Thm. 2.2):

Theorem 4.2. Let (A, T) be a finite-dimensional metrised associative algebra
over an algebraically closed field K of characteristic not equal to 2. Let Ay denote
the largest semisimple ideal of A and A; its orthogonal space.

Then (A, ) is given by the orthogonal direct sum (Aq [CA], fo [Ei) where fy
(f1) denotes the restriction of f to Ag < A; (A1 %X A;). Moreover, A; does not
contain any nonzero semisimple ideal, and the radical R of A is contained in A;.
Let L denote a Levi subalgebra of A; (cf. [16, p. 491, Thm. 72.19]). Then the
orthogonal space R™=(@w. r. t. ;) of R is contained in R, and the subalgebra
L CRI“-i5 nondegenerate w. r. t. f;. Let f_ be the restriction of f to L < L
and p_ the canonical projection L Rl - L. Then L CRI~i$ isometric to the
T Léxtension (Tqt, q + p_fL). Denote by Atthe factor algebra R/R =ahd by U
the projection to A™of the restriction of f; to R x R. Then (AFfY is a nilpotent
metrised associative algebra and therefore isometric to a suitable (nondegenerate
ideal of codimension 1 of a) T téxtension (cf. Cor. 3.1).

Proof. The well-known Wedderburn-Artin-Theorem implies that every finite-
dimensional semisimple associative algebra B over an algebraically closed field K
decomposes -up to permutations- uniquely into a finite direct sum [B;lof simple
ideals B; each of which is isomorphic to the algebra of all linear endomorphisms
of some finite-dimensional vector space over K (cf. e. g. [29, p. 40-43, paragraphs
3-4], and the fact that any finite-dimensional division ring over an algebraically
closed field K is identical with K). Moreover, any ideal | of B is a direct sum of
some of the B; because | = I B (since B has a unit element) = [1B; C1TA4AB; 1]
and I nB; is either zero or equal to B;. Hence I is semisimple and there is a unique
semisimple ideal J of B such that B = I [LI1So if B and B™are semisimple ideals
of A intersecting in 1 then B + BP= J [CBlis semisimple whence Aq is well-
defined. The intersection of Ag with its orthogonal space A; is an abelian ideal
of the semisimple algebra Ag (cf. Prop. 2.1(i)) and therefore has to vanish which
implies that A is an orthogonal direct sum of Ag and A;. Since any nilpotent ideal
of Ag vanishes it follows that AoR+RAy [CA)nR = 0 and therefore we have (since
Ap has a unit element) f(Ag, R) = F(ApAg, R) (XA, AcR) [0ivhence R [CA].
Consider now the factor algebra (R "+R)/R £RI'ZRnR D This is an ideal in the
semisimple factor algebra A;/R which is semisimple by the above reasoning. Hence
R nR ™id the radical of R =By the Wedderburn-Mal’cev-Theorem (cf. [16, p. 491,
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Thm. 72.19]) there is a semisimple Levi subalgebra M “of R "cbmplementary to
R A'R and a unique semisimple ideal M of the Levi subalgebra L both projecting
one-one onto (R + RY7ZR. Hence M"is contained in the subalgebra M [Rlof
Az and both M and M are Levi subalgebras of M [CR1 By the above-mentioned
Wedderburn-Malcev-Theorem there is an element n in R such that M His the image
of M under the automorphism (id — L(n))(id — R(n))~* of M [Rland A; (where
id, L(n), R(n) denote the identity map in A1, left multiplication with n, and right
multiplication with n, respectively). Hence L™:= (id — L(n))(id — R(n))~ L is a
Levi subalgebra of A; containing MYas a semisimple ideal. On the other hand,
MUis contained in R ~whence M'R + RMY” CRHR + R(RDH= 0. But this
means that M Uis a semisimple ideal of A; and since AgA; + A1Ag = 0 we have
that M is a semisimple ideal of A and should be contained in Aq. It follows that
M Pvanishes implying R™=FRlL Now the restriction of f; to L [CRI“%¥ L [CRI-
has to be nondegenerate because f1(R,R5=%= 0 and f; is nondegenerate on A;.
Moreover, since L is a subalgebra and R g an ideal of A; the vector space L [R1—!
is a subalgebra of A;. Because of the dimension formula for the orthogonal space
(cf. egn (26) in Appendix A) L and R “have the same dimension. Since R ™id an
isotropic ideal we can use the proof of Thm. 3.2 for the particular case w = 0 to
show that L [R1His isomorphic to TSt via the map m defined in that proof. That
m is also an isometry, i.e. mY4_ + p-f) = f; restricted to L [RIF¥ L [RI-
can be seen by a straight forward modification of the last four lines of the proof of
Thm. 3.2 which we leave to the reader. The rest of the Theorem is a consequence
of Prop. 2.3(iii) and Cor. 3.1. 1

We see that A; is a (semi)direct sum of a subalgebra (L) and an ideal (R)
which was a characteristic feature of the Double Extension construction 2.2 for
Lie algebras. However, in contrast to the Lie case this will not in general be
true for nilpotent metrised associative algebras: the two-dimensional algebra K (3)
(cf. Section 2) spanned by x and x? over the field K with x3 = 0 is metrised
by declaring x and x? to be isotropic and f(x,x?) := 1. But here every one-
dimensional subalgebra of K (3) is identical with Kx2, hence no (semi)direct sum
of a nontrivial subalgebra and a nontrivial ideal is possible.

