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GENERALIZED DIFFERENCE
POSETS AND ORTHOALGEBRAS

J. HEDLIKOVA and S. PULMANNOVA

Abstract. A dilerence on a poset (P,<) is a partial binary operation [—oh P
such that b [Calis defined if and only if a < b subject to conditionsa <b =LC_1

bCMlCa)=aanda<sb<c =0[C_1{c [a)l(@ibl=>b [al A dilerence
poset (DP) is a bounded poset with a dilerence. A generalized dilerknce poset
(GDP) is a poset with a dilerence having a smallest element and the property
b Ca* ¢ a1l =[_hl=c. We prove that every GDP is an order ideal of a suitable
DP, thus extending previous similar results of Janowitz for generalized orthomodular
lattices and of Mayet-Ippolito for (weak) generalized orthomodular posets. Various
results and examples concerning posets with a di [erence are included.

0. Introduction

A dilerknce (operation) on a partially ordered set (poset) P is a partial binary
operation [am P such that b [ads defined if and only if a < b satisfying some
conditions. For example, b Catis such an operation in an orthomodular poset. A
di Lerence poset (DP) is a bounded poset equipped with a di Lerkence operation. For
example, every orthoalgebra (which is a natural generalization of an orthomodular
lattice or poset) is a dilerknce poset.

An introduction to dilerknce posets is in [K, Ch]. A basic theory of orthoal-
gebras can be found in [F, G, R]. An orthoalgebra (OA) is defined as a partial
binary algebra with a sum (operation) [Con a set with two special elements. An
exact relationship between dilerknce posets and orthoalgebras was pointed out
in [N, P]. A description of an orthoalgebra in terms of a di [erknce operation on
a poset is given there. A description of an orthomodular poset, resp. a dilerk
ence poset in terms of a sum operation on a set is given in [B, M], resp. [P] and
[F, B]. Yet more general approach is used in [K, R] when considering a di Lerence
operation on an arbitrary set with a special element.

We define a generalized dilerence poset (GDP) as a poset with a smallest
element and with a dilerence operation subject to an additional condition in
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such a way that every order ideal of a dilerence poset is a generalized di [erknce
poset. We prove that every generalized di[erence poset P is an order ideal of a
di [efence poset P. Similar results were obtained in [J1] and [M-1] for generalized
orthomodular lattices (see also [B], [K]) and (weak) generalized orthomodular
posets, respectively.

After a definition of a generalized di[erknce poset, a generalized orthoalgebra
(GOA) is then defined in a natural way and also by means of a di [erknce operation.
A simpler structure with sum operation has been described in [Kr]. A weak
generalized orthomodular poset (WGOMP) is also characterized in terms of a
di Lerence operation. It is shown that if P is a generalized di [erknce poset then P
is an orthoalgebra if and only if P is a generalized orthoalgebra. Moreover, P is
an orthomodular poset if and only if P is a weak generalized orthomodular poset,
and the construction of P coincides with that in [M-1].

We conclude our paper with a series of examples of GDPs. In particular, we
study abelian groups with a special partial order introduced in [Ch] under the
name “orthomodular groups”. Actually, we study a generalization of orthomodu-
lar groups. We prove that an orthomodular group is always a generalized ortho-
modular poset (GOMP) (in [Ch], there is proved that an orthomodular group is
a WGOMP).

As a further generalization of an orthomodular group we study subsets of
abelian groups with a special partial order. We prove for example, that sets
of idempotents (projections) in rings ([=rings) satisfying special conditions form
WGOMPs.

In another concrete example motivated by a theory of triple systems (alternative
and Jordan triples), we introduce a “triple group” as an abelian group endowed
with a ternary operation, and prove that the set of all tripotents in it forms a
WGOMP. As a special case, the set of all tripotents in a IBW*-triple ([Ba]) forms
a GOMP. Using triple groups, known partial orders on idempotents (projections)
in rings ([=rings) are extended to tripotents and it is shown that they remain to
form WGOMPs.

For general theory of orthomodular lattices and orthomodular posets we refer
to [B], [K], [P, P].

1. Posets with a Difference

Definition 1.1. ([K, Ch]) Let (P,<) be a partially ordered set (poset). A
partial binary operation [—oh P such that b [alis defined if and only if a <
b is called a dilerknce on (P, <) if the following conditions are satisfied for all
a,b,c P

(D1) Ifa<bthenb Ca¥kbandb C(Al[A)=a.
(D2) Ifasb=cthenc [h¥xc [ahnd (c Ca) C(clCh=hb Cal
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Proposition 1.2. Let (P,=<, )k a poset with a di[erence and let a,b,c,d [
P. The following assertions are true:

(i) fasb=cthenb @k c [@ahknd (c [a) C(hi[@)=c bl

(i) fb=canda<clhthena<candb<c [aland (c Ch)laZ (c (@)I[h1
(iii) fasb<cthenb[@axcanda<c [(bl[a) and (c C(bl[a)) [(aF c [h]
(iv) Ifa,b<candc [Cakc Chthena=n".

(v) Ifd=sa,b<candc Ca¥b Cdthen c [h¥ a [dl

(vi) Ifasb,c<dandb [a¥Fc Cathenb=c.

Proof. Conditions (i)-(v) are proved in [K, Ch]. To prove (vi) leta<b,c<d
and b a3 ¢ [CalThen (d @) [(dICh)l=b [@¥ c [a¥ (d ()] [(dl )] hence
d [h*d [Ccand thusb =c. —1

Remark 1.3. We show that it can be introduced another system of axioms not
using the order relation, this means that a poset with a di [erknce operation can be
characterized as a set with a “diLerknce” operation. Namely, let us observe that
according to Proposition 1.2(ii), every dilerence operation [oh a poset (P, <)
has the following properties (a,b, ¢ [PI):

(d1) If b Calds defined then b (bl CA)lis defined and b [(hl (@)= a.

(d2) If (a [)ICcib defined then (a Co)lChib defined and (a C)ICc = (a Co)llChd

(d3) a [Chand b [Cakre defined if and only if a = b.
And conversely, as shown in the following result, every nonempty set P equipped
with a partial binary operation [sdtisfying conditions (d1), (d2) and (d3), can
be endowed with a partial order < (having but one meaning) in such a way that
[Chdcomes a di Lerence operation on the poset (P, =<).

Proposition 1.4. If [id a partial binary operation on a nonempty set P
having properties (d1), (d2) and (d3) and if < is a binary relation on P given by
a < b if and only if b [Calis defined, then < is a partial order on P and [isla
di Lerknce on the poset (P, <).

Proof. According to (d3), < is reflexive and antisymmetric. To prove transi-
tivity let a,b,c [CH be such that a < b and b < ¢. Using (d1) and (d2) we
obtain

b Cak (c [(aCh) Cak (c Ca) [{aCh)

hence ¢ [Cals defined, which means that a < c. Thus < is a partial order on P.
Condition (D1) follows from (d1) and condition (D2) is clear from the proof of
transitivity of <. Thus [isla diLerkence on the poset (P, <). 1

Lemma 1.5. Let (P,<, D1k a poset with a dilerence. If a,b [(Pland a<b,
then a Ca¥+ b b1

Proof. Follows directly from Proposition 1.2(iii) if we put ¢ =bh. 1
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Proposition 1.6. Every poset P with a di[erbnce can be written as a disjoint
union of posets with a di Lerence, each of which contains a smallest element.

Proof. Let R be a binary relation on P defined by aRb i[Ca and b are compa-
rable, i.e., a<bor b <a. Clearly, R is reflexive and symmetric relation. Let R
denote the transitive closure of R, that is, aRb i there are cs,...,cn in P with
a==c¢1, b=cnand ciRci+q fori = 1,...,n— 1. Every equivalence class with
respect to Risa poset with a di [erence, and Lemma 1.5 implies that each of them
contains its smallest element. 1

Lemma 1.7. Let (P,<, D1l a poset with a dilerknce. If O is the smallest
element in P then for all a [CA, a [Cal= 0 and a [01= a. Moreover, for all
a,b [(Plwitha<bwehaveb Ca0ilCa=bandb Caxbila=0. If 1isthe
greatest element in P then 1 [Ts the smallest element in P.

Proof. If 0 is the smallest element in P and if a [CH then by Lemma 1.5,
al[@akFEOandthena [0k al(@lCal=a. Ifa,b[P a<bandb @k o0
thenb =b [O=b @A) =a. Ifab R a<bandb Cal= b then
0=b [hFb (MI[A)=a.

If 1 is the greatest element in P, then by Lemma 1.5, 1 [Tlis the smallest
element in P. 1

Proposition 1.8. Let (P,<) be a poset with the smallest element 0 and let 1
be a partial binary operation on P such that b [as defined iCal<b. Then [isl
a diLerence on (P, <) if and only if the following two conditions are satisfied for
all a,b,c P
() a [OFa.
(i) fasb=<cthenc [h¥xc Cahnd (c () [(cl[h)=b [al

Proof. Assume that (i) and (ii) are satisfied. If a,b [Pl with a < b then from
O=a<hitfollowsbh [(@a¥ b [0F b and b [(AlCa)l= a [0 F a which proves (D1).
The converse assertion is clear. —1

Let us note that in [D, P] there is the following characterization of a poset with
a di Lerence having a smallest element, not using the order relation.

Proposition 1.8*. Let P be a set with a special element 0 endowed with a
partial binary operation [Tlet < be a binary relation on P given by a<b if and
only if b Cads defined. Then < is a partial order on P with the smallest element 0
and [isla diCerknce on (P, <) if and only if the following conditions are satisfied
for all a,b,c [PL

(01) a [COTs defined, and a [0 ¥ a;

(02) a [ads defined;

(03) If b Ca’hnd ¢ Chre defined, then ¢ Cahnd (c [Ca)l C(clCh)lare defined,

and (c Ca)l (I [h)=b &l
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(04) If 0 Cads defined, then a = 0.

Let us observe that every poset with a diLerknce having a smallest element is
an RI-set in the sense of [K, R]. The converse is not true.
The following notion was introduced in [K, Ch] (see also [N, P]).

Definition 1.9. Let (P, <, ) Be a poset with a dilerence and let 0 and 1 be
the smallest and greatest elements in P, respectively. The structure (P,<,0,1, D1
is called a di [erence poset (D-poset, DP).

Let us note that every interval [0,a] of (P,<,0, [),_h poset with a di[erknce
having a smallest element 0, is a di [erence poset ([0, a], <, 0, a, [), Where < and
[ate inherited from P.

Let us observe that the following condition (a strengthening of (vi) in Proposi-
tion 1.2) need not be satisfied in a poset with a diLerence (P, <, ), Ka,b,c [CPI):

(C) Ifasbhcandb [a¥xc [althenb=c.

A simplest such an example is on Fig. 1, where b (@t c¢ [@a¥F a, x [ X} 0 and
X 0% x for all x (by Lemma 1.7, [isla unique di[erknce on the poset).

Fig. 1

By Proposition 1.2(vi), condition (C) is however satisfied in every dilerence
poset (P, <,0,1, O 1In order to obtain a generalization (P, <, 0, [)_df a di Lerknce
poset embeddable in a dilerknce poset it appears that it is necessary to include
condition (C) in a new definition (see the next paragraph).

Remark 1.10. Let (P, <, [)He a poset with a di[erence satisfying condition
(C). This means that for every a,b [CH there is at most one ¢ [CH such that
a = c¢ [bdThus property (C) enables us to define a sum operation on P, that is,
a partial binary operation [on P given by (a,b,c CPI):

(S) a [Chiis defined and a [h ¥ c if and only if ¢ [his defined and a = ¢ [Chl
The sum operation [—an P has as properties (a,b,c [PD):

(S1) If a [k defined, then b [Cads defined and a Ch3 b [Ca{commutativity).
(S2) If a Chidnd (a [Ch)l Ccare defined, then b [Ccdnd a (Al Cc)lare defined

and (a )l Cc3F a (bl Cc)l(associativity).
(S3) If a [hdnd a [cdre defined and a [h ¥ a LCc,dthen b = ¢ (cancellativity).
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(S4) For every a there is b such that a [Chls defined and a [bh¥ a
(zeros existence).

(S5) If a [Cahnd (a @) [h are defined and if (a (@)l Ch* a, thena Ca¥k a
(zeros absorption).

To show conditions (S1)—(S5) we use properties (d1)-(d3) from Remark 1.3.

Condition (S1) follows by (d1). If a,b,c [[Pland a [ ¥ c then a = ¢ [h,hence
¢ [Cak ¢ [(clCh)l=b, which means that b [Ca¥= c.

Ifa,b,c,d,e [Pl a Cbh¥dandd [Cc3e, thenb=d [ahnd d =e [c,lhence
by (d2), b = (e )l @k (e @) [cdThis means that b ¢ e [Calnd then
a [(bl Cc)l= e, which proves condition (S2).

If a,b,c,d [CA with a [Chl= a [cl= d then b = d [Cal= c which shows
condition (S3).

By (d3) and (d1), for every a [P, a [(al[Ca)l= a, which proves condition (S4).

To show (S5), let a,b be such that (a [@)l (h¥ a. Thena [(ak a [h1
hence a = (a [h)l [al By (d1), a (@ [Ch)l= b which by (d3) gives a [hF a.
Therefore a [(a¥ a.

Conversely, if (P, Db a partial binary algebra having at least property (S3),
then a partial binary operation [om P is enabled by the cancellativity (S3): for
every a,b [Pl there is at most one ¢ [Pl such that a [c ¥ h. [Cislthen given by
the following condition (a,b, ¢ [CPI):

(D) b [&ls defined and b [Ca®¥= c if and only if a [cs defined and a CcF b.

Let (P,<) be a poset and let [bk a dilerknce operation on (P,<). The
partial binary operation [—oh P will be called a cancellative di[lerence on (P, <)
if condition (C) is satisfied. The following result shows that there is a one to one
correspondence between posets with a cancellative diCerknce [Cand partial binary
algebras with a sum operation [satisfying (S1)—(S5).

Theorem 1.11. If (P,<, D1k a poset with a cancellative dilerknce and if
a partial binary operation [—ah P is defined by (S), then conditions (S1)—(S5)
and (D) are satisfied. Conversely, if (P, Dk a partial binary algebra having
properties (S1)-(S5) and if a partial binary operation [—ah P is defined by (D),
then conditions (d1)-(d3), (C) and (S) are satisfied, that is, P becomes a poset
with a cancellative di Cerknce.

Proof. From [fd [__IConditions (S1)—(S5) are proved in Remark 1.10. If
a,b,c [Plthen by (d1), b [ads defined and b @3 c if and only if b [Ccik defined
and b [Cc¥ a, which proves condition (D).

From (1) follows from (S1) and (d2) follows from (S1) and (S2). (S3)
implies (C). By (S4), for every a [Pl, a [als defined. To finish the proof of (d3),
let a,b,c,d [Pl be such that a [h3¥c and b [ak d. This means thatb [c¥ a
and a Cd3 b, hence a = (a Cd)[cand hence a Cd ¥ ((a Cd)[c)lCd1From this,
using (S1), (S2) and (S3) we obtain d = (d Cd)I Cc,which by (S5) gives d [Cd ¥ d.
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Hence d = d Cchnd thus a = a [(d [Cc)l= a [Cdk bh. By Proposition 1.4, P
is a poset with a cancellative dilerence. It remains to prove (S) to see that the
correspondence is one to one. But this is clear from (S1). 1

Remark 1.12. Let (P, <, Db a poset with a cancellative di [erknce. Consider
the sum operation [od P given by condition (S) (see Remark 1.10). Two elements
a,b A are said to be orthogonal (in notation a [Ch) if a [Chis defined, i.e. if
there is ¢ [Pl with a = ¢ [Cb,dor equivalently, if there is a unique ¢ [Pl such that
a = ¢ bl The binary relation [—am P is symmetric, i.e. for all a,b [P, a [kl
implies b [Cal(since [Cislcommutative). [Cislcalled the orthogonality relation of
P =

If a,b,c A with a < ¢ [Chkhen by (d1) and (d2) it follows a = (¢ )l 1
((c ) Aa) = (c [t b)Y [a@)) [h]lwhich means that a [hl Moreover,
a [h¥ c (@ Chya) Since a [h¥ c, we get by (d1), ¢ [(al Ch)l= (¢ Chyl[al
If a,b,c CPIwith a [ c then by (S) and Proposition 1.2(i), fromb<a [Ch¥c
it follows a = (a [h)l Chk ¢ [Chl So, we have shown the following properties
(a,b,c CPI):

(i) a Chidf and only if a<d [Chifor some d [Pl
(D*a<bandb Ccldmpliesa [Ccl
(i) Ifa<c [hthena [Ch¥c [((¢t ChyCa)l

(iii) Ifa<c [Chthen (c Chy[a¥ c (@)

(ii)*If a [h¥E c then ¢ (@ Ch)l= (c Chy[al
Let us note that a kind of orthomodularity holds in P (a,b [CPI):

(iv) Ifasbthenb=a C(hi[a)l
In particular, a = a [(a [Ca)lfor every a [Pl. Hence, if P has a smallest element
0, then for all a [P

(v) a (0¥ a.
If a,b CPland a [h¥ 0 then a =0 [h¥ 0 which with 0 <a,b givesa=b=0.
Thus the following condition is satisfied for all a,b [Pl

(vi) alh¥0 =[al=b=0.
Another consequence of the ”orthomodular law” is as follows (a,b [P):

(vii) a<bif and only if a ¢ ¥ b for some ¢ [Pl
(vii)*a < b if and only if a [c¥ b for a unique ¢ [Pl

Let us observe that if (P, [L0O) is a partial binary algebra with a special element
0 then in the presence of conditions (S1)-(S3), conditions (v) and (vi) imply con-
ditions (S4) and (S5). Thus we have the following consequence of Theorem 1.11.

Corollary 1.13. There is a one to one correspondence analogous to that in
Theorem 1.11, between posets with a cancellative di [erknce having a smallest ele-
ment 0 and partial binary algebras with a sum operation and with a special element
0 having properties (S1)—(S3) and (v), (vi).
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Remark 1.14. Let (P, <,0,1, ) He a dilerence poset. Then for all a,b
it is true:

a [his defined iCa< 1 Ch-and

albh#*1l (@ Coray
a [hl[@a<1 Chiequivalently, h<1 [a)

Consider a unary operation “on P given by: a¥= 1 [CaJa [Pl Then a™= a and
a < b implies b™< a"for all a,b CPI. A smallest example showing that P need not
be orthocomplemented is a three element chain 0 < a < 1 (by Lemma 1.7, there
is a unique way to make it into a di[erence poset) with a=1 [alx [ X} 0 and
x 0¥ x for all x.

A more precise relationship between D-posets and orthocomplemented posets
is as follows. If (P, <,0,1, D% a D-poset and “is a unary operation on P given
by a”’=1 [ak [P, then (P,<,0,1,5 is an orthocomplemented poset if and only
if for all a [Pl, a< 1 Caldmplies a = 0. The latter condition is considered below
in a connection with orthoalgebras (see Proposition 3.2). On the other hand, to
characterize those orthocomplemented posets (P, <, 0, 1,5 for which there can be
defined a (unique) dilerence [Con P such that a¥= 1 [afor all a [P, is not so
easy.

2. Generalized Difference Posets

From the preceding paragraph we have enough results about posets with a
di Lerence to introduce the following definition.