The following Proposition shows that left symmetric algebras (cf. Appendix A
for a definition) are automatically associative when supposed to be metrised:

Proposition 4.1. Let (A, T) be a left-symmetric metrised algebra over a field
of characteristic di Cerent from 2.
Then (A, ) is a metrised associative algebra.

Proof. Let a,b,c,d [CAl Then we have the following identity for the associator
(a,b, c) := (ab)c — a(bc):

f((a,b,c),d) = f((ab)c — a(bc), d) = F(ab, cd) — F(a, (bc)d) = F(a, b(cd) — (bc)d) ,
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whence by the symmetry of
(> f((a,b,c),d) = —F((b,c,d),a) [a,b,c,d CA

It follows that

f((a,b,c),d) = —F((b,c,d),a) = —F((c,b, d), a)
= +f((b,d,a),c) = +F((d,b,a),c)
= —f((b,a,c),d) = —F((a,b,c),d)

where we have used (DJand the symmetry of the associator in the first two ar-
guments in interchanging order. This clearly implies 2f((a,b,c),d) = 0 for all
a,b,c,d A, hence (a,b,c) =0 by the nondegeneracy of f. 1

The following example shows that two nonisomorphic Lie algebras may
have isometric T '=&xtensions:

Example 4.1. Let (A, q) be the metrised Lie algebra spanned by eight basis
elements g,d, G, D, I, A, vy, d over an arbitrary field K where the only nonvanish-
ing Lie brackets are given by [g,d] = d, [g,D] = D, [d,G] = —D, [g,A] = —A,
[d,A] =T, [9,6] = =0, [d,8] = y and the only nonvanishing scalar products
are defined by 1 = q(g,y) = q(d,d) = q(G,IN) = q(D,A). That (A,q) is well-
defined is easily calculated; note that the K-span of {G, D, I, A, vy, 8} is an abelian
ideal on which the two-dimensional nonabelian Lie algebra spanned by g and d
acts via its adjoint representation (on K-span{G, D}) and its coadjoint represen-
tation (on K-span{y, 6} and on K-span{l', A}). Now, it is not di [cullt to see that
B: := K-span{g,d, G,D} and B, := K-span{g,d, I, A} are maximally isotropic
subalgebras of A and I, := K-span{l', A, vy, 4} and I, := K-span{G, D, vy, 6} are
maximally isotropic ideals of A. Furthermore, A = B; [T = B, [IJ By
Thm. 3.2 and its proof we can conclude that (A, q) is both isometric to the trivial
T béxtension (T4 B1,0s,) of By and to the trivial T =éxtension (T4 B>, gg,) of By
(we have chosen the subalgebras B; and B, as complementary isotropic subspaces
to the ideals I; and I, whence the cocycles w; and w, vanish). However, as can
immediately be seen by the above Lie brackets, the dimension of [B1, B1] is equal
to two whereas the dimension of [B,, B;] equals three. Therefore, B; and B, are
not isomorphic.

For a given positive integer n and an arbitrary field K let H, denote the Lie
algebra spanned by the 2n+1 elements {q1,... ,qn, P1,- .- , Pn, €} over K where the
only nonvanishing Lie brackets are given by e = [qz, p1] = [02,p2] = - - = [0n, Pnl-
Hn is called the (nth) Heisenberg algebra (over K). It is obviously a nilpotent
Lie algebra of nilindex 2 where K e equals both the centre and the derived algebra
[Hn, Hn]. It is easy to calculate that each nonzero ideal of Hy, contains e whence
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it follows that H,, is indecomposable for all n = 1. Let {g*,...,q",p%,...,p",
be the basis of the dual space H.-bf H,, that is (in obvious notation) dual to the
above defining basis. The coadjoint representation of Hy is quickly computed:
the only nonvanishing parts are the following: ad“(;)(D0= —p', ad"(h;)(DI= ¢
(for all 1 = i = n). The scalar cocycles, coboundaries and cohomology groups
H(Hn, K) (cf. Section 3 for definitions) have been characterized and computed by
L. J. Santharoubane (cf. [51]): for instance, he has found the dimension formula