Definition 2.1. Let (P, =<, [) e a poset with a cancellative di [erence contain-
ing a smallest element 0. The system (P, <, 0, [)i$ called a generalized di [erence
poset (GDP).

In what follows we shall use also abbreviations as generalized D-poset, general-
ized DP and GD-poset.

Let us observe that every order ideal J of a dilerknce poset (P,<,0,1, [)i$ a
generalized D-poset (J,<,0, DWhere <,0 and [are inherited from P.

The set R™ of all nonnegative real numbers with the usual di [efknce of numbers
is an example of a generalized di[erence poset. More generally, the positive cone
G™ of any partially ordered abelian group (G, +, 0, <) with the usual di [erence of
group elements is a generalized di Lerknce poset.

Remark 2.2. Let (P,<,0, D) He a GDP. According to Lemma 1.7 and Propo-
sition 1.2(ii), P is an abelian RI-poset in the sense of [K, R]. Conversely, by
Propositions 1.2(i) and 1.3(ii) of [K, R], every abelian RI-poset is a GD-poset.

Remark 2.3. Following the previous version of [F, B], call a system (P, [,0J,
where 0 [CR and [id a partial binary operation on P a cone if conditions
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(51)—(S3) from Remark 1.10 and conditions (v), (vi) from Remark 1.12 are satis-
fied. According to Corollary 1.13, generalized di [erkence posets are in a one to one
correspondence with cones. Cones arose as a convenient generalization of so called
e [edt algebras (see the next paragraph for a definition) which are in an analogous
one to one correspondence with di [erence posets (see [F, B]).

Our aim is to show that every generalized dilerknce poset is an order ideal
(with special properties) of a dilerknce poset. Similar results have been already
obtained for particular structures: generalized orthomodular lattices (which are
order ideals of orthomodular lattices) [J1] and (weak) generalized orthomodular
posets (which are order ideals of orthomodular posets) [M-1]. Another related
result was obtained for so called relatively orthomodular lattices (which are dual
ideals (with special properties) of generalized orthomodular lattices) [H].

Let (P,< 0, [ Be a generalized dilerence poset. Let P ~be a set disjoint from
P with the same cardinality. Consider a bijection a @ a™from P onto P ~and let
us denote P [P~ P. Define a partial binary operation [C=din P by the following
rules (a,b [PI):

(i) b C= is defined i [l Cals defined and b C=A =b [Cal
(ii) b™C= is defined i @ s defined and b~ = (a o)’
(iii) b™C=s defined i Ca Chis defined and b™CEd~= a [
Define a binary relation <5én P as follows: x <&V if and only if y C=is defined.
We are to show that the system (P,<Cb, 05 [5Yis a di[Efence poset. With
respect to Proposition 1.4 and Lemma 1.7, it su [ced to prove that [Has proper-
ties (d1), (d2) and (d3) from Remark 1.3, that 0='C4 is defined for every x [Pl
and that 0= 0. This is done in the next theorem.

Theorem 2.4. (P,<5b,05 s a di [Efknce poset.

Proof. 0C)CEAE 0 since 0 CO¥= 0. 02CH is defined for every x B since
a COhnd a [Ohre defined for all a [P x A is defined for every x [PI since
a [Cals defined for every a [Pl If x,y [Pland if x 1 and y [ are defined
then clearly x =y.

It remains to prove conditions (d1) and (d2). In the rest of the proof we recall
results from Remark 1.10 and Remark 1.12.

1) If a,b [P, a 113 defined, x = a~and y = b5'then by (iv), x = (b @D =
y [h Chyl=y Oy C5).

Ifa,b [CP] a [hi3 defined and x = bthen by (S), a = (a (h)yI'b = x [k [hy't=
x [k ).

2) If a,b,c A, ¢ @ &) is defined and x = a&!'then by (S1) and (S2),
(x 1) Celk= (b L) el= (c ChTa)) = (b [cTa) "= (c Lyt b= (x L) [l

If a,b,c [P, ¢ ((bTa)ds defined, x = a~and y = c'then by (iii)*, (x CB) (5=
(b Cay- i = ¢ L@ Cay= (c Cay (¥ (x C5) CH




256 J. HEDLIKOVA and S. PULMANNOVA

Ifa,b,c [P, (b CA)ILCis defined, x = atand y = b5'then by (iii), (x C5) =
(b )l [c¥ b [(@ray=(c Ca) Thi=(x ) (3 L1

Consider a unary operation bn P given by: x%= 024, x [CP. That is,
if a CHA then a%= aand (@)% a. Let us note that (P, <5 contains P as
an order ideal with the property: if a,b and a C=H then a CH P, (The
sum operation C=dn P and the orthogonality relation C=bn P are defined in
(P, <5ks in Remark 1.10 and Remark 1.12.) Indeed, if a,b [Pl with a [=H,
then a <™8™% htand a B 0HE &) = 0 (D)= (a ()10 F a (L P
(see Remark 1.14). Moreover, P is an order ideal of P which has the following
property: for every X [P, either x [Pl or X" P,

As we have already observed, every order ideal J of a D-poset D is a GDP.
The orthogonality relation [3-ih J coincides with the orthogonality relation [Cinl
D if and only if J is closed under the sum [afl D. Indeed, it is clear that [k
always contained in C_TMow, if J is closed under [Cand if a,b [“Jlare such that
a [blthen a [Ch1J and a = (a [Ch) Chli.e. a [ b. Conversely, if a [b
whenever a,b [CJland a [h,Jthen a < ¢ Chfor some ¢ LIl hence a [k ¢ (see
Remark 1.12(iii)) and thus a Ch1T_J1

Proposition 2.5. Let D be a D-poset and let P be a proper order ideal in
D closed under [Cahd such that for every a D, a A or 1 [Cal[CA. Denote
at=1[ak [P Then the D-poset (P, <50, 05 (5koincides with (D, <,0,1, D1

Proof. Since P is proper, for every a [0 we have either a [Pl or 1 [al[Pl
It is now clear that P™= D \ P. Let “be the following unary operation on D:
a"=1 [&Ja . By Remark 1.14, for all a,b [, a [Chds defined if and only if
a < bYand moreover, a [h¥ (b~ A} Hence from a~< bY which is equivalent to
b < a, it follows bP@aTF= (a“[h)i*= (b CaY~= a [dAccording to the definition
of (P, <5, 05 [Ftthe proof is now clear. 1

3. Generalized Orthoalgebras and (Weak)
Generalized Orthomodular Posets

As observed in [K, Ch], orthoalgebras (see [F, G, R], [G], [R1]) and ortho-
modular posets (see [B], [K], [P, P]) are special examples of di [erence posets.

Definition 3.1. An orthoalgebra (OA) is a set A containing two special ele-
ments 0, 1 and equipped with a partial binary operation [satisfying for all a,b,¢c [
A the following conditions:

(OAl) If a bk defined, then b [Cals defined and a [ChF b [Ca{commutativity).
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(OA2) If a [rand (a Ch)l[care defined, then b Ccdnd a (bl [c)lare defined,
and (a )l CcF a (0l Co)l(associativity).

(OA3) For every a [CA there is a unique b [“A such that a [hs defined and
a b3 1 (orthocomplementation).

(OA4) If a [alds defined, then a = 0 (consistency).

For an element a [CA, the unique element b [CAl satisfying condition (OA3) is
denoted by a¥and is called the orthocomplement of a.

Let us note that (OA1) is (S1) and (OAZ2) is (S2), where (S1) and (S2) are
conditions from Remark 1.10.

Since every orthoalgebra A satisfies cancellativity (S3) from Remark 1.10 (see
[F, G, R]), a partial binary operation [—ah A can be defined by (a,b,c [CA):
b [als defined and b a3 c if and only if a [cs defined and a [Cc ¥ b. A then
becomes a diLerence poset (cf. [K, Ch]). A partial order < on A is defined by
(vii) or (vii)* in Remark 1.12. We note that in A, a [hdxists if and only if a < b"]
and if a<b then b [a¥ (a ("

In [F, B] an e [eck algebra is defined as a set A containing two special elements
0,1 and endowed with a partial binary operation [sdtisfying conditions (OAL),
(OA2), (OA3) and the following relaxation of (OA4):

(EA) If 1 [Cals defined, then a = 0.

It is shown in [F, B] that e [edt algebras and di Lerknce posets are the same things
(the same result, independently, has been obtained in [P]).

Proposition 3.2. ([N, P]) Let (P,<,0,1, D Be a dilerence poset. Then
(P, COJ1), where [idas in Remark 1.14, is an orthoalgebra if and only if the
following condition is satisfied for all a [Pl

(DOA)* If a<1 [C&lthen a = 0.

Let us note that in a diLerknce poset P, condition (DOA)* is equivalent to the
following condition (a,b [CP):

(DOA) Ifa=bh althena=0.
Or equivalently, a<b Caldmplies a=0 (a,b CP).

Definition 3.3. A generalized orthoalgebra (generalized OA, GOA) is a set
A containing a special element 0 and endowed with a partial binary operation 1
satisfying conditions (OA1), (OA2), (OA4) and (S3) from Remark 1.10 and (v)
from Remark 1.12.

Let us note that a generalized OA is just a cone (see Remark 2.3) satisfying
condition (OA4). To see this, it su [ced to observe that every GOA satisfies con-
dition (vi) from Remark 1.12. Indeed, if a Chl= 0, thenb = b [01= 0 [ChkE
(a ) [h# a (Al Ch)] hence b =0 and also a = 0.
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Proposition 3.4. Let (P,<,0, e a generalized D-poset. Then (P, C0J,
where [islgiven by condition (S) in Remark 1.10, is a generalized OA if and only
if condition (DOA) is satisfied for all a,b [Pl

Proof. See Remark 2.3, where it is observed that a generalized D-poset is a
cone. L1

Theorem 3.5. Let (P,<,0, D) _be a generalized D-poset and let (|51S;1
0,05’ CSHIbe the D-poset constructed in Theorem 2.4. Then P satisfies condi-
tion (DOA)* if and only if P satisfies condition (DOA). This means that P is an
orthoalgebra if and only if P is a generalized orthoalgebra.

Proof. If a [Pl then 0™ = a%'hence a <™a5if and only if a [&ls defined,
which means that a = b [CaTfor some b [Pl
If a [Pl then 0~~~ a, but a~<™4 is impossible. —1

In a partially ordered set (P, <) we write a [ifor sup{a, b} and a [ior inf{a, b},
if they exist for a,b [Pl

Definition 3.6. A partially ordered set (P,<) with 0 and 1 as a least and a
greatest element, respectively, endowed with a unary operation . P . P is called
an orthomodular poset (OMP) if the following conditions are satisfied:

(OMP1) a™= g,

(OMP2) a < b implies b"< aY/
(OMP3) a [at=1,

(OMP4) a < bimplies a Chkxists,
(OMP5) a <b implies b = a C(@"CH).

If a [P, the element a"is called the orthocomplement of a. Condition (OMP5)
is the orthomodular law. Elements a,b in P are said to be orthogonal (in notation
a [h)lif a <h”

Any OMP may be regarded as an OA by defining a [h ¥ a [hprecisely in case
a < b The following proposition shows the relation between orthoalgebras and
orthomodular posets.

Proposition 3.7. ([F, G, R]) The following conditions are equivalent for an
orthoalgebra A:

(i) Aisan OMP.

(i) If a Chs defined, then a [Chlkxists.
(iii) If a [Chs defined, then a Chlexists and a [Ch3¥ a [Chl
(iv) If a [b,da Cchnd b [Ccéxist, then (a Ch)l Cc_kxists.

Any OMP may be regarded as a DP by defining b &l b [&alprecisely when
a<bh. A relation between di [erence posets and orthomodular posets is as follows
(cf. [N, P]).
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Proposition 3.8. A dilerknce poset P is an orthomodular poset if and only if
(DOA)* and the following condition are satisfied for all a,b [Pl: a < 1 Chimplies
a [hlkxists.

An orthomodular poset P becomes an orthomodular lattice (OML) if the supre-
mum a [hi(equivalently, the infimum a [Ch) of any two elements a, b exists.
The notion of a generalized OML (GOML) has been introduced by Janowitz [J1],
and it has been shown that every GOML can be embedded into an OML as an
orthomodular ideal (see also [B], [K]). A generalization of the latter result has
been proved by Mayet-Ippolito [M-1] for a so called weak generalized OMP. (A
generalization of the latter result in another direction is proved in [H] for a so
called relatively OML.)

Definition 3.9. ([M-I]) Let (P, <) be a poset with a smallest element 0, such
that every interval [0,a] of P is equipped with a unary operation x 3 x'. P is
called a weak generalized orthomodular poset (WGOMP) if it satisfies the following
conditions:

(G1) Ifa [Plthen (J0,a],<,0,4a, ) is an OMP.
(G2) Ifa<b=<cthena®=b &l

Elements a,b [P are said to be orthogonal (in notation a [Ch) if a,b < ¢ and
a < b'e'for some ¢ [P

(G3) If a [hithen a [hkxists.
(G4) Ifa [Ja [Cchnd b [cthen a [Chllc]

According to (G1) and (G2) every WGOMP can be regarded as a GDP by
defining b Cal= a' precisely when a < b. The following result shows a relation
between generalized di [erknce posets and weak generalized orthomodular posets.

Theorem 3.10. Let (P,<,0, D) He a generalized D-poset. For every a [H
define x'='=a [X{x [Pl x <a). Then P is a weak generalized OMP if and only
if the following conditions are satisfied:

(W1) If a,b [Pland a [Chthen a [Chis the supremum of a, b.
(W2) If a,b,c [P, a [ha Ccland b Cclthena ChTcl

Proof. If P is a WGOMP and a,b [CR are such that a [h] then we get
(a ) ¥ (a [h) [((a ) Ch)l= (a [h) Cal= a, hence a [hl= a [hlFrom
this observation it is clear that (W1) and (W2) are satisfied.

Conversely, let (W1) and (W2) be satisfied. We have to check properties (G1)-
(G4) of the preceding definition. (G3) and (G4) are clear. To prove (G1) consider
the D-poset [0,a] (a [CHA). With respect to Proposition 3.7, for [0,a] to be an
OMP it su [ced to show that [0, a] is an orthoalgebra, i.e. that (DOA)* is satisfied
(see Proposition 3.2). So, if b [Pl,b<aandb < a [h,khen b [hhence by (W1),
b[h#*hb, ie. b=bChFO.
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To prove (G2) let a,b,c [Pl be such that a <b < c. Since [0, c] is an OMP we

get ¢ [(BI[@)=c (¢ (@) [(d[h)) =a [(@h)=a [b¥ = (b Cak)' hence
b a3 b &k which proves (G2). 1

Another characterization of weak generalized orthomodular posets among po-
sets with a di[erknce having a smallest element is the following one which uses the
di Lerence operation only.

Corollary 3.11. If (P,<,0, Ok a poset with a di[erknce having a smallest
element 0 and if we define x'='=a [xXa,x [Pl, x < a) then P is a WGOMP if
and only if (DOA) and the following condition are satisfied:

(W) Ifa,b,c,d CPland b [(clCa)l=d [a]lthen a [hlkxists.

Proof. If P is a WGOMP then P is a GDP and we can use Theorem 3.10. If
a,b [Pl with a =b [Cakhen, since [0,b] is an OMP, 0 = a (@l = a. This shows
(DOA). To prove (W) let a,b,c,d [P be such that b [(cl @)l = d [Cal Then
a [clala [CdiCahnd ¢ Al dlilCalhence by (W2), a [(d[Ca) C(d@jl=»hb
and thus by (W1), a [hEkxists.

Conversely, let (DOA) and (W) be satisfied. First we show that P is then a
GDP and thus Theorem 3.10 can be used.

Let us observe that (DOA) is equivalent to the following condition: a < b [Cal
implies a = 0 (a,b [CHA). Indeed, if a,b [P are such that a < b [Caland if we
denote ¢ = (b @)l Cadthen a = (b (&) Lc#F (b Cc)[Calhence by (DOA), a = 0.
Using this we prove that [isla cancellative diLerence on (P, <). So, let a,b,c [Pl
be such that a<bh,cand b [Cad=c CalThen (b Ca) [C(cl[a)l=a [Calhence by
(W), a (@ [A)lexists. Denote d =a (@ [A)l We have a < d < b which implies
b Cdkb [@akd=h (hCdiland thus b [Cd¥ 0 which means that b = d. We
obtain a [(d Ca)l=b and similarly a [[{d Ca)l=c. Therefore b =c.

We show that P has properties (W1) and (W2) which, according to Theo-
rem 3.10, means that P is a WGOMP.

1) Let c = a [Chwhere a,b with a [l Then from a (bl Ch)l= ¢ Chby
(W) it follows that a [héxists. Denote d =a [hidb<d <cimpliesc Cd¥& ¢ [hF
a<d=c [(cld) hence by (DOA), ¢ Cd¥ 0 and thus ¢ = d. This means that
a b3 a [l (W1) is proved.

2) To prove (W2) let a,b,c [Pl be such that a [Chla [Cchknd b [cl Hence
(a )l [{(h o)l Cc)l= (b o)l [Ccfrom which by (W) it follows that (a [Ch)l[Ccl
exists. Denote d = (a ()T cdUsing (W1) we geta [c,b [c%d, hencea,b<d [c]
and hence a [bh¥ d [CcWvhich means that a [h T ¢l 1

Lemma 3.12. Let (P,<,0,1,0 be an OMP and let J be an order ideal of P
such that for all a,b CI with a < b™also a CIICJL Equip every interval [0, a] of
J with a unary operation Hgiven by x O x% = a x¥ Then J is a WGOMP.
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Proof. Conditions (G1)-(G4) of a WGOMP are clear from the following ob-
servation: for all a,b [J, a < bYif and only if a < b'! for some ¢ with
ab=ec —1

Theorem 3.13. Let (P,<,0, D) Be a generalized D-poset and let (Is,S%,
05 C5be the D-poset constructed in Theorem 2.4. Let "be a unary operation on
P given by x™%= 0S4 (this means that if a [PI, then a2 a“and ()™= a).
Then P is an OMP if and only if P is a WGOMP.

Proof. If P is a WGOMP then P satisfies (DOA), hence by Theorem 3.5, P
satisfies (DOA)*. Owing to Proposition 3.8, it su [ced to show that for all X,y P,
x 5 exists whenever x <=y™7So, let a,b [Pl Since a <™~{bH"Hs equivalent
to b= ™4™ we have to check the following two possibilities.

1) If a<™bH™li.e. a < b, then clearly a,b"<™{b A If a,b"< "¢ or some
¢ [Pl then a Cchnd c < b, hence by (W1), a Cc¥k b and thus ¢ < b [Calvhich
means that (b Ca)-<™¢™ Therefore a CH™= (b &N

2) If a <t bTie. a <Fbthen a [Chiand by (W1), a [k a [kl Clearly,
a,b <& [CRdIf a,b <“¢5or some ¢ [P, then a [Cchnd b [Cc,lhence by (W2),
a [hIclie a Chx"“é[0Therefore a [5H = a [hl

Conversely, let P be an OMP. Since P satisfies (DOA)*, P satisfies (DOA) by
Theorem 3.5.