21 dim HKX(H,, K) = dim H2"* 1 X(H,, K
(21) (Hn, K) %”:”:2'”(&')
= T k2 (O0<k<n)

where the occurring binomial coe Lciehts are defined to be zero for negative lower
entries. In order to construct T “éxtensions we note that for the Heisenberg al-
gebras the set of equivalence classes of T 'éxtensions in the sense of eqn (12)
is already isomorphic to H3(H,, K) because the Cartan map vanishes (cf. Sec-
tion 3): indeed, let ¥ be a symmetric invariant bilinear form on H,. Then we
have that f(e,e) = f([qs,ps],€) = F(a1,[p1,€]) = 0; F(gi,€) = (@i, [92, p2]) =
T([gi,q1], p1) = 0 and likewise f(pj,e) = 0 for all 1 < i,j = n. But since
[Hnh,Hn] = Ke the trilinear form (df)(a,b,c) = f([a,b],c) has to vanish for all
a,b,c [CH, whence egs. (12) and (13) are in fact equivalent in this case.

Example 4.2. Let K be a field of characteristic not two and consider the
first Heisenberg algebra Hi over K. Clearly, the third scalar cohomology group
H3(H., K) is spanned by the volume form w™:= q' [Cpt [T Consider the
T Kéxtension (A,q) := (T, H1,q4,) where we have set w(a,b)(c) := w'(a,b,c)
for all a,b,c [CH;. The only nonvanishing Lie brackets for the basis elements
G1,p1,€,q%, p*, Care easily computed (cf. eqn (8)): [q1,p1] = e + [J[q1, €] = —p*,
[p1,e] = qb, [q1, 0= —p?, and [p, 0= q . It follows that the nilindex of A
is three (in contrast to the trivial T t-éxtension TJH; which has nilindex two,
cf. Thm. 3.1(ii)). Moreover, (A,q) clearly decomposes into the orthogonal di-
rect sum of the five-dimensional ideal | spanned by qi, p1,e + Lgt, pt and the
one-dimensional ideal J spanned by e — [JHence (A, q) is an example of a decom-
posable metrised Lie algebra which is a T '=éxtension of an indecomposable
Lie algebra which shows that statement (iii) of Thm. 3.1 cannot be extended in
general to nontrivial T "-éxtensions. The metrised five-dimensional Lie algebra I
is isometric to the Lie algebra W3 of Favre and Santharoubane (cf. [20, Sections 4
and 5]).

Now suppose that (A,q) was a Manin triple. Then there would exist two
isotropic three-dimensional complementary subalgebras B and C of A. Using
the well-known fact that every three-dimensional nilpotent Lie algebra is either
abelian or isomorphic to H; we can conclude that both B and C would have to
be isomorphic to Hj: if one of the algebras, say C, was abelian it would have to
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be an isotropic ideal of A (cf. Thm. 3.2) which would imply that A was isometric
to the trivial T "éxtension of B. But this would be impossible because A would
be of nilindex at most two in contrast to the above. Now, for b and ¢ [Cl let
p(b)(c) and —A(c)(b) denote the C-component and B-component of the bracket
[b, c] w. r. t. the decomposition A = B [C]respectively. Using the Jacobi identity
it is clear that p is a representation of B on C which is equivalent to the coadjoint
representation of B since B and C are dual to each other by the invariant sym-
metric bilinear form g. An analogous statement is true for A as a representation of
C on B. Let B and y span the centres of B and C, respectively. It follows by the
Lie brackets of H; that the dimension of the vector space p(B)(y) would be two
whereas A(y)(B) = 0. Hence [B,y] = p(B)(y) [CI] and in a completely analogous
manner we would have [C,[3] [CBlL But this would mean that the derived ideal
[A, A] was at least four-dimensional which would directly contradict the above Lie
brackets. Hence (A, q) is also an example of an even-dimensional metrised
Lie algebra which is no Manin triple.