Let a,b with a <™™ 1 This means that a <8 'i.e. a s defined, and
a [HH exists. From a,b < a [t follows a,b <& [h,hence a [ <4 [hvhich
with a [Pl gives a A and thus a 3 = a Al Denote ¢ = a [hland
d=alhlh<c=<=dimpliesd [c¥& d [bh¥F a<c, hence d [c¥ d [(dl Cc)lwhich
by (DOA) givesd [c3 0, i.e. d=c. We have a [h ¥ a [hl

Since, by the preceding considerations, P, as an order ideal of P, satisfies the
condition of Lemma 3.12, it su [ced now to show that for all a,b CPlwitha<b
it holds b Cat= b C5A% b [Calis a lower bound of b and a™in (P, <5 because
b Cakband (b Ca) Cakb. If c<B, a~for some ¢ [Pl thenc<band a [c]
exists, hence a [c¥ a [ck b which implies ¢ < b [&li.e. c <™b [al Therefore
b [Cals the greatest lower bound of b and a™’ 1

By the preceding considerations, the embedding of a WGOMP P into an or-
thomodular poset P from Theorem 3.13 coincides with that of [M-1] and, as
observed there, this embedding preserves the infimum but not generally the supre-
mum whenever they exist in P. If a,b [CR with a [h] then, by (G4), the
supremum of a and b in P is also the supremum of a and b in P.

According to [M-1], for a WGOMP P the following conditions are equivalent:

(i) The embedding of P into an OMP P preserves all existing suprema of two

elements.
(i) Ifa,b,c CPIwitha [Cchnd b Cchnd if a Chkxists in P then a Chllcl
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(There is no di Cculty to see that a similar statement is true for a GDP P and a
corresponding D-poset |5.)

A generalized orthomodular poset (GOMP) is defined in [M-I1] as a poset (P, <)
with a smallest element 0 such that every interval [0,a] of P is equipped with a
unary operation x 3 x'®, satisfying the axioms (G1), (G2), (G3) and

(G4)’" If a,b,c [Plare such that a [c,lb Cchnd if a Chkxists, then a Chll ¢

Since (G3) and (G4)’ imply (G4), every GOMP is a WGOMP (see Definition 3.9).
Theorem 2 in [M-1] and Theorem 3.13 imply the following.

Theorem 3.14. Let (P,<,0, OO 1 (P,<50,05CH and T'be as in
Theorem 3.13. Then P is an OMP for which the supremum of a,b [CH in P,
if it exists, is also the supremum of a,b in P if and only if P is a GOMP.

4. Examples

There is an abundance of various examples of di[erence structures mentioned
in this paper.

Example 4.1. The set P = R™* of all nonnegative real numbers with the
natural ordering and with the usual dilerknce of numbers is a GDP. Since for
every a,b CR* also a+b [CR™*, we have a [l Therefore, in P = P CPIkvery
element in P Hs greater than any element in P.

More general, the positive cone P = G* of any partially ordered abelian group
(G, +,0, =) with the usual di[erkence of group elements is a GDP. For every a,b [
G* also a+b A", hence a [Chl Thus, in P = P CPI“kvery element in P Sis
greater than any element in P.

Since every partially ordered vector space V is at the same time a partially
ordered abelian group, the ordering cone P = V™ with a naturally defined dif-
ference is a GDP. The set of all positive operators on a complex Hilbert space,
positive operators in a von Neumann algebra, positive elements in a C-algebra
or a Jordan algebra are such examples of generalized di [erknce posets.

Example 4.2. Let X be a nonempty set and let F [J0] 1]X satisfy
(i 1 [/,
(i) f,g CHand f <g impliesg—f [H,
where < and — are componentwise partial order and di[erknce of real functions,
respectively. Then F with the partial binary operation [gilen by: g [¥_is defined
ifand only if f =g and g [l g—f, is a D-poset.
F is an orthoalgebra if and only if

(iii) 0 B f [H implies 2f I H.
F is an OMP if and only if
(iv) f,g,h A, f+g<1, f+h<1 g+h<limplyf+g+h [CH.
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As concerns the latter example, see [M, T], [B, M] and [P].

Example 4.3. Let X be a nonempty set and let F [(R*)* satisfy
(i) 0 A~,
(i) f,g [(Hand f <g impliesg—f [H,
where < and — are as in Example 4.2. Then F with [Cadin Example 4.2 is a GDP.
Observe that for f,g [CH, f [glif and only if f +g [H, where + is pointwise
sum of real functions.

F is a GOA if and only if

(iii) 0 8 f [H implies 2f Y H.

F is a WGOMP if and only if

(iv) f,g,h,f+g [(Hand f,g<h imply f +g < h,
v) f,g,h,f+g,f+h,g+h CHimplies f +g+h [CH.

As a concrete example we present the following set of real functions which is a
GOA but which is not a WGOMP. Let F = {0, f, g, h, f+g,h—f, h—g} C(R*)R"
be a set of seven dilerent functions R* - R™ described in Fig. 2. All functions
on Fig. 2 are linear on the intervals [0, 3], [3, 6] and [6, o], and f(0) =1, g(0) = 4,
h(0) = 7. F under pointwise partial order of real functions forms a poset which is
on Fig. 3. Conditions (i)—(iii) and (v) are satisfied, but (iv) is not.

7 f+g
6

5 h

4 g

3 f

2 + h—f
1 h—g
0 1 s 1




264 J. HEDLIKOVA and S. PULMANNOVA

Example 4.4. Let X be a nonempty set and let p : R* - R™ be a strictly
increasing continuous function such that p(0) = 0. Define a partial binary oper-
ation [om (R™)* as follows: if f,g [(R*)* then g [Tlis defined if and only
if f <gand (@ CEIX) = u1(@(X) — u(F(x))) for all x X, where < is a
pointwise partial order of real functions. Then (R*)* is a GDP (cf. [K, Ch]).

Example 4.5. A very important class of D-posets can be obtained taking into
account that every interval [0,a], a = 0, in a partially ordered abelian group is a
D-poset (cf [B, F]). Hence we have the following examples of D-posets: the set of
all eledts, that is, selfadjoint operators A on a complex Hilbert space such that
0 < A = | (which plays an important role in quantum axiomatic [B,L,M]), the
interval [0, €] in an Archimedean order-unit space (A, e) with the order unit e [Al],
the interval [0, 1] in a JB-algebra (see, e.g., [H-O,S] for the definition).

Example 4.6. Let (G, +,0) be an abelian group and let < be a partial order
on G such that:
() Ifa,b,c C@anda<sb<cthenc—b<c—a.
Define a partial binary operation [Com G by: if a,b [Q then b [alis defined if
and only if a<b and let b Cal= b —a. Then the following three conditions are
equivalent:
1) (G,=,0, O3 a GDP,
(2) 0 is a smallest element in (G, =),
(3) ifa,bC@anda<hbthenb—a<h.
(1) =L@ This is clear.
(2) =LA Ifa,b [CEare such that a < b then from 0 < a < b by (i) it follows
thatb—a<b—-0=h.
(3) =L@ This follows from group properties.
Assume that (G, <,0, )13 a GDP. Recall that for a,b @, a [hif and only if
a = c [hifbr some ¢ Q. From (3) and the fact that for all a,b 3, a = (a+h)—b
and b = (a+b) —a it follows the following:
(4) If a,b CAthena [bilfand only ifa<a+bh.
The sum [CisIthen given by (a,b [CQ@): a s defined if and only if a [Ch-hnd
a [hF a+b. And (G, Q) is a GOA if and only if the following condition is
satisfied:
(B) IfaC@anda<a+athena=0.
For every a [Q define x®' = a [X¥x [Q, x < a). Then G is a WGOMP if
and only if the following two conditions are satisfied for all a,b,c [CG:
(ii) If a<a+b then a [hkxists and a [hl=a+h.
(i) fa<a+b, a+candb=sb+cthena<sa+b+c.
To prove this it su [ced to observe that (2) is satisfied and then to use Theo-
rem 3.10. Indeed, if a [ is arbitrary then from a < a = a + 0 it follows by (ii)
that a [Olexists and a [0 a + 0 = a which means that 0 < a.
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Consequently, G is a GOMP if and only if (ii) and the following condition are
satisfied:

(iv) Ifa<a+b, a+candb [Cckxists then a<a+ (b ).

In [Ch] the notion of an orthomodular group is introduced as an abelian group
G equipped with a partial order < satisfying the following conditions for all
a,b,c @

(OGl) asb=sbh+cimpliesa<a-+c,
(0OG2) asb=scimpliessc—b=<c—a,
(OG3) a=sa-+himpliesa Chkxists and a [hl=a+b,

(OG4) a=sa+h,a+cimpliesa<a-+bh+ec.

We show that conditions (0G2)-(0OG4) imply conditions (i), (ii) and (iv), hence
every orthomodular group is a GOMP (in [Ch], it was proved that an orthomod-
ular group is a WGOMP). So, (OG2) is (i) and (OG3) is (ii). Since (OG3) implies
that 0 is a smallest element, G is a GDP and hence (4) is satisfied. To prove (iv) let
a,b,c,d C@besuchthata<a+b,a+candd=b[clFromb<b+a, b+(d—h)
it follows by (OG4) thatb<=a+b+ (d—b) =a+d. Similarly we getc<a+d
and thus a+d is an upper bound of b, ¢, hence d < a+d, which impliesa <a+d.

Let us note that from the preceding considerations it follows that, in the above
definition of an orthomodular group, condition (OG1) can be omitted. Namely,
(OG1) means that if a,b,c [CQ are such that a<b and b [Cc]Ithen a [clwhich
is true in every GDP (see condition (i)* in Remark 1.12).

Let X be a nonempty set and let S 2% be such that and aAb [CSlfor
all a,b Sl where aAb = (an by @™ b). Then (S, A, Dds an abelian group and
with respect to < defined by set inclusion S is an orthomodular group.

As shown in [Ch] there is an abundance of orthomodular groups:

(a) Let A be an alternative ring with no nonzero nilpotent elements. Define
a binary relation < on A by a < b if and only if ab = a2 [M,J], then < is
a partial order.