Another family of finite-dimensional nilpotent Lie algebras provides us with
examples having arbitrarily large nilindex: for an integer n = 2 let L, denote
the Lie algebra spanned by n + 1 elements eg,€1,...,en over an arbitrary field
K where the only nonvanishing Lie brackets are given by [eo, ei] = ej+1 for all
l=<is=n-1 Lgis called the (nth) filiform algebra (over K) and has been
defined and investigated in the Thesis of M. Vergne (cf. [55]). Clearly, L is
a nilpotent Lie algebra of nilindex n with centre spanned by e,. It is easy to
calculate that each nonzero ideal of L, contains e, whence it follows that L, is
indecomposable for all n = 2. Let e%,e!,... ,e" be the basis of the dual space
LLof L, that is in (obvious notation) dual to the above defining basis. The
coadjoint representation of Ly is quickly computed: the only nonvanishing parts
are ad"(&p)e' = —e'™! and ad"(&j_1)e! = e for all 2 < i < n. Some remarks
concerning the scalar cohomology groups HX(L,,K) of L, for 0 < k < 3 are
contained in Appendix B. In order to construct T ~éxtensions we again note that
for the filiform algebras the set of equivalence classes of T f-éxtensions in the sense
of egn (12) is already isomorphic to H3(Ln, K) because the Cartan map vanishes
(cf. Section 3): indeed, let f be a symmetric invariant bilinear form on L. Then
for 2 < j < n we have that f(eo,ej) = F(eo, [e0,ej—1]) = F([eo, o], €j—1) = 0
and for all 1 =i < n f(ej,ej) = F(ei, [eo, €j—1]) = T([ej-1,€i], 0) = 0. But since
[Ln, Ln] is spanned by all the e; with 2 < j < n it follows that the trilinear form
(0f)(a, b, c) = f([a, b], c) has to vanish for all a,b, ¢ [}, whence eqgs (12) and (13)
are in fact also equivalent in this case.

Example 4.3. Let K be a field of characteristic not two and consider the
nth filiform algebra L, over K for some integer n = 2. Then the 3-form w™:=
e® e ! et is a scalar 3-cocycle of L,, (compare Appendix B). Forming the
map w: L x L, - L5Sby w(a,b)c) := w'(a,b,c) for all a,b,c [, we can
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construct the T S=éxtension (A, q) = (T,.En, qL,,) of L. Using the abovementioned
basis g, €1, . .. ,en, €%, el, ..., e" the only nonvanishing Lie brackets of A are easily
computed (cf. eqn (8)): [eo,ei] = ej+1 (forall L<i<n—1), [eg,en—1] =€y +€",
[eo,en] = —€" 71, [en—1,en] = €°, [e0, '] = —e'71, [ej_1,e'] = €0 (forall 2 < i < n).
Denoting by ad,, the adjoint representation in A we deduce from these Lie brackets
that adw(e0)?"2e; = 2(—1)""1e! 8 0. Using Thm. 3.1(i) we can conclude that
T,JEn has maximal nilindex 2n — 1.

Appendix A: Elementary Notions of
Non-Associative Algebras and Bilinear Forms

In this Appendix we shall recall some definitions and concepts from the theory
of nonassociative algebras and bilinear forms. Most of this material can be found
in the books of R. Schafer (cf. [52]) and N. Jacobson (cf. [30], [31], [32], and [33])
and the articles of A. A. Albert (cf. [1], [2], and [3]).

A non-associative algebra (or shorter: algebra) is a vector space A over
some field K together with a multiplication, i.e. a bilinear map A< A - A
denoted by (a,b) B ab. For each a [CA let L(a) (resp. R(a)) denote the left
multiplication (resp. right multiplication) map A - A: b 3 ab (resp.b B ba).
For two vector subspaces V and W of A let VW denote the K-linear span of all
multiplications vw with v [Vl and w [\W. A vector subspace | is called an ideal
(resp. a subalgebra) iCAl + 1A [(resp. 11 [IJ. A homomorphism m
from an algebra A to an algebra B is a linear map A — B satisfying m(aa) =
(ma)(mal [@la” Al Clearly, the image of any homomorphism is a subalgebra of
B whereas the kernel is an ideal of A. Conversely, given an arbitrary ideal | in an
algebra A the factor space A/1 carries a well-defined canonical multiplication (a+
1)@~ 1) := aa™ 1 such that the canonical projection is an algebra homomorphism
A - A/L. A/l is called the factor algebra A mod I. Furthermore, a linear
map d mapping an algebra A into A (resp. another algebra B) and satisfying the
identity d(aa") = (da)a™ a(dal is called a derivation of A (resp. a derivation
of Ain B).

For any integer n = 1 let A" denote the K-linear span of all n-fold multipli-
cations of elements in A no matter how associated, i.e. Al := A, A2 := AA,
A3 = (A2)A + A(A?), A* = A(A3) + (A?)(A?) + (A3)A etc. (AM)n=1 is called
the series of powers of A and clearly consists of ideals. An algebra is called
abelian (resp. perfect) iCA? = 0 (resp. A2 = A). A is called nilpotent (of
length k) i CEhere is a (smallest) integer k such that AK = 0. Subalgebras and
factor algebras of nilpotent algebras are again nilpotent. Since for each ideal I of
an algebra A the vector space Al +1A is obviously an ideal it is clear that the cen-
tral descending series (C"(A))n=0 Which is inductively defined by C°(A) := A,
C"+1(A) := AC"(A) + C"(A)A consists of ideals. It can be shown by induction
that A2" [CCP(A) CAM+! (cf. [52, p. 19]). For each vector subspace V of an
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algebra A define the vector space C(V) := {a [CA | Aa [Vland aA [VI}. It
is easy to see that C(l) is an ideal of A if I is an ideal of A. Hence the cen-
tral ascending series (Cn(A))n=0 Which is inductively defined by Co(A) := 0,
Ch+1(A) := C(Cn(A)) consists of ideals. In particular, the ideal C,(A) is equal to
the subspace {a [CAl| Aa =0 and aA = 0} which is called the annihilator Z(A)
of A. More generally, for any vector subspace V of A the annihilator Z(V) of
V in A is defined as the subspace {a [CA | Va = 0and aV = 0}. In general,
Z(V) is not a subalgebra even if V is an ideal. For Lie algebras Z(A) is called
the centre of A. In a similar manner as in the case of Lie algebras (cf. [30,
p. 29]) and using the above mutual inclusion relation between (C"(A))n=0 and
(A™)m=1 it can easily be shown that an algebra A is nilpotent i CThere is an in-
teger m such that C™(A) = 0 i CThere is an integer mYsuch that Cpc(A) = 0.
In that case, if m and m™are the smallest such integers they coincide, and for
nonzero A the number m is called the nilindex of A. For any nilpotent algebra
of nilindex m it is easily shown by induction that C'(A) is contained in Cn—;(A)
for all 0 =i = m. The derived series (D" (A))n=0 Which is inductively defined
by D°(A) := A, D"*1(A) := (D" (A))(D"(A)) is obviously a series of subalgebras
of A with D"*1(A) being an ideal of D"(A). An algebra A is called solvable
(of length k) iThere is a (smallest) integer k such that DX(A) = 0. Since
DX(A) AP every nilpotent algebra is solvable. Subalgebras and factor algebras
of solvable algebras are again solvable, moreover, if an ideal 1 of A is solvable and
the factor algebra A/1 is solvable then A will be solvable which is shown as in the
case of Lie algebras (cf. [30, p. 24] or [52, p. 18]). Hence the sum of two solvable
ideals I and J, I + J, will again be solvable. It follows that there is a unique
maximal solvable ideal R in each finite-dimensional algebra, the so-called radical.
An algebra with vanishing radical is called semisimple. In particular, the factor
algebra A/R is always semisimple. Any nonabelian algebra A all of whose nonzero
ideals are equal to A is called simple. One could call A strongly semisimple
(semisimple in the sense of Albert, cf. [3]) i [t is isomorphic to a finite direct
sum (see the definition further down) of simple algebras. This notion leads to a
definition of a di[erent radical, see [3].

We shall now mention some well-known classes of algebras: an algebra A
is called commutative (resp. anticommutative) i[fbr any two elements a
and b in A the identity ab = bha (resp. aa = 0) holds. We shall speak of
an (anti)commutative algebra i[Cik is either commutative or anticommuta-
tive. For three elements a,b,c in an algebra the associator (a,b,c) is defined
by the term (ab)c — a(bc). An algebra A is called associative (resp. alterna-
tive resp. left symmetric) i CTbr all a,b,c [CA the associator (a, b, c) vanishes
(resp. i (&,a,b) =0=(b,a,a) resp. i (&,b,c) = (b,a,c))). Any anticommutative
algebra A satisfying the Jacobi identity (ab)c + (ca)b + (bc)a = 0 [@]lb,c CA
is called a Lie algebra. Any commutative algebra over a field K of character-
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istic not two satisfying the Jordan identity (a,b,aa) = 0 [@]b [CA is called a
Jordan algebra. Note that for associative, alternative and Lie algebras the mul-
tiplication of two ideals I and J, 13, is again an ideal. Hence the derived series
(D" (A))n=0 consists of ideals for these classes. Also, the annihilator of a vector
subspace V (resp. an ideal 1), Z(V) (resp. Z(1)) is a subalgebra (resp. an ideal) of
A if A is associative or Lie. Moreover, it is known that any solvable subalgebra of
an associative or alternative or Jordan algebra is nilpotent (cf. [52, p. 30-32 and
p. 95-96]) hence solvability is equivalent to nilpotency in these classes (which how-
ever is not the case for Lie algebras). The set of all bijective homomorphisms of an
algebra A onto itself is called its automorphism group Aut(A). Furthermore,
the set of all derivations of A, Der(A), forms a Lie algebra w. r. t. the commutator
[d,dT := dd"— d'd [@1d™ COer(A) of linear maps. Let LR(A) (resp. LR(A, 1))
denote the associative subalgebra (resp. with unity) of the space of all K-linear
maps A — A generated by all left and all right multiplications. It follows that
A is nilpotent i CIIR(A) is nilpotent. Moreover, a vector subspace | of A is an
ideal i1t is invariant under all maps in LR(A) (or LR(A,1)). Let K(A) denote
the so-called commutant of A, i.e. the set of all K-linear maps A - A that
commute with all left and all right multiplications. K(A) is an associative algebra
with unity. Moreover, the intersection of Der(A) and K(A) consists of the space
of all those K-linear maps that map A to Z(A) and A to 0. Also, Der(A) n K(A)
contains [K(A), K(A)] (cf. [30, p. 290]). Hence, K(A) is commutative in case A
is perfect or has vanishing annihilator.