(b) Let A be an associative [=ring with a proper involution [Be], that is,
a'a = 0 implies a = 0. Define a binary relation < on A by a < b if
and only if aa™%= ba™and atd = a'! Then < is a partial order (called
the [=drder) [D] and A with < is a WGOMP [M-I]. In particular, a
commutative ring A without nonzero nilpotent elements, a Rickart [=ring
A [Be] (in [M-I1], using results from [J2], it is shown that A is a GOMP),
a C*-algebra.

(c) Let A be a Jordan algebra ([T], [H-O,S]) without nonzero nilpotent ele-
ments and satisfying the following condition:

[X, X, y] = 0 implies [xy, x,y] =0,
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where [a, b, c] = (ab)c — a(bc) is the associator of a, b, c. Define a binary
relation < on A by a < b if and only if ab = a? and a%b = a® [Ch], then
< is a partial order.

(d) Let A be a JB-algebra ([H-O,S], [ML]). Define a binary relation < on A
by a < b if and only if a?b = a® [Ch], then < is a partial order.

Since A is always an abelian group, (a), (b), (¢) and (d) with the order relations
defined above are examples of orthomodular groups and thus examples of GOMPs.

We present yet an example of an abelian group which is not an orthomodular
group (even which is not a WGOMP) but which is a GOA. Consider the abelian
group (Z7, +,0) of integers modulo 7 partially ordered as in Fig. 4.

0
Fig. 4

Then conditions (i), (2), (5) and (ii) are satisfied, hence Z; is a GDP which is
a GOA (let us note that, in general, (ii) need not be satisfied in a GOA). Z7 is
not a WGOMP since (iii) is not satisfied: we have 1<1+2,1+4 and 2 <2 +4,
but 1 [CI#2+4. Thus Z7 is not a GOMP, and hence Z; is not an orthomodular
group.

A simple example of an abelian group which is not an orthomodular group but
which is a GOMP is the group (Z4, +, 0) of integers modulo 4 partially ordered as
in Fig. 5. Conditions (i), (2), (ii) and (iv) are satisfied, hence Z, is a GOMP, but
condition (OG4) is not satisfied, since 2<1+2but2 [CTH# 1+ 2.

0
Fig. 5

There is also an example of an abelian group which is a WGOMP but which is
not a GOMP (hence, which is not an orthomodular group). Consider the abelian
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group (Zg, +, 0) of integers modulo 9 partially ordered as in Fig. 6.

Then conditions (i)—(iii) and (2) are satisfied (this means that Zg is a WGOMP)
but condition (iv) is not satisfied, since 1 < 1+ 3,1+ 6 and 3 [CBlexists but
1 [CIH (3 [B) (thus Zg is not a GOMP). Let us note that the poset in Fig. 6
considered as an abstract poset is an example of Roddy from [M-I].

Example 4.7. We present generalizations (modifications) of examples (a), (b)
and (c) in Example 4.6.
(a) Let R be a ring such that the following binary relation < on R is a partial
order:
a <b if and only if ab = ba = a°.

Clearly, 0 is a smallest element in (R, <). Since < is antisymmetric, a?2 = 0 implies
a=0foreverya (Rl Ifa,b,c [RIland a<b =< c then

(c —hb)(c —a) = ¢ —bc — ca +ba =c? —b?, similarly
(c—a)(c—b) =c?—b?
(c—hb)2 =c?—bc—ch+hb?=c?—b?

which means that c—b < c—a. Hence R is a GDP and by (4) in Example 4.6, for
all a,b R, a [Chif and only if a<a+b. Itis easy to see that for all a,b [,

a [bif and only if ab =ba = 0.
We prove that (R, +,0) is an orthomodular group. It remains to show conditions
(0G3) and (OG4).
(0OG3): Ifa,b [Rand a<a+bthen b <a+b (since [Cislsymmetric), hence

a+bis an upper bound of a,b. If ¢ and a,b < ¢ then

(a+b)c=ac+bc=a?+b>=ca+ch=c(a+h),
(a+b)?> =a?+ba+ab+h?=a%+h?

hence a+b <c. Thus a+b is the join of a,b in (R, =).
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(0OG4): If a,b,c R and a < a+b,a+ ¢, then a [Chland a [c] hence
alb+c)=ab+ac=0+0=0and (bh+c)a=ba+ca=0+0=0, which means
thata [h#cand thusa<a+b+c.

For example, < as defined above is a partial order on every member R of the
class of rings studied by Abian in [Ab], hence every R is an orthomodular group.
As shown by Hentzel in [He], Lemma 1, these rings generalize alternative rings
without nonzero nilpotent elements. Let us note that the partial order < on R
reduces to:

a<b ifand only if ab = a.

Cf. Example 4.6(a).
(b) Let R be a [=riing (i.e., a ring R with an involution 5’such that the following
binary relation < on R is a partial order:

a<b if and only if aa"£ ba"and a'd = a'b!

Observe that 0 is a smallest element in (R,<) and that for all a,b (R, a<b
implies aa™% ab™and a"d=b'd. If a,b,c CRland a<b < ¢ then

((c—b)—(c—a))(c—b)~= (a—b)(c"L+ bY'=actL betL abt 4+ bb"L 0,

and similarly we get (c—b)"{c—b)—(c—a)) =0, hencec—b<c—a. ThusR is
a GDP and by (4) in Example 4.6, for all a,b [R, a [hif and only ifa<a+b.
It is easy to show that for all a,b [R,

a [Chdf and only if a%'=ba"~% 0.

To prove that (R, +,0) is an orthomodular group, it remains to show conditions
(OG3) and (OG4).
(OG3): Ifa,h [Randa<a+hthenb<a+bh. Ifc CRand a,b <c then

(a+b)(@a+hb)-= aa"+ba 4+ ab™4+ bb L aa"+ bb"’
c(a+b)-=cat+ ch"L= aa+ b’

and similarly we get (a+b)"(A+b) = atd+b™'= (a+b)"c! hence a+b <c. Thus
a-+bis the join of a,b in (R, =).

(OG4): If a,b,c [Rand a<a+b,a+c, then a [la [¢clhence akh+c) =
a%'+afe’=0+0=0and (b +c)a"%= ba™4+ ca™%= 0+ 0 = 0, which means that
a [b¥candthusa<a+b+c.

(c) Let R be a ring in which for all a [R, a’a = aa®. Consider the following
binary relation < on R:

a <b if and only if ab = ba = a? and ab = ba® = ah?® = b%a = a°.
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Then < is reflexive and 0 < a for all a [CR. The relation < is antisymmetric if
and only if for all a (R, a®> = 0 implies a = 0. Assume that < is a partial order
on R. Using Example 4.6 we show that the abelian group (R, +,0) is a WGOMP,
where for every a R we define x® = a— x (x [R,x < a). So, we prove that
conditions (i)—(iii) of Example 4.6 are satisfied.
() If a,b,c CRand a<b < c then (c —a)? =c¢? —a?, (c—h)?> =c?—Db? and
(c —h)® =c® —Db3. Then we get
(c—hb)(c—a) =c®—bc—ca+ha=c?—bh?
(c—hb)’(c—a) =c® —b%c—c?a+bh’a=c®—b3
(c—hb)(c —a)? = ¢ —bc? — ca? + ba? = ¢ — b3,
and similarly we get (c —a)(c—b) = c¢>—b? and (c—a)(c—hb)®> = —b® =
(c — a)?(c — b), which means that c—b<c¢—a.
Hence R is a GDP and by (4) in Example 4.6, for all a,b R, a [Chlf and only
ifa<a-+b. Itiseasy to see that for all a,b [R],

a [hif and only if ab = ba = a?h = ba? = ah? = b%a = 0.
(ii) We show that if a,b [CR with a < a + b then a + b is the join of a and
b in (R,=<). Since [is symmetric, from a < a + b it follows b < a + b, hence

a+ b is an upper bound of a and b. From a [Chiwe get (a + b)? = a? + b? and
(a+h)® =a+0b3 If c CRis an upper bound of a and b then we obtain
(a+b)c =ac+hc=a?+h?=(a+bh)?
(a+h)%c = (a% +b?)c = a’c +b%c = a2 + b = (a +b)3,
(a+b)c® =ac® +bc? = a® + b = (a+h)3,
and similarly c(a+b) = (a+b)? and c(a+b)? = (a+b)® = c?(a+b), which means
thata+b<c.

(iii) If a,b,c CR,a<a+b, a+candb<b+c thena <a+b+c since
a(b+c) = ab+ac = 0, a?(b+c) = a?b+a?c = 0, a(b+c)? = a(h?+c?) = ab’>+ac> =0
and similarly 0 = (b + c)a = (b + ¢)a® = (b + c)?a.

Let us note that if R is zero commutative (i.e., if for all x,y R, xy =
0 implies yx = 0) or commutative then the partial order < on R as defined above
reduces to:

a<b if and only if ab = a? and a’bh = ab®> = a>.
And the orthogonality relation [Con R reduces to:
a [Of and only if ab = a?h = ab? = 0.

A Jordan ring is a commutative ring R satisfying (xy)x? = x(yx?) for all x,y [1
R, this is to say [x,y,x?] = 0. Let R be a Jordan ring satisfying the condition
2x = 0 implies x = 0 for all x R, without nonzero nilpotent elements and

satisfying the condition in Example 4.6(c). In [G,M] it is proved that the binary
relation < on R defined above is a partial order, hence R is a WGOMP.
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Example 4.8. A convenient generalization of Example 4.6 which includes var-
ious known examples is as follows. Let (G, +,0) be an abelian group and let P be
a nonempty subset of G. Assume that there is a partial order < on P such that
the following two conditions are satisfied for all a,b,c [Pl

(o) abimpliesbh—a [P,
(i) asb<cimpliesc—b=<c—a.