If A and B are two algebras then there is a canonical algebra structure on the
direct vector space sum A [Blgiven by (a + b)(a™+ b := aa™+ bb™ @Ja™ 1
A; MY [H such that A and B are ideals of A Bl Conversely, call an algebra
A decomposable i1t is zero or equal to the direct sum of two non-zero ideals,
A =1 [LIThnd indecomposable otherwise. For finite-dimensional algebras there
is the

Theorem 4.3 (Decomposition Theorem). Let A be a finite-dimensional
algebra over a field K. Assume that there are two decompositions A = I, [—1 [1
I =3 [O0I4 and A = J; [} I3, =3 I of A into direct sums of inde-
composable ideals where k, K,m, M are integerss. t. 0=sk=Kand0=sm=<=M
and the ideals I; (resp. Jj) are non-abelian for 1 <i <k (resp. 1 < j <= m) and
abelian otherwise.

Then K = M and k = m and there is a permutation “of the set {1,2,..., M} leav-
ing invariant the set {1,2,...,m} such that the canonical projection pjo: A - Ijo
restricted to the ideal Jj is an isomorphism of algebras. The induced permutation
of {1,2,...,m} is uniquely defined by the condition Jj n ;o8 0. Moreover, all
the indecomposable abelian ideals in the above decomposition are one-dimensional
and belong to the annihilator Z of A.

Furthermore, one has Jj +Z = ljo+Z and J7 = Ifsforall 1 < j < M. In
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particular, if A is perfect or has vanishing annihilator it follows that m = M and
the above decomposition is unique up to permutations.

Proof. Sketch of proof (see also [10, p. 43-48] for details): Since A is finite-
dimensional it is Artinian and Noetherian as a module over the ring LR(A, 1).
The Wedderburn-Remak-Krull-Schmidt Theorem (cf. [32, p. 110-115]) now states
that any decomposition of A into indecomposable LR(A, 1)-submodules (= in-
decomposable ideals) is unique up to module isomorphisms. More precisely, it
is shown that K = M and there is a permutation “of {1,2,...,M} such that
A = J; 147 where 107 denotes the ideal 13 [} [Gly [Tty [ Ch.
Hence J;j is isomorphic to the factor algebra A/I G which in turn is obviously iso-
morphic to 1o Also, the annihilator of 167, Z(I(ﬂ), clearly contains the ideals
I;0,0; and Z, hence 1;o@ANGY) n1GY) = z(1GY) = 3; @149 0 1GY). But
on the other hand, the ideal Z(1G7)n1G" is contained in Z, hence I;+Z = J;+Z
and by squaring both sides of this equation: Ij?c.z sz_ Clearly, Ijois nonabelian
i .} is nonabelian, and in that case: Ijon Jj 8 0 which fixes the permutation on
the nonabelian ideals. The rest of the theorem now follows easily. 1

If A and B are two algebras then there is a canonical algebra structure on the
tensor product A [Blgiven by (a Ch{a”[h] := aa” [hol’ [aJa” CA; mh™~ ]
B. If A and B are associative then A [CBI will again be associative. If A is
(anti)commutative, nilpotent, solvable, associative, alternative, Lie or Jordan and
B is commutative and associative then A [Blwill have the same property as A.

Let A be an arbitrary vector space over a field K. A bilinear form f on
A is defined to be a bilinear map f: A x A - K. f is called symmetric
(resp. antisymmetric) i[(fi(a,b) = f(b,a) (resp. f(a,a) = 0) [@lb A. For
any subspace V of A let V "(resp. BV} denote the right orthogonal space
(resp. left orthogonal space) of V, ie. V=X {a CA | f(v,a) = 0 M}
(resp. "v':={a A | f(a,v) = 0 M1[M}). f is called non-degenerate i[]
A= 0= TA! For two subspaces V and W of A one has the following basic
duality relations:

(22) % implies VW ™~and "' O
(23) v +wW)=2viawEand FY +wW) = Bvn B
(24) v nw)—wvt+w ~and " nw) C v+ W

which are immediate consequences of the definition. Moreover, if A is finite-
dimensional the following inversion and dimension formulae hold:

(25) v HLtv+ tA'and (B2 v + A
(26) dimV =2 dimA —dimV +dim(V n "A)
27 dim B'=dimA —dimV +dim(V n AH"

(28) dim(V nV HEdim(v n ")
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For the special case of a symmetric nondegenerate bilinear form g these rela-
tions are well-known since all left and right orthogonal spaces coincide and A==
0 = TA! The general case is proved by expressing the bilinear form f as
f(a,b) = q(Fa,b) where a,b A and F is a uniquely determined linear endo-
morphism of A and using the familiar kernel-image-dimension formulae (see [10,
p. 12-13] for details). For infinite-dimensional A relations (25) do no longer hold
in general but have to be replaced by the weaker inclusions (¥ B v1+ FA
and (™) Y1+ ATt may e.g. happen that proper subspaces can have zero
orthogonal spaces.