By (0), 0 [CPl. Define a partial binary operation [Canh P by (a,b [PI): b [al
is defined if and only if a < b and let b Cal= b —a. Then the following three
conditions are equivalent:

(1) (P,<,0, D% a GDP,
(2) 0is a smallest element in (P, <),
(3) ifa,b [(Planda<hbthenb—a<h.

Assume that (P, <,0, )13 a GDP. Recall that for a,b [P], a [hlif and only if
a = ¢ [hfor some ¢ [Pl Then the following condition is satisfied:

(4) Ifa,b CPlthena Chilfandonly ifa+b [CPlanda<a-+h.

Under the conditions (0) and (i), for every a define x®¥ = a xJ(x [P,
X < a). Then P is a WGOMP if and only if the following two conditions are
satisfied for all a,b,c [Pl

(i) a+b [Pland a<a+h implies a [hkxists and a [hl=a+b,
(ii) a+b,a+c,b+c[P,a<a+ha+candb<b+cimpliesa+b+c [Pl
anda<a+b+ec.

And P is a GOMP if and only if (ii) and the following condition are satisfied for
all a,b,c P

(iv) Ifa+b,a+c [Pl,a<a+Db,a+candb [clkxists then a + (b )
and a<a+ (b ).

Proofs of all mentioned statements can be carried on analogously as in Example 4.6.
We present some more concrete examples.

(a) Let R be a ring and let P be the set of all idempotents in R (i.e., elements
a [CR with a = a?) such that the following binary relation < on P is a partial
order:

a<bifandonly if ab = ha = a.

P is nonempty since 0 [Pl Clearly,0 <aforalla [Pl Ifa,b [Pland a <b then
(b—a)>=b?—ab—ba+a’?=b—a—a+a=b—a, henceb—a [Pl Ifa,b,c [Pl
anda<b<cthen(c—b)(c—a)=c®>—bc—ca+ba=c—b—a+a=c—b
and (c—a)(c—b) =c?>—ac—ch+ab=c—a—b+a=c—b, which means that
¢—b=c—a. Thus conditions (0) and (i) are satisfied and therefore P is a GDP.
According to (4), if a,b then a [Chlf and only if ab = ba = 0. It is easy to
show that conditions (ii) and (iii) are satisfied (cf. Example 4.7(a)), hence P is a
WGOMP, where for every a [Pl we define x™¥ =a—x (x CPIx < a).
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As an example of such a WGOMP we can take the set P of all idempotents
of a ring R in Example 4.7(a) (which is an orthomodular group, hence a GOMP)
with the partial order < on R restricted to the set P. Similarly, the set P of all
idempotents of a ring R in Example 4.7(c) (which is a WGOMP) with the partial
order < on R restricted to the set P is also such an example of a WGOMP.

(b) Let R be a [=ring and let P be the set of all projections in R (i.e., elements
a R such that a®> = a"~% a) such that the following binary relation < on P is a
partial order:

a<bifandonly if ab = a.

Let us observe that a,b and a < b implies ba = a. Then P is a GDP since
0 [Pland 0 < a for all a [PJ, and conditions (0) and (i) are satisfied. By (4), for
all a,b [CPl, a [hif and only if ab = 0 if and only if ba = 0. Conditions (ii) and
(iii) are satisfie d, too (cf. Example 4.7(b)), and therefore P is a WGOMP.

The set P of all projections of a [zring R in Example 4.7(b) (which is an
orthomodular group, hence a GOMP) with the partial order < on R restricted to
the set P is such an example of a WGOMP.

The set of all idempotents (projections) of an associative ring ([=ring) with 1
is an OMP [Ka] ([Bi]) and the set of all idempotents (projections) of an associa-
tive ring ([=ring) which need not have 1 is a WGOMP, see [M-1]. Let R be an
associative ring ([=ring) without 1 and let R denote a unitification of R, see [Be].
Let P denote the set of all idempotents (projections) of R. Then the OMP P (cf.
Theorem 3.13) is isomorphic with the OMP P of all idempotents (projections) in
R. Namely, R=RxA, where A is an auxiliary ring ([=fing) with a unit, and for
all (a, ), (b, B) [R, (a,a)+(b,B) = (a+b,a+P), (a, o)(b, B) = (ab+Pa+ab, aB)
(and (a, )= (@5b5H). If (a,a)? = (a,a) then (a® + 20a,0?) = (a, a), hence
o> =oand a?+20a=aandthusa=0and a> =aora=1and a> = —a.

Therefore P = {(a,0) : a CP} [({(—a,1):a CP}.

Example 4.9 [R1]. Another concrete example (which is motivated by a the-
ory of triple systems — alternative and Jordan triples ([Ba], [E, R], [L1], [L2],
[L3], [M1], [M2]) and which is still very general) of the preceding general ex-
ample is as follows. Let (A,+,0) be an abelian group endowed with a ternary
operation (X,y,z) B (xyz) on A which is additive in all three variables such that
the following conditions are satisfied for all a,b,c A

(1) ((aba)c(aba)) = (a(b(aca)b)a),

(2) ((aba)bc) = (a(bab)c), (ch(aba)) = (c(bab)a).
A is called a triple group. Elementary consequences of the additivity are the
following two properties (a,b, ¢ CAl):

(Oab) = (alb) = (ab0) =0,
—(abc) = (—abc)=(a —bhc)=(ab —c).
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An element a Al is called a tripotent if (aaa) = a. Let P denote the collection
of all tripotents of A. Clearly, 0 [CPl. Consider the following binary relation < on
the set P:

a<bif and only if a = (aba) = (bab).

Then < is reflexive, antisymmetric and 0 < a for all a [CPl. If a,b,c [P, a<hb
and b < c¢ then a < ¢ since by (1),

(aca) = ((bab)c(bab)) = (b(a(bch)a)b) = (b(aba)b) = (bab) = a,
(cac) = (c(bab)c) = (c((bcb)a(bch))c) = (c(b(c(bab)c)b)c)
= (c(b(cac)b)c) = ((cbc)a(chc)) = (bab) = a.

Hence < is transitive and thus a partial order with a smallest element 0. Let us
observe that the following condition is satisfied for all a,b [CPland ¢ [CA:

(3) a=<b implies (abc) = (bac) = (aac) and (cab) = (cba) = (caa).
Namely, if a,b [CPl,a < b and ¢ [CA then, according to (2), (abc) = ((aba)bc) =
(a(bab)c) = (aac) and (bac) = (b(aba)c) = ((bab)ac) = (aac). Similarly, (cab) =
(caa) = (cba). In particular, the following condition is satisfied for all a,b [Pl

(3*) a<b implies a = (aab) = (baa) = (abb) = (bba).

If a,b and a < b then by (3*), (b —a b—ab—a) = (bbb) — (bba) — (bab) +
(baa) — (abb) + (aba) + (aab) — (aaa) = b — a, which means that b —a [Pl

We show that if a,b,c R and a < b < cthenc—b < c—a. Indeed,
using conditions (3) and (3*) we obtain (c —b ¢ —a ¢ —b) = (ccc) — (ccb) —
(cac) + (cab) — (bec) + (beb) + (bac) — (bab) = c—band (c—ac—bc—a) =
(ccc) — (cca) — (che) + (cha) — (acc) + (aca) + (abc) — (aba) =c—h.

Thus conditions (0) and (i) in Example 4.8 are satisfied, hence P is a GDP.
According to condition (4) in Example 4.8, for a,b [CH, a [hlif and only if
a+b [Pland a < a+b. Hence, using (3), we obtain for all a,b [CPland ¢ [CA:

(4) a [Chidmplies (abc) = (bac) = (cab) = (cba) = 0.
By the additivity we get the following. For all a,b [P,

a-+b [Plif and only if (aab) + (aba) + (abb) + (baa) + (bab) + (bba) = 0.
If a,b,a+b [Pl then
a<a-+bhifand only if (aba) = 0 = (aab) + (haa) + (bab).

According to condition (4) it is now clear that for all a,b [P,
(5) a [Chldf and only if (aba) = (bab) = (aab) = (baa) = (abb) = (bba) = 0.
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Our aim is to prove that the collection of all tripotents of a triple group, partially
ordered as above, forms a WGOMP. So, it remains to show that conditions (ii)
and (iii) in Example 4.8 are satisfied.

(i) If a,b,a+b CPlanda<a-+bh, i.e. a [h,lthenb CAalhence h<a+b and
thus a + b is an upper bound of a and b. If ¢ [CPland a,b < c then by (2),

(ach) = ((aca)cb) = (a(cac)h) = (aab) =0

and similarly (bca) = 0. Hence we get (a+h c a+b) = (aca)+ (ach)+ (bca)+ (bch) =
a-+band (c a+bc) = (cac) + (chc) = a+h, which means that a+b < c. Therefore
a-+bis the joinofaand b in (P, =).

(iii) Using the additivity and conditions (4) and (5) it is easy to see that if
a,b,c [P, a [hb [chndb [Ccthena [Chic.

An abelian group (A, +, 0) together with a mapping A3 - A, (X,y,2) B (xyz)
which is symmetric in the first and third variables and additive in all three variables
is called a Jordan triple group if the following identities are satisfied:

(J) (ab(cde)) — (cd(abe)) = ((abc)de) — (c(dab)e),

(j) ((aba)ca) = (ab(aca)).
(J) is known as the Jordan triple identity. Let us note that if A satisfies the
condition 3x = 0 implies x = 0 for all x [CA], then the identity (j) follows from (J)
and the symmetry (this can be shown similarly as in [M2]). Every Jordan triple
group is a triple group. Indeed, replacing (c,d) by (a,b) in (J), we get

(ab(abe)) — (ab(abe)) = ((aba)be) — (a(bab)e),

which, using the symmetry, implies (2). The identity (1) is known as the funda-
mental-formula and can be derived similarly as in [M2, Theorem 2.2].