Let T (resp. g) be a bilinear form on a vector space A (resp. B) over a field K.
Then there is a canonical bilinear form f [gl(resp. ¥ [g)l on the direct sum
A [Bl (resp. on the tensor product A [B) of A and B defined by f [gfa +
b,a™+ by := f(a,ay + g(b,bY (resp. ¥ Cgla (LR CHTY := f(a,aYg(b, b)) for
all a,a” A and b,b” CH. Moreover, f [gl(resp. f [g)lis nondegenerate if
and only if f and g are nondegenerate: This is easily checked for f [gl
For f Cglnote that e.g. a [CA™iMplies that a [ChIC (A CB) ~fbr any b [B

ing su Lciehcy. Conversely, choose a basis (aj) in A and (b;) in B: Then

CUEY W [B) with laL_FKI implies for all a LAand for all b [B:
0=f Lgd aoYa; [(hjJa Ch)yl= af(a;,a)g(b;,b) T__t(il O('Jg(bj,b)ai@/_s{hich
implies by nondegeneracy of f for all b [B: 0 = GUIJ&_I@%] b) = g( a'bj,b)
which implies o'J = 0 by nondegeneracy of g. The case  oJa; [hyl [(A [B)~
is treated in an analogous manner.

A subspace V of A is called nondegenerate (with respect to f) il nV ==
0and V n B'=0. For finite-dimensional A these two conditions are equivalent
because of equation (28). Moreover, the dimension formulae (26) and (27) imply
that A=V [VI-ahd A =V [v'for each nondegenerate subspace V (which is
false in general if A is infinite-dimensional). Furthermore, it is easy to check that
T is nondegenerate if and only if both the restriction of f toV xV and V =x<v
are nondegenerate.

The intersection of "A'and A ™4 called the kernel N¢ of f. If AUis another
vector space over the field K and m: A~ A is a linear map then the pull-back
m&F is defined to be the bilinear form (afla5) B f(mal, map) for all af, a5' CA"
The kernel Ny cp of m&F contains the kernel of m. For surjective m it follows that
Nmee = m~IN¢. Now suppose that g is a bilinear form on A5 m is surjective, and
Ker m [Nk. Then the projection g™ of g given by g™(mal) ma5) := g(al) a5)
is a well-defined bilinear form on A whose kernel Ngm equals mNg £N|/ Ker m.
Let g be a nondegenerate symmetric bilinear form on a vector space A. A subspace
V is called isotropic iCM [CYI--1f A has finite dimension n the dimension of a
maximally isotropic subspace is an invariant of (A, q) known as the Witt index
of (A, q). If the field K has characteristic not equal to 2 and is algebraically closed
the Witt index of any (A, q) is equal to [n/2], i.e. the integer part of n/2. Let A
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be finite-dimensional and ¢ be a linear endomorphism of A. The g-transpose of
@, ¢, is uniquely defined by q(¢™*a,b) := q(a, pb) [@lb CA. Clearly, (¢*)* = o.

Appendix B: A Note on the Third Scalar
Cohomology of the Filiform Lie Algebras

The family of filiform Lie algebras Ln, n = 2, has been defined at the end of
Section 4, and we use the definitions and notations for Lie algebra cohomology as
has been sketched in Section 3. Let V denote the vector subspace of L, spanned
by e1,... ,en and let @ be the linear endomorphism of V defined by @e; := [eo, &i]
(I =i=n). Clearly, V is an abelian ideal of L, and ¢ is nilpotent. Let 1, denote
the canonical projection of L, onto V along eg. Then every alternating k-form
f [aX(Ln,K), k = 1, allows for the decomposition f = eq [mhg'+ i~ where
g is in Ck71(V,K) and fis equal to the restriction of ¥ to V in each argument,
i.e. FICTK(V, K): this can easily be checked by evaluating ¥ on k vectors in Lp,
each having the form Aep +v where A [CK and v [C\M. Likewise, we have the
decomposition 8f = e CH + nl(3F)Pwhere h is contained in C*(V, K). Since
the coboundary operator & involves Lie brackets and V is abelian we can conclude
that ni}(5F) vanishes. Moreover for k elements vy, ..., Vg in V we have:

(29) h(vy,...,w) = eo(eo)h(vl, co Vi) = (0F)(eo, Ve, - -+ 5 VK)