By a Jordan triple we mean a module A over a ring R with a unit endowed with
an operation A% — A, (x,y,z) B (xyz) which is linear in all three variables such
that A is a Jordan triple group (cf. [M2]). The mapping A% - A, (x,y,2) B (xyz)
is called the Jordan triple product.

In [Ba], a Jordan triple is a complex vector space A equipped with a mapping
A3 . A, (X,y,2) B (xyz) which is symmetric and linear in the first and third
variables, conjugate linear in the second variable and satisfies the Jordan triple
identity (J). In [L3], this system is called a hermitean Jordan triple. Every Jordan
triple is a Jordan triple group.

A JB*-triple A is a hermitean Jordan triple which is a Banach space such that
the mapping from A? to the Banach space of bounded linear operators on A,
defined on all pairs (a,b) of elements in A and all ¢ in A, by D(a, b)c := (abc), is
continuous and such that, for all elements a in A, D(a, a) is hermitean and with
non-negative spectrum and [MD(a, a) Cib equal to [@T2] For all elements a,b and ¢
in a JB*-triple A, [(@bc) % [AITHITEI and [{daa) = [@I3]1 A JB*-triple which
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is a Banach space dual is called a JBW*-triple. In a JBW*-triple A the Jordan
triple product is separately w*-continuous.

The collection of all tripotents in a JBW*-triple together with the partial order
defined by Loos has been studied in [Ba], [R2], where it was shown that the
collection of all tripotents in a JBW*-triple is a GOMP.

Indeed, G1 follows by Lemma 3.5(iii) in [Ba]. In fact, the interval [0,w] is a
complete orthomodular lattice with an orthocomplementation defined by v =
W — V.

To prove G2, observe that if u < v < w, then u, v are idempotents in a JBW-
algebra A,(w)Z,,and v—u is the relative complement in the subinterval [0, v] of the
orthomodular lattice of the idempotents in Az(w)Z,. This gives v—u = (w—u) [\

G3 follows by Corollary 3.7(ii) in [Ba].

Condition G4’ follows by Corollary 3.10(i) in [Ba].

We note that an alternative proof of properties G1, G2 and G3 can be obtained
by observing that the partial order introduced by Loos coincides with that we
introduced in a triple group, therefore the collection of all tripotents in a JBW*-
triple is a WGOMP.

An abelian group (A, +, 0) equipped with a mapping A® - A, (x,y,2) B (xyz)
which is additive in all three variables is called an alternative triple group if the
following identities are satisfied:

(A) (ab(cde)) + (cd(abe)) = ((abc)de) + (c(bad)e),

(al) ((abc)dc) = (ab(cdc)),

(a2) (ab(abc)) = ((aba)bc).

Putting a + d instead of a in the identity (a2) and then using (a2) and (A) we
obtain the following identity (cf. the proof of (1.5) in [L1]):

(i) ((abc)bd) = (a(bch)d).
Every alternative triple group is a triple group. Indeed, using the identity (al)
twice and then using (i) we get
((aba)c(aba)) = (((aba)ca)ba) = ((ab(aca))ba)
= (a(b(aca)b)a),
which proves the fundamental-formula (1). Putting a instead of ¢ in (i) we get the
first identity in (2). The second one is obtained as follows:

(cbaba)) & ((chayba) L (c(bab)a).

By an alternative triple we mean a module A over a ring R with a unit endowed
with a mapping A% = A, (X,y,z) B3 (xyz) which is linear in all three variables such
that A is an alternative triple group (cf. [L2]). Alternative triples are investigated
in [L1], where an equivalent system of axioms is dealt with, instead of (a2) the
following identity is used:

(i) ((aba)cd) = (a(cab)d).
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Example 4.10. Using the partial order < on the set of all tripotents in a
triple group A from Example 4.9 we can obtain generalizations of known results
about idempotents (projections) in rings ([=rings). Known partial orders on idem-
potents (projections) in rings ([=rings) are extended to tripotents. It follows that
the tripotents in special classes of rings and [=rings form a WGOMP (as to the
examples (a) and (c) below cf. [Ch], Proposition 10).

(a) Let R be an alternative ring, i.e. a ring R satisfying x2y = x(xy) and yx? =
(yx)x for all x,y R Artin’s theorem in R says that any subring of R generated
by two elements is associative. Other well-known properties are Moufang identities
([S], [Z, S, S, S]): (aba)c = a(b(ac)), c(aba) = ((ca)b)a and a(hc)a = (ab)(ca) for
all a,b,c [RL.

R together with the mapping f : R® - R, (x,y,z) B (xy)z is a triple group.
Clearly, f is additive in all three variables. The first identity in (2) from Exam-
ple 4.9 is clear for ¥ by Artin’s theorem. The second one can be shown as follows.
If a,b,c then

ch-aba = (cb-a)b-a=(c-bab)a.

Using Moufang identities we get for all a,b, ¢ [R,
aba-c-aba=a(b-ac)-aba=a- (b ac)(ab) -a=a(b-aca-b)a,

which proves the fundamental-formula (1) in Example 4.9.

The Cayley numbers [Z, S, S, S] form an alternative ring which is an example of
a triple group which is not an alternative triple group in the sense of the definition
from the preceding example. Indeed, conditions (al), (a2) are satisfied, but (A) is
not satisfied (even condition (ii) is not satisfied).

Anelement a [Ris a tripotent if f(a, a,a) = a, i.e. if a® = a. Every idempotent
of R is a tripotent. Let T denote the set of all tripotents in R. The partial order
= on T from Example 4.9 has then the following form:

a<b if and only if a = aba = bab.

By Example 4.9, (T, <) is a WGOMP. Let us note that the binary relation < on
T has also the following form (cf. Example 4.8(a)):

a<b ifand only if a? = ab = ba.

Indeed, if a,b [CTland a < b then ab = aba-b = a-bab = a? and ha = b - aba =
bab - a = a%. Conversely, if a,b [Tl and ab = ba = a? then aba = a%a = a and
bab = a’b = aa® = a, hence a < b.

(b) Let R be an alternative ring with an involution &1 Then R together with
the operation ¥ : R® - R, (X,y,z) B (xyDzZ is an alternative triple group (cf.
[L1]). An element a R is a tripotent if f(a,a,a) = a, i.e. if aata = a. Every
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projection of R is a tripotent. Let T denote the collection of all tripotents in R.
Then the partial order < on T from Example 4.9 has the following form:

a<b ifand only if a=ab'a=ba't

By Example 4.9, since R is a triple group, (T, <) is a WGOMP. Let us note that
the binary relation < on T when restricted to the set P of all projections of R has
the following form (cf. Example 4.8(b)):

a<b ifand only if ab=a.

If R is associative then the relation < on T has the following form (cf. Exam-
ple 4.6(b), 4.7(b)):

a<b ifandonly if aa"+=ba"'and ad=a't!

Namely, if a,b [T and a < b then aa™%= bavla™%= b.a™vh™%= b(abta)~%= ba™
and similarly ata = a'®! Conversely, if a,b [T, aa~%* ba~4&nd a"d = a'b! then
aa"*= ab''hence ab'a = aa“4 = a and ba'b'= aa"B = a.a'h'= aa'd = a, and
thus a<b.

(c) Let R be a Jordan ring equipped with the mapping f : R® -~ R, (X,y,2) O
X(yz)—y(xz)+z(xy) As known, R is a Jordan triple group (cf. [M1]). An element
a R is a tripotent if f(a,a,a) = a, i.e. if a® = a. Every idempotent of R is a
tripotent. Let T denote the set of all tripotents of R. The partial order < on T
from Example 4.9 has the following form:

a<b ifand only if a=2a(ab) —a’h = 2b(ab) — ab?.

If a,b [T and a < b then by (3*) in Example 4.9, a = f(a,a,a) = a’b and
a = f(a,b,b) = ab?, and by (3) in Example 4.9, f(a,b,a?) = f(a,a,a?) from
which it follows ab = a®. Thus the relation < on T has the following form (cf.
Example 4.7(c)):

a<b ifand only if ab=a? and a’b = ab®> = a.

5. Concluding Remarks

An orthomodular lattice, an orthomodular poset and a di [erknce poset have a
least and a greatest elements. A generalized orthomodular lattice, a weak gener-
alized orthomodular poset and a generalized di [erknce poset have a least element
but need not have a greatest element. It has been shown in [J1] that every GOML
is an orthomodular ideal of an OML and in [M-I1] it is proved that every WGOMP
is an order ideal of an OMP. We have shown that every GDP is an order ideal of a
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DP. The result in [M-1] is an extension of the result in [J1] from lattices to posets,
with a smallest element. Our result is a direct extension of the result in [M-I].
A related result, a generalization of the result in [J1] in another direction, from
lattices with a smallest element to lattices which need not have a smallest element,
was obtained by one of the authors in [H] for relatively orthomodular lattices. Ev-
ery relatively orthomodular lattice (ROML) is a dual ideal of a GOML. It appears
that a further generalization of the results in [H] and in [M-1] is possible by a
suitable extension of the definition of a WGOMP, which need not have a smallest
element. Or, even, it seems to be possible to obtain a common generalization
of the results in [H] and in the present paper by a suitable modification of the
definition of a poset with a di[erence. The situation is indicated in Fig. 7.

RDP
O

ROML

OML

Fig. 7

The small filled circles represent the above mentioned known classes of ortho-
modular structures, the orthomodular lattices (OML), the orthomodular posets
(OMP), the dilerknce posets (DP), the generalized orthomodular lattices
(GOML), the weak generalized orthomodular posets (WGOMP), the generalized
di Lerence posets (GDP) and the relatively orthomodular lattices (ROML). The
remaining two small circles represent hypothetic classes of orthomodular struc-
tures, relatively orthomodular posets (ROMP) and relatively dilerence posets
(RDP). We will discuss them in a subsequent paper. The whole Fig. 7 depicts an
inclusion partial order on the set of these nine classes of orthomodular structures.
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