(_1)if((PVi,V1,... ,\7},... ,Vk)
i=1

| S|
- F(ve, ..., QVi, ..., VK)

i=1

= (@F)(ve, ..., Vi)

where ¢ also denotes the natural extension of a linear endomorphism to the tensor
algebra of V as a derivation on tensor products. Hence it follows that a k-cochain
 is a cocycle i [ifls restriction to V is in C¥(V, K)® by which we denote the kernel
of @ in CX(V, K). Therefore we get the following characterization of cocycles and
coboundaries of L, (where C°(V,K) = K and CK(V,K) =0 for k < 0):

(30) ZK(Ln, K) = e o (v, K)) CmHEX(V, K)®),
(31) BX(Ln, K) = e® C(Ck (v, K)).

Using the kernel-image-dimension-formula for the map ¢ we have the following
formula for the dimension of the cohomology groups HX(Ln, K):

(32) dimHX(Ln, K) = dim(C*(V, K)®) + dim(CK71(V, K)?).
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The direct computation of (the dimension of) the kernel CX(V, K)® turns out to
be quite di Ccult. However, if we assume K to be algebraically closed and of
characteristic zero we can make use of the following trick:

Recall that the induced action of @ on the dual space V is given in the basis
e® el, ..., e" dual to the one given above reads ge! = —ei~! (2 < i < n) and
@e! = 0. Now rescale ¢ and this basis in the following way: set x := —¢ and
fi .= (n— ) tel (1 <i < n) and define two other matrices h and y in the
following manner:

hfi:=(n+1-2i)fi (l<i=<n),
(33) yfi = ifj (l=sis=sn-1),
yfa =0

and clearly:

Xfi = (n+l—i)fi_1 (ZS i Sn),
Xfl =0.

The three matrices h, X,y span a sl(2, K)-Lie algebra which is irreducibly repre-
sented in V (cf. e.g. [28, p. 32], the highest weight A being n — 1 and his vectors
vi equalling our fi+1). Moreover, every irreducible representation of sl(2,K) in
an n-dimensional vector space allows for a basis {fy,... ,f,} such that the above
equations hold (cf. e.g. [28, p. 33]). In particular, the kernel of x in each irre-
ducible representation of sl(2,K) is one-dimensional. In order to compute the
dimension of the kernel of ¢ = —x acting on CK(V,K) = v ~w™~—]1. v1™
(k factors, 0 < k < n) we can use Weyl’s Theorem stating that the induced
sl(2, K)-representation on CX(V, K) is completely reducible (cf. e.g. [28, p. 28]). It
follows that the kernel of ¢ decomposes into the direct sum of the kernels of ¢ in
the irreducible constituents. Consequently:

(34) dim(CK(V, K))® = number of irreducible sl(2, K)
— submodules in CK(V, K).

This number of irreducible submodules is in turn equal to the dimension of the
zero-eigenspace plus the dimension of the one-eigenspace of the map h (cf. e.g [28,
p. 33]). The sum of these dimensions can much simpler be calculated than the
kernel of @ directly since the basis k-forms f;, L=} [f] (1<i; <--- <ix=<n)are
eigenvectors of h: hl = 0 and hfj, =1 ] = (K(n+1)—2(i1+: - -+iy))Ffi, 1 K]
for 1 <k < n. Denoting by [a] the integer part of a real number a we find that
1
(35) dim(C*(V,K)® =# {i1,... ik} CL,... ,n}|ig+ - +ig
1

= [(k(n + 1)/2] .
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For small k this combinatorial problem can be solved without much e [afit to give
the first four cohomology groups of Ly, :

(36) dimH%(Ln, K) =1, dimHY(L,, K) =2, dimH?(Ln, K) = [n/2] +1
and
"2+ 1
37) dimH3(L,, K) = 5 if n is even,
- (|
@8)  dimH3(L,, K) = %}22] 1 @ if n is odd.

Proof. Sketch of proof: the cases k = 0, 1, 2 are straight forward using egs. (35)
and (32). For the case k = 3 note that any triple {ji1,j2,j3} C{1,...,n—2}
satisfying ji1 +j2 +j3 = [3(n —1)/2] can uniquely be shifted to a triple {j; +1, jo+
1,js+1} C{A,... ,n—1} satisfying js + 1+ jo+ 1+ js+1=[3(n—1)/2] +3 =
[3(n + 1)/2]. Hence it follows by egn (35) that dim(C3(V, K))® for L, is equal to
the sum of dim(C3(V, K))® for Ln—, plus the number of “extreme” triples of the
form {1,i1,i2 < n}, {1 < i1,i2,n}, and {1,i2,n}. Since there are at most two
varying indices in the latter triples their number can quickly be calculated leaving
a recursion formula for the dimension dim(C3(V, K))® which can be solved. 1
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